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PREFACE TO THE 
FIRST EDITION 


This book is an outgrowth and a considerable expansion of lectures given 
at Brandeis University in 1967-1968 and at Rice University in 1968-1969. 
The first four chapters are an attempt to survey in detail some recent 
developments in four somewhat different areas of mathematics: geometry 
(manifolds and vector bundles), algebraic topology, differential geometry, 
and partial differential equations. In these chapters, I have developed vari- 
ous tools that are useful in the study of compact complex manifolds. My 
motivation for the choice of topics developed was governed mainly by 
the applications anticipated in the last two chapters. Two principal top- 
ics developed include Hodge’s theory of harmonic integrals and Kodaira’s 
characterization of projective algebraic manifolds. 

This book should be suitable for a graduate level course on the general 
topic of complex manifolds. I have avoided developing any of the theory of 
several complex variables relating to recent developments in Stein manifold 
theory because there are several recent texts on the subject (Gunning and 
Rossi, Hérmander). The text is relatively self-contained and assumes famil- 
larity with the usual first year graduate courses (including some functional 
analysis), but since geometry is one of the major themes of the book, it is 
developed from first principles. 

Each chapter is prefaced by a general survey of its content. Needless to 
say, there are numerous topics whose inclusion in this book would have 
been appropriate and useful. However, this book is not a treatise, but 
an attempt to follow certain threads that interconnect various fields and 
to culminate with certain key results in the theory of compact complex 
manifolds. In almost every chapter I give formal statements of theorems 
which are understandable in context, but whose proof oftentimes involves 
additional machinery not developed here (e.g., the Hirzebruch Riemann- 
Roch Theorem); hopefully, the interested reader will be sufficiently prepared 
(and perhaps motivated) to do further reading in the directions indicated. 


Vv 


vi Preface to the First Edition 


Text references of the type (4.6) refer to the 6th equation (or theorem, 
lemma, etc.) in Sec. 4 of the chapter in which the reference appears. If 
the reference occurs in a different chapter, then it will be prefixed by the 
Roman numeral of that chapter, e.g., (I1.4.6.). 

I would like to express appreciation and gratitude to many of my colleagues 
and friends with whom I have discussed various aspects of the book during 
its development. In particular I would like to mention M. F. Atiyah, R. Bott, 
S. S. Chern, P. A. Griffiths, R. Harvey, L. H6rmander, R. Palais, J. Polking, 
O. Riemenschneider, H. Rossi, and W. Schmid whose comments were all 
very useful. The help and enthusiasm of my students at Brandeis and Rice 
during the course of my first lectures, had a lot to do with my continuing 
the project. M. Cowen and A. Dubson were very helpful with their careful 
reading of the first draft. In addition, I would like to thank two of my 
students for their considerable help. M. Windham wrote the first three 
chapters from my lectures in 1968-69 and read the first draft. Without his 
notes, the book almost surely would not have been started. J. Drouilhet read 
the final manuscript and galley proofs with great care and helped eliminate 
numerous errors from the text. 

I would like to thank the Institute for Advanced Study for the opportunity 
to spend the year 1970-71 at Princeton, during which time I worked on 
the book and where a good deal of the typing was done by the excellent 
Institute staff. Finally, the staff of the Mathematics Department at Rice 
University was extremely helpful during the preparation and editing of the 
manuscript for publication. 


Houston Raymond O. Wells, Jr. 
December 1972 


PREFACE TO THE 
SECOND EDITION 


In this second edition I have added a new section on the classical finite- 
dimensional representation theory for sl(2,C). This is then used to give 
a natural proof of the Lefschetz decomposition theorem, an observation 
first made by S. S. Chern. H. Hecht observed that the Hodge x-operator is 
essentially a representation of the Weyl reflection operator acting on sI(2, C) 
and this fact leads to new proofs (due to Hecht) of some of the basic Kahler 
identities which we incorporate into a completely revised Chapter V. The 
remainder of the book is generally the same as the first edition, except 
that numerous errors in the first edition have been corrected, and various 
examples have been added throughout. 

I would like to thank my many colleagues who have commented on the 
first edition, which helped a great deal in getting rid of errors. Also, I would 
like to thank the graduate students at Rice who went carefully through the 
book with me in a seminar. Finally, I am very grateful to David Yingst 
and David Johnson who both collated errors, made many suggestions, and 
helped greatly with the editing of this second edition. 


Houston Raymond O. Wells, Jr. 
July 1979 
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PREFACE TO THE 
THIRD EDITION 


In the almost four decades since the first edition of this book appeared, 
many of the topics treated there have evolved in a variety of interesting 
manners. In both the 1973 and 1980 editions of this book, one finds the first 
four chapters (vector bundles, sheaf theory, differential geometry and elliptic 
partial differential equations) being used as fundamental tools for solving 
difficult problems in complex differential geometry in the final two chapters 
(namely the development of Hodge theory, Kodaira’s embedding theorem, 
and Griffiths’ theory of period matrix domains). In this new edition of 
the book, I have not changed the contents of these six chapters at all, as 
they have proved to be good building blocks for many other mathematical 
developments during these past decades. 

I have asked my younger colleague Oscar Garcia-Prada to add an 
Appendix to this edition which highlights some aspects of mathematical 
developments over the past thirty years which depend substantively on the 
tools developed in the first six chapters. The title of the Appendix, “Moduli 
spaces and geometric structures” and its introduction gives the reader a 
good overview to what is covered in this appendix. 

The object of this appendix is to report on some topics in complex geome- 
try that have been developed since the book’s second edition appeared about 
25 years ago. During this period there have been many important devel- 
opments in complex geometry, which have arisen from the extremely rich 
interaction between this subject and different areas of mathematics and 
theoretical physics: differential geometry, algebraic geometry, global analy- 
sis, topology, gauge theory, string theory, etc. The number of topics that 
could be treated here is thus immense, including Calabi-Yau manifolds 
and mirror symmetry, almost-complex geometry and symplectic mani- 
folds, Gromov-Witten theory, Donaldson and Seiberg-Witten theory, to 
mention just a few, providing material for several books (some already 
written). 


x Preface to the Third Edition 


However, since already the original scope of the book was not to be a 
treatise, “but an attempt to follow certain threads that interconnect various 
fields and to culminate with certain key results in the theory of compact 
complex manifolds...”, as I said in the Preface to the first edition, in the 
Appendix we have chosen to focus on a particular set of topics in the theory 
of moduli spaces and geometric structures on Riemann surfaces. This is 
a subject which has played a central role in complex geometry in the last 
25 years, and which, very much in the spirit of the book, reflects another 
instance of the powerful interaction between differential analysis (differential 
geometry and partial differential equations), algebraic topology and complex 
geometry. In choosing the topic, we have also taken into account that the 
book provides much of the background material needed (Chern classes, 
theory of connections on Hermitian vector bundles, Sobolev spaces, index 
theory, sheaf theory, etc.), making the appendix (in combination with the 
book) essentially self-contained. 

It is my hope that this book will continue to be useful for mathematicians 
for some time to come, and I want to express my gratitude to Springer- 
Verlag for undertaking this new edition and for their patience in waiting 
for our revision and the new Appendix. One note to the reader: the Subject 
Index and the Author Index of the book refer to the original six chapters of 
this book and not to the new Appendix (which has its own bibliographical 
references). 

Finally, I want to thank Oscar Garcia-Prada so very much for the 
painstaking care and elegance in which he has summarized some of the 
most exciting results in the past years concerning the moduli spaces of 
vector bundles and Higgs’ fields, their relation to representations of the 
fundamental group of a compact Riemann surface (or more generally of a 
compact Kahler manifold) in Lie groups, and to the solutions of differen- 
tial equations which have their roots in the classical Laplace and Einstein 
equations, yielding a type of non-Abelian Hodge theory. 


Bremen Raymond O. Wells, Jr. 
June 2007 
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CHAPTER I 


MANIFOLDS 
AND 
VECTOR BUNDLES 


There are many classes of manifolds which are under rather intense 
investigation in various fields of mathematics and from various points of 
view. In this book we are primarily interested in differentiable manifolds 
and complex manifolds. We want to study (a) the “geometry” of manifolds, 
(b) the analysis of functions (or more general objects) which are defined on 
manifolds, and (c) the interaction of (a) and (b). Our basic interest will be the 
application of techniques of real analysis (such as differential geometry and 
differential equations) to problems arising in the study of complex manifolds. 
In this chapter we shall summarize some of the basic definitions and results 
(including various examples) of the elementary theory of manifolds and 
vector bundles. We shall mention some nontrivial embedding theorems 
for differentiable and real-analytic manifolds as motivation for Kodaira’s 
characterization of projective algebraic manifolds, one of the principal results 
which will be proved in this book (see Chap. VI). The “geometry” of a 
manifold is, from our point of view, represented by the behavior of the 
tangent bundle of a given manifold. In Sec. 2 we shall develop the concept of 
the tangent bundle (and derived bundles) from, more or less, first principles. 
We shall also discuss the continuous and C® classification of vector bundles, 
which we shall not use in any real sense but which we shall meet a version 
of in Chap. II, when we study Chern classes. In Sec. 3 we shall introduce 
almost complex structures and the calculus of differential forms of type 
(p,q), including a discussion of integrability and the Newlander-Nirenberg 
theorem. 

General background references for the material in this chapter are Bishop 
and Crittenden [1], Lang [1], Narasimhan [1], and Spivak [1], to name a few 
relatively recent texts. More specific references are given in the individual 
sections. The classical reference for calculus on manifolds is de Rham [1]. 
Such concepts as differential forms on differentiable manifolds, integration 
on chains, orientation, Stokes’ theorem, and partition of unity are all covered 
adequately in the above references, as well as elsewhere, and in this book 
we shall assume familiarity with these concepts, although we may review 
some specific concept in a given context. 


1 


2 Manifolds and Vector Bundles Chap. I 


1. Manifolds 


We shall begin this section with some basic definitions in which we shall 
use the following standard notations. Let R and C denote the fields of real 
and complex numbers, respectively, with their usual topologies, and let K 
denote either of these fields. If D is an open subset of K”, we shall be 
concerned with the following function spaces on D: 


(a) K=R: 

(1) €(D) will denote the real-valued indefinitely differentiable func- 
tions on D, which we shall simply call C® functions on D; i.e, f € E(D) 
if and only if f is a real-valued function such that partial derivatives of all 
orders exist and are continuous at all points of D [E(D) is often denoted 
by C™(D)]. 

(2) A(D) will denote the real-valued real-analytic functions on D; 
1e., A(D) Cc E(D), and f € A(D) if and only if the Taylor expansion of f 
converges to f in a neighborhood of any point of D. 


(b) K=C: 
(1) O(D) will denote the complex-valued holomorphic functions on 
D, 1.e., if (z1,..., Zn) are coordinates in C”, then f € O(D) if and only if 


near each point z° ¢ D, f can be represented by a convergent power series 
of the form 


ioe) 


POS fii = Do Bia la) ae) 


Q],...,0n=0 


(See, e.g., Gunning and Rossi [1], Chap. I, or Hérmander [2], Chap. I, for 
the elementary properties of holomorphic functions on an open set in C”). 
These particular classes of functions will be used to define the particular 
classes of manifolds that we shall be interested in. 

A topological n-manifold is a Hausdorff topological space with a countable 
basist which is locally homeomorphic to an open subset of R"”. The integer 
n is called the topological dimension of the manifold. Suppose that 8 is one 
of the three K-valued families of functions defined on the open subsets of 
K" described above, where we let 8(D) denote the functions of & defined 
on D, an open set in Kk". [That is, S(D) is either E(D), A(D), or O(D). We 
shall only consider these three examples in this chapter. The concept of a 
family of functions is formalized by the notion of a presheaf in Chap. II.] 


Definition 1.1: An 8-structure, 8y, on a K-manifold M is a family of 
K-valued continuous functions defined on the open sets of M such that 


+The additional assumption of a countable basis (“countable at infinity”) is important 
for doing analysis on manifolds, and we incorporate it into the definition, as we are less 
interested in this book in the larger class of manifolds. 
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(a) For every p € M, there exists an open neighborhood U of p and a 
homeomorphism / : U > U', where U’ is open in K”, such that for any 
open set VC U 


f: V— K € Sy if and only if f oh”! € S(h(V)). 


(b) If f: U > K, where U =U; U; and U; is open in M, then f € Sy 
if and only if flu, € Sy for each i. 


It follows clearly from (a) that if K = R, the dimension, k, of the 
topological manifold is equal to n, and if K = C, then k = 2n. In either 
case n will be called the K-dimension of M, denoted by dimg M = n (which 
we shall call real-dimension and complex-dimension, respectively). A manifold 
with an S-structure is called an S-manifold, denoted by (M, Sy), and the 
elements of Sy are called 5-functions on M. An open subset U C M and a 
homeomorphism h : U > U' Cc K" as in (a) above is called an S-coordinate 
system. 

For our three classes of functions we have defined 


(a) S=€: differentiable (or C®) manifold, and the functions in Ey are 
called C® functions on open subsets of M. 

(b) S& =A: real-analytic manifold, and the functions in Ay are called 
real-analytic functions on open subsets of M. 

(c) 8 = 0: complex-analytic (or simply complex) manifold, and the func- 
tions in Oy are called holomorphic (or complex-analytic functions) on open 
subsets of M. 


We shall refer to Ey, Ay, and Oy as differentiable, real-analytic, and complex 
structures respectively. 


Definition 1.2: 


(a) An 8-morphism F : (M,8y) > (N, Sy) is a continuous map, F : 
M — N, such that 
f € Sy implies fo F € Sy. 


(b) An 8-isomorphism is an 8-morphism F : (M,8y) > (N, Sy) such 
that F : M > N is a homeomorphism, and 


F-': (N, 8y) > (M, Sy) is an 8-morphism. 


It follows from the above definitions that if on an 5-manifold (M, Sy) 
we have two coordinate systems h,: U; > K” and h: U, > K" such that 
U; a) U, # DO, then 


hyo lee >hy(U,N U2) > ho(U;,N U2) is an $-isomorphism 
on open subsets of (K", Sxn). 


(1.1) 
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Conversely, if we have an open covering {Uy},c4 of M, a topological man- 
ifold, and a family of homeomorphisms {h,: U, > Ul C K"}oca Satisfying 
(1.1), then this defines an S-structure on M by setting Sy = {f: U > K} 
such that U is open in M and f oh7! € 8(ha(UNU,)) for all w € A; i.e., the 
functions in Sy are pullbacks of functions in 8 by the homeomorphisms 
{hy}aca- The collection {(U,, he)}eca 18 called an atlas for (M, Sy). 

In our three classes of functions, the concept of an 5-morphism and 
S-isomorphism have special names: 


(a) S&=€: differentiable mapping and diffeomorphism of M to N. 

(b) & = A: real-analytic mapping and real-analytic isomorphism (or 
bianalytic mapping) of M to N. 

(c) 8 = O: holomorphic mapping and biholomorphism (biholomorphic 
mapping) of M to N. 


It follows immediately from the definition above that a differentiable mapping 
f:M—N, 


where M and NW are differentiable manifolds, is a continuous mapping of the 
underlying topological space which has the property that in local coordinate 
systems on M and N, f can be represented as a matrix of C® functions. 
This could also be taken as the definition of a differentiable mapping. A 
similar remark holds for the other two categories. 

Let N be an arbitrary subset of an 8-manifold M; then an 8-function on 
N is defined to be the restriction to N of an 8-function defined in some 
open set containing N, and Sy|y consists of all the functions defined on 
relatively open subsets of N which are restrictions of S-functions on the 
open subsets of M. 


Definition 1.3: Let N be a closed subset of an S-manifold M; then N is 
called an 8-submanifold of M if for each point x9 € N, there is a coordinate 
system h: U > U' C K", where x) € U, with the property that UNM N is 
mapped onto U’M K*, where 0 < k <n. Here K* C K" is the standard 
embedding of the linear subspace K* into K", and k is called the K -dimension 
of N, and n —k 1s called the K-codimension of N. 


It is easy to see that an S-submanifold of an S-manifold M is itself an 
S-manifold with the S-structure given by Sy|y. Since the implicit function 
theorem is valid in each of our three categories, it is easy to verify that the 
above definition of submanifold coincides with the more common one that 
an S-submanifold (of k dimensions) is a closed subset of an S-manifold 
M which is locally the common set of zeros of n —k 8-functions whose 
Jacobian matrix has maximal rank. 

It is clear that an n-dimensional complex structure on a manifold induces 
a 2n-dimensional real-analytic structure, which, likewise, induces a 2n- 
dimensional differentiable structure on the manifold. One of the questions 
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we shall be concerned with is how many different (i.e., nonisomorphic) 
complex-analytic structures induce the same differentiable structure on a 
given manifold? The analogous question of how many different differentiable 
structures exist on a given topological manifold is an important problem 
in differential topology. 

What we have actually defined is a category wherein the objects are 
S-manifolds and the morphisms are S-morphisms. We leave to the reader 
the proof that this actually is a category, since it follows directly from 
the definitions. In the course of what follows, then, we shall use three 
categories—the differentiable (S = €), the real-analytic (S = A), and the 
holomorphic (S = 0) categories—and the above remark states that each is 
a subcategory of the former. 

We now want to give some examples of various types of manifolds. 


Example 1.4 (Euclidean space): K”, (R", C"). For every p € K",U = K" 
and h = identity. Then R” becomes a real-analytic (hence differentiable) 
manifold and C” is a complex-analytic manifold. 


Example 1.5: If (M,85,) is an S-manifold, then any open subset U of 
M has an 8-structure, 8y = {fly : f € Sy}. 


Example 1.6 (Projective space): If V is a finite dimensional vector space 
over K, thent P(V) := {the set of one-dimensional subspaces of V} is 
called the projective space of V. We shall study certain special projective 
spaces, namely 


P,,(R) := P(R™!') 


P,,(C) := P(C"*!). 


We shall show how P,,(R) can be made into a differentiable manifold. 
There is a natural map z: R”*! — {0} > P,,(R) given by 


u(x) = 2 (Xo,...,%n) = {subspace spanned by x = (x, ..., %,) € R"*}. 


The mapping z is onto; in fact, 7|snoj,eRntij,j-1; 18 onto. Let P,,(R) have 
the quotient topology induced by the map z; ie., U C P,,(R) is open if 
and only if 7~!(U) is open in R"*! — {0}. Hence z is continuous and P,,(R) 
is a Hausdorff space with a countable basis. Also, since 


IE |sn 2S" — P,, (R) 


is continuous and surjective, P,,(R) is compact. 
If x = (x, ..-,X,) € R"*! — {0}, then set 


(x) = [X,..., Xn]. 
We say that (x0,...,X,) are homogeneous coordinates of [xo,...,Xn]. If 
(xj,.--.%,) is another set of homogeneous coordinates of [xo,...,%n], 


+:= means that the object on the left is defined to be equal to the object on the right. 
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then x; = tx; for some t € R — {0}, since [xo,...,x,] is the one-dimen- 


sional subspace spanned by (x0, ..., Xn) OF (xh: ee xs Hence also x(x) = 


(tx) for t € R — {0}. Using homogeneous coordinates, we can define a 
differentiable structure (in fact, real-analytic) on P,,(R) as follows. Let 


U, ={S € P,(R): S=[%,...,x,] and x, #0}, fora=0,...,n. 
Each U, is open and P,(R) = Ui_) Uy since (x0,...,%n) € R"*! — {0}. 
Also, define the map h,: U, > R" by setting 


Xo Xa-1 Xa+l Xn 
hallo.) = ( sore : Fas 4 ) R’. 


Xo Xo Xo Xo 


Note that both U, and hy are well defined by the relation between dif- 
ferent choices of homogeneous coordinates. One shows easily that h, is 
a homeomorphism and that hy o ie is a diffeomorphism; therefore, this 
defines a differentiable structure on P,,(R). In exactly this same fashion 
we can define a differentiable structure on P(V) for any finite dimensional 
R-vector space V and a complex-analytic structure on P(V) for any finite 
dimensional C-vector space V. 


Example 1.7 (Matrices of fixed rank): Let SJt,,,(R) be the k x n matrices 
with real coefficients. Let M;,,,(R) be the k x n matrices of rank k(k <n). 
Let M;”,(R) be the elements of D,,,(R) of rank m(m <k). First, %.,(R) 
can be identified with R*’, and hence it is a differentiable manifold. We 
know that M,,,(R) consists of those k x n matrices for which at least one 
k x k minor is nonsingular; i.e., 

1 

My.(R) = _J{A € ,,(R) : det A; 4 0}, 

i=1 
where for each A € 3Jt,.,(R) we let {Ai,..., Ay} be a fixed ordering of the kxk 
minors of A. Since the determinant function is continuous, we see that 
M,.,,(R) is an open subset of 9t,,,(R) and hence has a differentiable structure 
induced on it by the differentiable structure on I;,.,(R) (see Example 1.5). 
We can also define a differentiable structure on M;,(R). For convenience 
we delete the R and refer to M;",. For Xo € Mj’, we define a coordinate 
neighborhood at Xo as follows. Since the rank of X is m, there exist 
permutation matrices P, Q such that 


Ao B 
PX.Q= E ah 


where Ao is a nonsingular m x m matrix. Hence there exists an « > 0 such 
that ||A — Ao|| < € implies A is nonsingular, where ||A|| = max;; |a;;|, for 
A = [a;;]. Therefore let 


w= (xem: Pxo=|4 | and ||A — Aoll < ¢}. 


C D 
Then W is an open subset of IN;,,. Since this is true, U := WM M;", is an 
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open neighborhood of X 9 in M” 


in and will be the necessary coordinate 
neighborhood of Xo. Note that 


X €U if and only if D=CA™'B, where PXQ = E DI 


This follows from the fact that 


In 0 A B|_[A B 
—-CA! Km||C D| |0 D—CA'B 


In 0 
—CA"! Tem 


is nonsingular (where J; is the j x j identity matrix). Therefore 


AB] 1 [A B 
Cp) 3 0 D—CA'B 


have the same rank, but 
A B 
0 D-—CA'!B 


has rank m if and only if D— CA7'B =0. 
We see that M;", actually becomes a manifold of dimension m(n +k —m) 
by defining 
h: U ae RM tem)m+(k-m)m = Rate | 
where 


h(X) = E ‘ll € R2atkn) for PXO = E 3 , 


as above. Note that we can define an inverse for h by 


(Der bude 


Therefore h is, in fact, bijective and is easily shown to be a homeomorphism. 
Moreover, if 4; and hz are given as above, 


-1{{Ar1 Bil) |A2 Bo 
mom ([ o')=[e o'] 


A, B Ar B 

-1 1 1 = _ | 42 2 

PyP, E eed QO, Q2= E ae 

and these maps are clearly diffeomorphisms (in fact, real-analytic), and so 
M;",,(R) is a differentiable submanifold of )t,,,(R). The same procedure 
can be used to define complex-analytic structures on 9%,.,(C), Mi,.(C©), and 
Mj",(C), the corresponding sets of matrices over C. 


where 
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Example 1.8 (Grassmannian manifolds): Let V be a finite dimensional 
K-vector space and let G,(V) := {the set of k-dimensional subspaces of V}, 
for k < dimgV. Such a G;(V) is called a Grassmannian manifold. We shall 
use two particular Grassmannian manifolds, namely 


Gin(R) = G(R") and G,,,(C) := G,(C"). 


The Grassmannian manifolds are clearly generalizations of the projective 

spaces [in fact, P(V) = G,(V); see Example 1.6] and can be given a manifold 

structure in a fashion analogous to that used for projective spaces. 
Consider, for example, G;,,,(R). We can define the map 


IT: M,.,(R) =, Gxn(R), 


where 


m(A) =a | - | := {k-dimensional subspace of R” spanned by 
the row vectors {a;} of A}. 
Ak 


We notice that for g € GL(k, R) (the k x k nonsingular matrices) we have 
m(gA) = m(A) (where gA is matrix multiplication), since the action of 
g merely changes the basis of 7(A). This is completely analogous to the 
projection 7: R’*! — {0} > P,,(R), and, using the same reasoning, we see 
that G;,,(R) is a compact Hausdorff space with the quotient topology and 
that z is a surjective, continuous open map.t 

We can also make G;,,(R) into a differentiable manifold in a way similar 
to that used for P,,(R). Consider A € M,,, and let {A;,..., A,;} be the 
collection of k x k minors of A (see Example 1.7). Since A has rank k, Ay 
is nonsingular for some 1 < a </ and there is a permutation matrix P, 
such that " 

AP, = [AvAw], 

where A, is a k x (n —k) matrix. Note that if g € GL(k,R), then gA, is 
a nonsingular minor of gA and gA, = (gA)q. Let Uy, = {S € Gy n(R): S= 
wz(A), where A, is nonsingular}. This is well defined by the remark above 
concerning the action of GL(k,R) on M,,,(R). The set U, is defined by 
the condition det A, 40; hence it is an open set in G;,,(R), and {U,})_, 
covers G;,,(R). We define a map 


hy 1 Uy —> REO* 


by setting 2 
ha(a(A)) = AT'A, € RP, 


where AP, = [A,A,]. Again this is well defined and we leave it to the reader 
to show that this does, indeed, define a differentiable structure on G;,,(R). 


+Note that the compact set {A € M;,,(R): A‘A = J} is analogous to the unit sphere in 
the case k= 1 and is mapped surjectively onto Gx,n(R). 
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Example 1.9 (Algebraic submanifolds): Consider P, = P,,(C), and let 
H= {[Zo, oe) Zn] € P,,: a9Z0 Fe Fann = 0}, 
where (dy, ...,4,) € C’*!— {0}. Then H is called a projective hyperplane. We 
shall see that H is a submanifold of P,, of dimension n—1. Let U, be the 
coordinate systems for P,, as defined in Example 1.6. Let us consider UpNH, 


and let (¢;,..., ¢,) be coordinates in C”. Suppose that [zo,..., Zn] € HOU; 
then, since z) 4 0, we have 

Z1 Zn 

ay— +++: +a,— = —a, 

Z0 Z0 
which implies that if ¢ = (¢,...,0,) = ho([Zo,---, Zn]), then ¢ satisfies 
(1.2) aoy te ++ + ano, = —A, 
which is an affine linear subspace of C", provided that at least one of 
a,..-,@, 1S not zero. If, however, a9 4 0 and a; = --- =a, = 0, then it 


is clear that there is no point (¢,,...,¢,) € C” which satisfies (1.2), and 
hence in this case Uy) 1 H = @ (however, H will then necessarily intersect 
all the other coordinate systems U,,...,U,). It now follows easily that H 
is a submanifold of dimension n — 1 of P,, (using equations similar to (1.2) 
in the other coordinate systems as a representation for H). More generally, 
one can consider 


V = {[z0,.--5 Zn] € Px(C): pi (Zo, -.-, Zn) = +++ = Pr (Zo, +++ Zn) = OF, 


where p1,..., py are homogeneous polynomials of varying degrees. In local 
coordinates, one can find equations of the form (for instances, in Up) 


(1.3) 


and V will be a submanifold of P,, if the Jacobian matrix of these equations 
in the various coordinate systems has maximal rank. More generally, V is 
called a projective algebraic variety, and points where the Jacobian has less 
than maximal rank are called singular points of the variety. 


We say that an S-morphism 
f: (M, 8u) — (N, $y) 

of two S-manifolds is an 8-embedding if f is an S-isomorphism onto an 
S-submanifold of (NV, $y). Thus, in particular, we have the concept of differ- 
entiable, real-analytic, and holomorphic embeddings. Embeddings are most 
often used (or conceived of as) embeddings of an “abstract” manifold as a 
submanifold of some more concrete (or more elementary) manifold. Most 
common is the concept of embedding in Euclidean space and in projective 
space, which are the simplest geometric models (noncompact and compact, 
respectively). We shall state some results along this line to give the reader 
some feeling for the differences among the three categories we have been 
dealing with. Until now they have behaved very similarly. 


10 Manifolds and Vector Bundles Chap. I 


Theorem 1.10 (Whitney [1]): Let M be a differentiable n-manifold. Then 
there exists a differentiable embedding f of M into R*"t!'. Moreover, the 
image of M, f(M) can be realized as a real-analytic submanifold of R*"*!. 


This theorem tells us that all differentiable manifolds (compact and non- 
compact) can be considered as submanifolds of Euclidean space, such 
submanifolds having been the motivation for the definition and concept 
of manifold in general. The second assertion, which is a more difficult 
result, tells us that on any differentiable manifold M one can find a sub- 
family of the family ¢ of differentiable functions on M so that this subfamily 
gives a real-analytic structure to the manifold M; i.e., every differentiable 
manifold admits a real-analytic structure. It is strictly false that differen- 
tiable manifolds admit complex structures in general, since, in particular, 
complex manifolds must have even topological dimension. We shall dis- 
cuss this question somewhat more in Sec. 3. We shall not prove Whitney’s 
theorem since we do not need it later (see, e.g., de Rham [1], Sternberg [1], 
or Whitney’s original paper for a proof of Whitney’s theorems). 

A deeper result is the theorem of Grauert and Morrey (see Grauert [1] 
and Morrey [1]) that any real-analytic manifold can be embedded, by a 
real-analytic embedding, into R%, for some N (again either compact or 
non-compact). However, when we turn to complex manifolds, things are 
completely different. First, we have the relatively elementary result. 


Theorem 1.11: Let X be a connnected compact complex manifold and 
let f € O(X). Then f is constant; i.e, global holomorphic functions are 
necessarily constant. 


Proof: Suppose that f € O(X). Then, since f is a continuous function 
on a compact space, | f| assumes its maximum at some point xy € X and S = 
{x: f(x) = f(x)} is closed. Let z = (z1,..., Zn) be local coordinates at x € S, 
with z = 0 corresponding to the point x. Consider a small ball B about z = 0 
and let z € B. Then the function g(a) = f(Az) is a function of one complex 
variable (A) which assumes its maximum absolute value at A = 0 and is 
hence constant by the maximum principle. Therefore, g(1) = g(0) and hence 
f(z) = f(O), for all z € B. By connectedness, S = X, and f is constant. 

Q.E.D. 


Remark: The maximum principle for holomorphic functions in domains 
in C” is also valid and could have been applied (see Gunning and Rossi [1]). 


Corollary 1.12: There are no compact complex submanifolds of C” of 
positive dimension. 


Proof: Otherwise at least one of the coordinate functions z,..., Z, 
would be a nonconstant function when restricted to such a submanifold. 
Q.E.D. 
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Therefore, we see that not all complex manifolds admit an embedding 
into Euclidean space in contrast to the differentiable and real-analytic situ- 
ations, and of course, there are many examples of such complex manifolds 
[e.g., P,(C)]. One can characterize the (necessarily noncompact) complex 
manifolds which admit embeddings into C", and these are called Stein 
manifolds, which have an abstract definition and have been the subject of 
much study during the past 20 years or so (see Gunning and Rossi [1] 
and Hérmander [2] for an exposition of the theory of Stein manifolds). In 
this book we want to develop the material necessary to provide a charac- 
terization of the compact complex manifolds which admit an embedding 
into projective space. This was first accomplished by Kodaira in 1954 (see 
Kodaira [2]) and the material in the next several chapters is developed partly 
with this characterization in mind. We give a formal definition. 


Definition 1.13: A compact complex manifold X which admits an 
embedding into P,,(C) (for some n) is called a projective algebraic manifold. 


Remark: By a theorem of Chow (see, e.g., Gunning and Rossi [1]), every 
complex submanifold V of P,,(C) is actually an algebraic submanifold (hence 
the name projective algebraic manifold), which means in this context that V 
can be expressed as the zeros of homogeneous polynomials in homogeneous 
coordinates. Thus, such manifolds can be studied from the point of view of 
algebra (and hence algebraic geometry). We will not need this result since 
the methods we shall be developing in this book will be analytical and not 
algebraic. As an example, we have the following proposition. 


Proposition 1.14: The Grassmannian manifolds G;,,(C) are projective 
algebraic manifolds. 
Proof: Consider the following map: 
F: Mi,(C) > AC 
defined by 
a 


F(A)=F)- | =a, a---Aq. 


ak 
The image of this map is actually contained in A*‘C” — {0} since {a;} is an 
independent set. We can obtain the desired embedding by completing the 
following diagram by F: 


F 
Mgn (C)—>=A‘C" = {0} 
1G Tp 


F 
Gin (C) Pe ys a P(A‘C’), 
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where zg, 7p are the previously defined projections. We must show that F 
is well defined; i.e., 


G(A) = 1¢(B) => mp 0 F(A) = mp 0 F(B). 
But 2¢(A) = 7¢(B) implies that A = gB for g € GL(k, ©), and so 
ay A+++ Aa, = det g(by A+++ A by), 


where 
ay by 


A=]|- and B=]: ], 


ay b, 
but 
p(ay A+++ Ady) = mp(det g(b) A+++ A by)) = mp(by A+++ A by), 
and so the map F is well defined. We leave it to the reader to show that 


F is also an embedding. 
Q.E.D. 


2. Vector Bundles 


The study of vector bundles on manifolds has been motivated primarily 
by the desire to linearize nonlinear problems in geometry, and their use 
has had a profound effect on various modern fields of mathematics. In 
this section we want to introduce the concept of a vector bundle and give 
various examples. We shall also discuss some of the now classical results 
in differential topology (the classification of vector bundles, for instance) 
which form a motivation for some of our constructions later in the context 
of holomorphic vector bundles. 

We shall use the same notation as in Sec. |. In particular 8 will denote one 
of the three structures on manifolds (€, A, O) studied there, and K = R or C. 


Definition 2.1: A continuous map z: E — X of one Hausdorff space, E£, 
onto another, X, is called a K-vector bundle of rank r if the following 
conditions are satisfied: 


(a) E,:=x7'(p), for p € X, is a K-vector space of dimension r (E, is 
called the fibre over p). 

(b) For every p € X there is a neighborhood U of p and a homeo- 
morphism 

h: x~'(U) —> U x K" such that h(E,) C {p} x K’, 
and h?, defined by the composition 
h?: E,—> {p} x K™ 23 kK’, 

is a K-vector space isomorphism [the pair (U,h) is called a local 
trivialization). 


For a K-vector bundle 7: E —> X, E is called the total space and X is called 
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the base space, and we often say that E is a vector bundle over X. Notice 
that for two local trivializations (Uy, h.) and (Ug, hg) the map 
hy oh! : (Ua OUg) x K’ —> (UsN Uz) x K" 
induces a map 
(2.1) Sap: Uy 7 Us —— GL(r, kK), 
where _ 
Bup(P) = hh o (hg)! : KT — K’. 

The functions gyg are called the transition functions of the K-vector bundle 
mw: E — X (with respect to the two local trivializations above).f 

The transition functions g,, satisfy the following compatibility conditions: 


(2.2a) Bap * Spy *8ya = 1, on UYNUBZNU,, 
and 
(2.2b) aa = 1, on Ug, 


where the product is a matrix product and J, is the identity matrix of rank r. 
This follows immediately from the definition of the transition functions. 


Definition 2.2: A K-vector bundle of rank r,7: E > X, is said to be an 
S-bundle if E and X are 8-manifolds, 7 is an S-morphism, and the local 
trivializations are S-isomorphisms. 


Note that the fact that the local trivializations are $-isomorphisms is 
equivalent to the fact that the transition functions are $-morphisms. In 
particular, then, we have differentiable vector bundles, real-analytic vector 
bundles, and holomorphic vector bundles (K must equal C). 


Remark: Suppose that on an S-manifold we are given an open covering 
Ql = {U,} and that to each ordered nonempty intersection U, Us, we have 
assigned an 8-function 


Sup: Ugn Uz — GL(r, K) 


satisfying the compatibility conditions (2.2). Then one can construct a vec- 
tor bundle E—>X having these transition functions. An outline of the 
construction is as follows: Let 

E= U U, x K' (disjoint union) 


equipped with the natural product topology and S8-structure. Define an 
equivalence relation in E by setting 


(x,v) ~ (y, w), for (x, v) € Up x K", (y, w) € Uy x K" 


if and only if 
y=x and w= gog(x)u. 


tNote that the transition function gyg(p) is a linear mapping from the Ug trivialization 
to the U, trivialization. The order is significant. 
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The fact that this is a well-defined equivalence relation is a consequence 
of the compatibility conditions (2.2). Let E = E/~ (the set of equivalence 
classes), equipped with the quotient topology, and let 7: E — X be the 
mapping which sends a representative (x, v) of a point p € E into the first 
coordinate. One then shows that an F so constructed carries on S-structure 
and is an S-vector bundle. In the examples discussed below we shall see 
more details of such a construction. 


Example 2.3 (Trivial bundle): Let M be an 8-manifold. Then 
aw: Mx K" —> M, 


where z is the natural projection, is an S-bundle called a trivial bundle. 


Example 2.4 (Tangent bundle): Let M be a differentiable manifold. Then 
we want to construct a vector bundle over M whose fibre at each point is 
the linearization of the manifold M, to be called the tangent bundle to M. 
Let p € M. Then we let 

Eup = lim Ey(U) 
pEeUCM 
open 
be the algebra (over R) of germs of differentiable functions at the point p € M, 
where the inductive limitt is taken with respect to the partial ordering on 
open neighborhoods of p given by inclusion. Expressed differently, we can 
say that if f and g are defined and C®™ near p and they coincide on 
some neighborhood of p, then they are equivalent. The set of equivalence 
classes is easily seen to form an algebra over R and is the same as the 
inductive limit algebra above; an equivalence class (element of Ey,,) is 
called a germ of a C® function at p. A derivation of the algebra Ey,» 
is a vector space homomorphism D: €y,, — R with the property that 
D(fg) = D(f)* g(p)+ f(p)* D(g), where g(p) and f(p) denote evaluation 
of a germ at a point p (which clearly makes sense). The tangent space to 
M at p is the vector space of all derivations of the algebra Ey, which 
we denote by 7T,(M). Since M is a differentiable manifold, we can find a 
diffeomorphism h defined in a neighborhood U of p where 
h: U —> U' CR’ 


open 
and where, letting h* f(x) = f oh(x),h has the property that, for VC U’~ 
h*: Epn(V) — Ey (h1(V)) 


is an algebra isomorphism. It follows that h* induces an algebra isomorphism 
on germs, i.e., (using the same notation), 


h*: Err n(py — Emp» 


+We denote by lim the inductive (or direct) limit and by lim the projective (or inverse) 
=> <_ 


limit of a partially ordered system. 
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and hence induces an isomorphism on derivations: 
hy: T,, (M)—> Typ) (R"). 
It is easy to verify that 


(a) 9/dx; are derivations of Egn jp), j = 1,...,n, and that 
(b) {0/dx1,...,0/dx,} is a basis for Ti;p)(R"), 


and thus that 7,(M) is an n-dimensional vector space over R, for each 
point p € M [the derivations are, of course, simply the classical directional 
derivatives evaluated at the point h(p)]. Suppose that f: M > N isa 
differentiable mapping of differentiable manifolds. Then there is a natural 
map 

dfp: T,(M) — Typ) (N) 


defined by the following diagram: 
f* 


Eup En, fo) 
Dy 1 ° f* =df,(Dp), 
R 


for D, € T,(M). The mapping df, is a linear mapping and can be expressed 
as a matrix of first derivatives with respect to local coordinates. The coef- 
ficients of such a matrix representation will be C® functions of the local 
coordinates. Classically, the mapping df, (the derivative mapping, differential 
mapping, or tangent mapping) is called the Jacobian of the differentiable 
map f. The tangent map represents a first-order linear approximation (at p) 
to the differentiable map f. We are now in a position to construct the tangent 
bundle to M. Let 
T(M) = U T,(M) (disjoint union) 
peM 


and define 
by 


mz: T(M) — M 


m(v)=p if vEeT,(M). 
We can now make T(M) into a vector bundle. Let {(U,, h,)} be an atlas 
for M, and let T(U,) = 1~'(U,) and 
Wa: T(Uy) —> Uy x R" 
be defined as follows: Suppose that v € T,(M) C T(U,). Then dh, ,(v) € 


Thocp) (R"). Thus ‘ 3 
dha pv) = > E(P)—| 
j=l 


= IX; nap) 
where &; € €y(U,) (the fact that the coefficients are C® follows easily from 
the proof that {0/dx,,...,0/dx,} is a basis for the tangent vectors at a 
point in R”). Now let 


Wav) = (p, &1(p),.--,€n(p)) € Ua x R". 
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It is easy to verify that w, is bijective and fibre-preserving and moreover 
me Wa Proj 
we: T,(M)— {p} x R"— R" 
is an R-linear isomorphism. We can define transition functions 
Sap: Uz N Uy sew. GL(n, R) 
by setting 
8ap(P) = Wy © (wey i at SO 
Moreover, it is easy to check that the coefficients of the matrices {gy} 
are C® functions in U, 1 Ug, since ggg is a matrix representation for 
the composition dh, o dh;' with respect to the basis {0/0x,,...,0/0Xn} 
at Ti,.(»)(R") and T;,,()(R"), and that the tangent maps are differentiable 
functions of local coordinates. Thus the {(U,, w.)} become the desired 
trivializations. We have only to put the right topology on T(M) so that 
T(M) becomes a differentiable manifold. We simply require that U Cc T(M) 
be open if and only if y(UNT(U,)) is open in U, x R" for every a. This 
is well defined since 


Wa 0 Wy! : Ua Ug) x R" — (Us Uz) x R" 


is a diffeomorphism for any @ and £ such that U,NU, 4 © (since prow, — 
id X gag, where id is the identity mapping). Because the transition functions 
are diffeomorphisms, this defines a differentiable structure on T(M) so that 
the projection z and the local trivializations y, are differentiable maps. 


Example 2.5 (Tangent bundle to a complex manifold): Let X = (X, O,) 
be a complex manifold of complex dimension n, let 
Ox,.i= lim O(U) 


xeUCX 
open 


be the C-algebra of germs of holomorphic functions at x € X, and let T,(X) 
be the derivations of this C-algebra (defined exactly as in Example 2.4). Then 
T,(X) is the holomorphic (or complex) tangent space to X at x. In local 
coordinates, we see that T,(X) = T,(C") (abusing notation) and that the 
complex partial derivatives {d/0z,,...,0/0Z,} form a basis over C for the 
vector space T,(C”) (see also Sec. 3). In the same manner as in Example 2.4 
we can make the union of these tangent spaces into a holomorphic vector 
bundle over X, i.e,. T(X) — X, where the fibres are all isomorphic to C’. 


Remark: The same technique used to construct the tangent bundles in 
the above examples can be used to construct other vector bundles. For 
instance, suppose that we have 7: E — X, where X is an 8-manifold and 
zm is a surjective map, so that 


(a) £, is a K-vector space, 
(b) For each p € X there is a neighborhood U of p and a bijective map: 


h: x~'(U) —> U x K’such that h(E,) C {p} x K’. 
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(c) h,: E, > {p} x K" PPL KT is a K-vector space isomorphism. 


Then, if for every (Uy, hy), (Ug, hg) as in (b) he o h;! is an 8-isomorphism, 
we can make £ into an 8-bundle over X by giving it the topology that 
makes h, a homeomorphism for every a. 


Example 2.6 (Universal bundle): Let U,.,, be the disjoint union of the 
r-planes (r-dimensional K-linear subspaces) in K”. Then there is a natural 
projection 

Ww: Urn > Grn; 
where G,.. = G,»(K), given by 2(v) = S, if v is a vector in the r-plane S, 
and S is considered as a point in the Grassmannian manifold G,.,,. Thus the 
inverse image under z of a point p in the Grassmannian is the subspace of 
K" which is the point p, and we may regard U,.,, as a subset of G,,, x K”. 
We can make U,,, into an 8-bundle by using the coordinate systems of 
G,., to define transition functions, as was done with the tangent bundle in 
Example 2.4, and by then applying the remark following Example 2.5. To 
simplify things somewhat consider U;,, — G,,, = P,_:(R). First we note that 
any point v € U,,, can be represented (not in a unique manner) in the form 


v = (tx, ...,tX_»_1) = t(X0,---, Xn_-1) € R", 
where (Xo,...,%n-1) € R” — {0}, and t € R. Moreover, the projection 
w: Ui, > Py) is given by 
m(t(xo,.--,Xn—-1)) = W(X, ~~. Xn—-1) = [X0,--- Xn—-1] € Py-1. 
Letting Uy = {[%0, ..-, Xn-1] € Pa-1: xu 4 O}, (cf. Example 1.6), we see that 
a—!(Uy) = {v =t(x, ..., Xn-1) € R": t ER, xy & O}. 


Now if v =t(xo,...,Xn_1) € #'(U,y), then we can write v in the form 


Xo Xn-1 
v= (=... Lye), 
Xa (a) Xa 


and ty = tx, € R is uniquely determined by v. Then we can define the 


mapping 4 
hy: wm” (Uy) > Uy x R 


by setting 
hy(v) = hy(t (xo, beh aa Xn-1)) = ([xo, Pry, Xn-1], ty). 


The mapping h, is bijective and is R-linear from the fibres of 7~'(U,) to 
the fibres of U, x R. Suppose now that v = t(x0, ..-, Xn-1) € H1(Ug N Us), 
then we have two different representations for v and we want to compute 
the relationship. Namely, 


ha(v) = ([x0, re) Xn—1]) ty) 


hg(v) = ([x0, ---,Xn-1], tp) 
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and then t, = tx,, tg = txg, Therefore 


which implies that 
Xa 
= t 
Xp B 

Thus if we let g4g = Xe/xg, then it follows that gog * gg, * Zya = 1, and thus by 
the remark following Example 2.5, we see that U,,, can be given the structure 
of a vector bundle by means of the functions {h,}, (the trivializations), and 
the transition functions of U;,, 

Xa 

Sop (LX, sey Xn—1]) may 

XB 
are mappings of U, Ug > GL(1, R) = R — {0}. These are the standard 
transition functions for the universal bundle over P,,_,. Exactly the same 
relation holds for U;,,(C) > P,,_;(C), which we meet again in later chapters. 
Namely, for complex homogeneous coordinates [Zo, ..., Zn_1] we have the 
transition functions for the universal bundle over P,_,(C): 

Za 

Sop ([Z0,--+, Zn—1]) = —. 

<6 
The more general case of U,., — G,, can be treated in a similar manner, 
using the coordinate systems developed in Sec. 1. We note that U,.,(R) > 
G,.,(R) is a real-analytic (and hence also differentiable) R-vector bundle and 
that U,.,(C) > G,,(C) is a holomorphic vector bundle. The reason for the 
name “universal bundle” will be made more apparent later in this section. 


Definition 2.7: Let 2: E — X be an S-bundle and U an open subset of 
X. Then the restriction of E to U, denoted by Ely is the 5-bundle 


T|,y-1(y): # | (U) — U. 


Definition 2.8: Let E and F be S-bundles over X; i.e, m2: E > X and 
wp: F — X. Then a homomorphism of 8-bundles, 


f: E— F, 


is an 8-morphism of the total spaces which preserves fibres and is K-linear on 
each fibre; i.e., f commutes with the projections and is a K-linear mapping 
when restricted to fibres. An 8-bundle isomorphism is an 8-bundle homomor- 
phism which is an S-isomorphism on the total spaces and a K-vector space 
isomorphism on the fibres. Two S-bundles are equivalent if there is some 
S-bundle isomorphism between them. This clearly defines an equivalence 
relation on the S-bundles over an S-manifold, X. 


The statement that a bundle is locally trivial now becomes the following: 
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For every p € X there is an open neighborhood U of p and a bundle 
isomorphism 
h: Ely —>U x K’. 
Suppose that we are given two K-vector spaces A and B. Then from 
them we can form new K-vector spaces, for example, 


(a) A@B, the direct sum. 

(b) A@B, the tensor product. 

(c) Hom(A, B), the linear maps from A to B. 

(d) A*, the linear maps from A to K. 

(ce) A*A, the antisymmetric tensor products of degree k (exterior algebra 


(f) S*(A), the symmetric tensor products of degree k (symmetric algebra 


Using the remark following Example 2.5, we can extend all the above alge- 
braic constructions to vector bundles. For example, suppose that we have 
two vector bundles 


We. E—> X and arp: F — X. 


Then define 
E®F=|JE,F,. 


pex 
We then have the natural projection 
mw: E@F—->xX 
given by 
n~'(p) = E, @ F,. 
Now for any p € X we can find a neighborhood U of p and local 
trivializations 


he? Bly — 0 XK" 

he: Fly —U x K", 
and we define 

heer: E® Fly — Ux (K” @ K”) 
by Aeor(u+w) = (p, hi(v) +h? (w)) for v € E, and w € F,. Then this map 
is bijective and K-linear on fibres, and for intersections of local trivializations 
we obtain the transition functions 
E 
E@F — | Sap (p) 0 
ie 2) [ a (p)}° 

So by the remark and the fact that Baa and Son are bundle transition func- 
tions, 7: E @ F — X isa vector bundle. Note that if E and F were 8-bundles 
over an 8-manifold X, then gf, and g/, would be 8-isomorphisms, and so 
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E ® F would then be an 8-bundle over X. The same is true for all the 
other possible constructions induced by the vector space constructions listed 
above. Transition functions for the algebraically derived bundles are easily 
determined by knowing the transition functions for the given bundle. 

The above examples lead naturally to the following definition. 


Definition 2.9: Let E—>X be an 8-bundle. An 8-submanifold F C E is 
said to be an S-subbundle of E if 


(a) FOE, is a vector subspace of F,. 

(b) z|z: F —> X has the structure of an S-bundle induced by the 
8-bundle structure of E, i.e, there exist local trivializations for E and F 
which are compatible as in the following diagram: 


Elu — Ux kK’ 


fi fia x j 
Fly —> Ux KS, s<r, 
where the map j is the natural inclusion mapping of K* as a subspace of 
K’ and i is the inclusion of F in E. 


We shall frequently use the language of linear algebra in discussing homo- 
morphisms of vector bundles. As an example, suppose that E LF isa 
vector bundle homomorphism of K-vector bundles over a space X. We define 

Ker f= U Ker f, 
xeX 


Im f =(JImf,, 


xeX 
where f, = flz,. Moreover, we say that f has constant rank on X if rank 
f: (as a K-linear mapping) is constant for x € X. 


Proposition 2.10: Let E—-5 F bean S-homomorphism of 8-bundles over X. 
If f has constant rank on X, then Ker f and Im f are S-subbundles of 
E and F, respectively. In particular, f has constant rank if f is injective 
or surjective. 


We leave the proof of this simple proposition to the reader. 
Suppose now that we have a sequence of vector bundle homomorphisms 
over a space X, 
ay ee EG donee, 
then the sequence is said to be exact at F if Ker g =Imf. A short exact 
sequence of vector bundles is a sequence of vector bundles (and vector 


bundle homomorphisms) of the following form, 


& 


O== Re ee > 0, 
which is exact at EF’, E, and E”. In particular, f is injective and g is surjective, 
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and Im f = Ker g is a subbundle of E. We shall see examples of short 
exact sequences and their utility in the next two chapters. 

As we have stated before, vector bundles represent the geometry of the 
underlying base space. However, to get some understanding via analysis of 
vector bundles, it is necessary to introduce a generalized notion of function 
(reflecting the geometry of the vector bundle) to which we can apply the 
tools of analysis. 


Definition 2.11: An S-section of an $-bundle E—>X is an 8-morphism 
s: X —> E such that 
wos=lyx, 

where ly is the identity on X;i.e., s maps a point in the base space into the 
fibre over that point. S(X, E) will denote the S-sections of E over X. S(U, E) 
will denote the S-sections of E|y over U C X; 12, 8(U, E) = 8(U, Ely) 
[we shall also occasionally use the common notation I'(X, £) for sections, 
provided that there is no confusion as to which category we are dealing with]. 


Example 2.12: Consider the trivial bundle M x R over a differentiable 
manifold M. Then €(M, M x R) can be identified in a natural way with 
E(M), the global real-valued functions on M. Similarly, €(M, M x R") can 
be identified with global differentiable mappings of M into R” (i.e., vector- 
valued functions). Since vector bundles are locally of the form U x R’, 
we see that sections of a vector bundle can be viewed as vector-valued 
functions (locally), where two different local representations are related by 
the transition functions for the bundle. Therefore sections can be thought 
of as “twisted” vector-valued functions. 


Remarks: (a) A section s is often identified with its image s(X) C E; 
for example, the term zero section is used to refer to the section 0: X —> E 
given by 0(x) = 0 € E, and is often identified with its image, which is, in 
fact, S-isomorphic with the base space X. 


(b) For 8-bundles E—>X and E’—»X we can identify the set of 
S-bundle homomorphisms of EF into E’, with 8(X, Hom(£, E’)). A section 
s € 8(X, Hom(E£, E’)) picks out for each point x € X a K-linear map s(x): 
E, — E', and s is identified with f,: E —> E’ which is defined by 


Selene) = S(2(e)) for ec E. 

(c) If E —> X is an 8-bundle of rank r with transition functions 
{gap} associated with a trivializing cover {U,}, then let fy: U, —> K” be 
S-morphisms satisfying the compatibility conditions 

ta = Sop Sp on Up N Up AY. 


Here we are using matrix multiplication, considering f, and fs as column 
vectors. Then the collection {f,} defines an S-section f of E, since each 
fu gives a section of U, x K", and this pulls back by the trivialization to a 
section of E|y,. These sections of E|y, agree on the overlap regions U,U, 
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by the compatibility conditions imposed on { f,}, and thus define a global 
section. Conversely, any S-section of E has this type of representation. We 
call each f, a trivialization of the section f. 


Example 2.13: We use remark (c) above to compute the global sections 
of the holomorphic line bundles E* —> P,(C), which we define as follows, 
using the transition function go; for the universal bundle U;,.(C) —> P,(C) 
of Example 2.6. Let the P,(C) coordinate maps (Example 1.6) g : U, —> C 
be denoted by go([Zo, z1]) = z1/zo = z and 9 ([Zo, z1]) = Zo/z1 = w so that 
Z= Mo, (w) = 1/w for w # 0. For a fixed integer k define the line 
bundle E* —> P,(C) by the transition function gf, : Uy AU; —> GLA, C) 
where gf, ([Zo, Z1]) = (Zo/z1)*. E* is the kth tensor power of U;..(C) for 
k > 0, the kth tensor power of the dual bundle U;,.(C)* for k < 0, and 
trivial for k = 0. If f ¢ O(P,(C), E*), then each trivialization of f, fa 
is in O(U,, Uy x C) = O(U,) and the f, og! are entire functions, say 
fo G1) = ery anz” and fio g,'(w) =  ~, bw". If z = go(p) and 
w = ¢(p), then by remark (c), fo(p) = gh:(p) fi(p), for p € Up NU; in the 
w- -coordinate plane, and this becomes 


Sain" = = foo gy (oo) '(w)) = gi (Ww) flog; |(w) = w ES; w" 


n=0 = 
Hence, 
0 for k > 0, 
for k= 0 (Th Ll 
oP (OC, By = 16 or k= 0 (Theorem 1.11), 


homogeneous polynomials _ for k < 0. 
in C? of degree —k 


When dealing with certain categories of S-manifolds, it is possible to 
define algebraic structures on 8(X, E). First, S(X, E) can be made into a 
K-vector space under the following operations: 


(a) Fors, t € 8(X, E), 

(s+t)(x) :=s(x)+t(x) for all x € X. 

(b) For s € S8(X,E) anda e€ K, (as)(x) := a(s(x)) for all s € X. 
Moreover, 5(X, E) can be given the structure of an Sy(X) module [where 
the Sy(X) are the globally defined K-valued S-functions on X] by defining 

(c) For s € 8(X, E) and f € 8x(X), 

fs(x) := f(x)s(x) for all x € X. 


To ensure that the above maps actually are 8-morphisms and thus S-sections, 
it is necessary that the vector space operations on K” be S-morphisms in 
the S-structure on K”. But this is clearly the case for the three categories 
with which we are dealing. 

Let M be a differentiable manifold and let T(M) —> M be its tangent 
bundle. Using the techniques outlined above, we would like to consider new 
differentiable vector bundles over M, derived from T(M). We have 
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(a) The cotangent bundle, T*(M), whose fibre at x « M, T*(M), is the 
R-linear dual to T,(M). 

(b) The exterior algebra bundles, \?T(M), \?T*(M), whose fibre at 
x EM is the antisymmetric tensor product (of degree p) of the vector 
spaces T,(M) and T;*(M), respectively, and 


AT(M) = QB ~’T(M) 
p=0 


AT*(M) = QB a’T*(M). 


(c) The symmetric algebra bundles, S*(T(M)), S*(T*(M)), whose fibres 
are the symmetric tensor products (of degree k) of T,(M) and T*(M), 
respectively. 

We define 

E?(U) = EU, A’T*(M)), 
the C® differential forms of degree p on the open set U Cc M. As usual, 
we can define the exterior derivative 

d: €?(U) —> E?"'(U). 
We recall how this is done. First, consider U C R” and recall that the deriva- 
tions {0/dx,,..., 0/0x,} form a basis for T,,(R”) at x € U. Let {dx,,..., dxn} 
be a dual basis for T;*(R"). Then the maps 

dx;: U — T*(R")\y 
given by 
dx j(x) = dxj\|x 

form a basis for the €(U)(= Eg” (U))-module €(U, T*(R")) = €'(U). More- 
over, {dx; = dx; \--- A dx;,}, where I = (i,,...,ip) and 1 < i; < 
in <--- <i, <n, form a basis for the €(U)-module €?(U). We defined 
d: €?(U) —> E?*!(U) as follows: 


Case 1 (p = 0): Suppose that f € €°(U) = €(U). Then let 
_y af 
df = 2, i. dx; € €'(U). 
Case 2 (p > 0): Suppose that f € E€?(U). Then 
f = y fidxy, 


=p 
where f; € €(U),7 = (i,...,i,), |Z| = the number of indices, and DS 
signifies that the sum is taken over strictly increasing indices. Then 


df =~ df, dx; = > 3 sh ax, A dxy. 


=p =p j=l ma 
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Suppose now that (U, h) is a coordinate system on a differentiable manifold 
M. Then we have that T(M)|y —> T(R") |p); hence E?(U) <— E”(h(U)), and 


2 ; 
the mapping d: &’(h(U)) —> &?*!(A(U)) 


defined above induces a mapping (also denoted by d) 

d: EP(U) —> €7*1(U), 
This defines the exterior derivative d locally on M, and it is not difficult to 
show, using the chain rule, that the definition is independent of the choice 
of local coordinates. It follows that the exterior derivative is well defined 
globally on the manifold M. 


We have previously defined a bundle homomorphism of two bundles over 
the same base space (Definition 2.8). We now would like to define a mapping 
between bundles over different base spaces. 


Definition 2.14: An 8-bundle morphism between two 8-bundles zz: E —> X 
and wr: F —> Y is an 8-morphism f: E —> F which takes fibres of E 
isomorphically (as vector spaces) onto fibres in F. An 8-bundle morphism 
f: E — F induces an $-morphism f(z(e)) = ar(f (e)); in other words, 
the following diagram commutes: 


If X is identified with 0(X), the zero section, then f may be identified with 
f=fleX—Y=0(%) 

since f is a homomorphism on fibres and maps the zero section of X into 

the zero section of Y, which can likewise be identified with Y. If E and 

F are bundles over the same space X and f is the identity, then E and 

F are said to be equivalent (which implies that the two vector bundles are 

S-isomorphic and hence equivalent in the sense of Definition 2.8). 


Proposition 2.15: Given an 8-morphism f: X —> Y and an §-bundle 
mz: E —> Y, then there exists an 8-bundle z’: E’ —> X and an 8-bundle 
morphism g such that the following diagram commutes: 


& 
E' ~E 
’ Tu 
wy | 
XY: 
Moreover, E’ is unique up to equivalence. We call E’ the pullback of E by f 
and denote it by f*E. 


Proof: Let 
(2.3) E'={(x,e)€ Xx E: f(x) =z(e)}. 
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We have the natural projections 
g: E'—> E and wz’: E'—>X 
(x,e) — e (x,e) — x. 


Giving E. = {x} x Epi) the structure of a K-vector space induced by 
Ero), E’ becomes a fibered family of vector spaces over X. 


If (U, h) is a local trivialization for E, 1.e., 
h 
Ely—>U x K", 
then it is easy to show that 


E"| p-1u) = f 1) x K" 
is a local trivialization of E’; hence E’ is the necessary bundle. 


Suppose that we have another bundle 7: E —> X and a bundle morphism 
g such that 


Fer 


commutes. Then define the bundle homomorphism h: E —> E’ by 
h(é) = (x(e), g(e)) € {x(e)} x E. 
Note that h(é@) € E’ since the commutativity of the above diagram yields 
f(z (e)) = (g(é)); hence this is a bundle homomorphism. Moreover, it is 
a vector space isomorphism on fibres and hence an §-bundle morphism 
inducing the identity ly: X —> X, ie., an equivalence. 
Q.E.D. 


Remark: In the diagram in Proposition 2.15, the vector bundle E’ and 
the maps z’ and g depend on f and z, and we shall sometimes denote 
this relation by 


Sr 
eee 


“1 OF 


xX —~> Y 


to indicate the dependence on the map f of the pullback. For convenience, 
we assume from now on that f*E is given by (2.3) and that the maps zr, 
and f, are the natural projections. 


The concepts of S-bundle homomorphism and S-bundle morphism are 
related by the following proposition. 


Proposition 2.16: Let E—>X and E’sY be 8-bundles. If f:E— E'is 
an S-morphism of the total spaces which maps fibres to fibres and which is 
a vector space homomorphism on each fibre, then f can be expressed as the 
composition of an $-bundle homomorphism and an $-bundle morphism. 
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Proof: Let f be the map on base spaces f: X —> Y induced by f. 
Let f*E’ be the pullback of E’ by f, and consider the following diagram, 


where h is defined by h(e) = (x(e), f (e)) [see (2.3)]. It is clear that f = f.oh. 
Moreover, f, is an 5-bundle morphism, and / is an 8-bundle homomorphism. 
Q.E.D. 


There are two basic problems concerning vector bundles on a given space: 
first, to determine, up to equivalence, how many different vector bundles 
there are on a given space, and second, to decide how “twisted” or how 
far from being trivial a given vector bundle is. The second question is the 
motivation for the theory of characteristic classes, which will be studied 
in Chap. II. The first question has different “answers,” depending on the 
category. A special important case is the following theorem. Let U = U,., 
denote the universal bundle over G,.,, (see Example 2.6). 


Theorem 2.17: Let X be a differentiable manifold and let E —> X be 
a differentiable vector bundle of rank r. Then there exists an N > 0 
(depending only on X) and a differentiable mapping f: X — G,.y(R)), 
so that f*U = E. Moreover, any mapping f which is homotopic to f has 
the property that f*U = E. 


We recall that f and f are homotopic if there is a one-parameter family 
of mappings F: [0,1] x X —> G, ~ so that Fly. = f and Flay. = f. 
The content of the theorem is that the different isomorphism classes of dif- 
ferentiable vector bundles over X are classified by homotopy classes of maps 
into the Grassmannian G,.y. For certain spaces, these are computable (e.g., if 
X is a sphere, see Steenrod [1]). If one assumes that X is compact, one can 
actually require that the mapping f in Theorem2.17 be an embedding of X 
into G,.y (by letting N be somewhat larger). One could have phrased the above 
result in another way: Theorem 2.17 is valid in the category of continuous 
vector bundles, and there is a one-to-one correspondence between isomor- 
phism classes of continuous and differentiable (and also real-analytic) vector 
bundles. However, such a result is not true in the case of holomorphic vec- 
tor bundles over a compact complex manifold unless additional assumptions 
(positivity) are made. This is studied in Chap. VI. In fact, the problem of find- 
ing a projective algebraic embedding of a given compact complex manifold 
(mentioned in Sec. 1) is reduced to finding a class of holomorphic bundles 
over X so that Theorem2.17 holds for these bundles and the mapping f 
gives an embedding into G,.,,(C), which by Proposition 1.14 is itself projective 
algebraic. We shall not need the classification given by Theorem 2.17 in our 
later chapters and we refer the reader to the classical reference Steenrod 
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[1] (also see Proposition III.4.2). A thorough and very accessible discussion 
of the topics in this section can be found in Milnor [2]. 

The set of all vector bundles on a space X (in a given category) can 
be made into a ring by considering the free abelian group generated by 
the set of all vector bundles and introducing the equivalence relation that 
E — (E’ + E”) is equivalent to zero if there is a short exact sequence of 
the form 0 —> EF’ —> E —> E” —-~+ 0. The set of equivalence classes 
form a ring K(X) (using tensor product as multiplication), which was first 
introduced by Grothendieck in the context of algebraic geometry (Borel and 
Serre [2]) and generalized by Atiyah and Hirzebruch [1]. For an introduction 
to this area, as well as a good introduction to vector bundles which is more 
extensive than our brief summary, see the text by Atiyah [1]. The subject of 
K-theory plays an important role in the Atiyah-Singer theorem (Atiyah and 
Singer [1]) and in modern differential topology. We shall not develop this in 
our book, as we shall concentrate more on the analytical side of the subject. 


3. Almost Complex Manifolds and the -Operator 


In this section we want to introduce certain first-order differential oper- 
ators which act on differential forms on a complex manifold and which 
intrinsically reflect the complex structure. The most natural context in which 
to discuss these operators is from the viewpoint of almost complex man- 
ifolds, a generalization of a complex manifold which has the first-order 
structure of a complex manifold (i.e., at the tangent space level). We shall 
first discuss the concept of a C-linear structure on an R-linear vector space 
and will apply the (linear algebra) results obtained to the real tangent bundle 
of a differentiable manifold. 

Let V be a real vector space and suppose that J is an R-linear isomorphism 
J: V—+V such that J? = —/ (where J = identity). Then J is called a 
complex structure on V. Suppose that V and a complex structure J are 
given. Then we can equip V with the structure of a complex vector space 
in the following manner: 


(a+if)v:=av+BJv, a,BER, i=V-l. 


Thus scalar multiplication on V by complex numbers is defined, and it is 
easy to check that V becomes a complex vector space. Conversely, if V is a 
complex vector space, then it can also be considered as a vector space over 
R, and the operation of multiplication by i is an R-linear endomorphism of 
V onto itself, which we can call J, and is a complex structure. Moreover, 
if {vj,...,v,} is a basis for V over C, then {vj,...,U,, Juj,..., Jun} will 
be a basis for V over R. 


Example 3.1: Let C” be the usual Euclidean space of n-tuples of complex 
numbers, {z),...,Z,}, and let z; = x; +iy;,j =1,...,n, be the real and 
imaginary parts. Then C” can be identified with R*” = {x1, y1,..., Xn» Yn} 
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x;, y; € R. Scalar multiplication by i in C” induces a mapping J: R*” —> R” 
given by 
J(X1, Vinee +s Xns Yn) = (HM, X1, + Yn Xn)s 


and, moreover, J? = —1. This is the standard complex structure on R?". 
The coset space GL(2n, R)/GL(n, C) determines all complex structures on 
R” by the mapping [A] —> A~!JA, where [A] is the equivalence class of 
A€éGL(2n,R). 


Example 3.2: Let X be a complex manifold and let T,(X) be the (com- 
plex) tangent space to X at x. Let Xo be the underlying differentiable 
manifold of X (i.e., X induces a differentiable structure on the underlying 
topological manifold of X) and let T,(Xo0) be the (real) tangent space to Xo 
at x. Then we claim that T, (X09) is canonically isomorphic with the underlying 
real vector space of 7,(X) and that, in particular, T,(X) induces a complex 
structure J, on the real tangent space T,(Xo). To see this, we let (h, U) be a 
holomorphic coordinate system near x. Then h: U —> U' c C’, and hence, 
by taking real and imaginary parts of the vector-valued function h, we obtain 

h:U —> R™ 
given by 
h(x) = (Re hy (x), Im hy (x),..., Re h, (x), Im h,(x)), 

which is a real-analytic (and, in particular, differentiable) coordinate sys- 
tem for Xo near x. Then it suffices to consider the claim above for the 
vector spaces Jy(C”) and 7)(R*”) at 0 € C’, where R?” has the standard 
complex structure. Let {0/0z,,...,0/0z,} be a basis for T)(C”") and let 
{0/dx,, 0/dy1,...,0/0X,, 0/Iy,} be a basis for Ty(R2"). Then we have the 
diagram 

T(C") = cC" 

a|| tr Ilr 

T)(R™”) = gR™, 
where a is the R-linear isomorphism between 7)(R*") and 7)(C”) induced 
by the other maps, and thus the complex structure of 7)(C”") induces a 
complex structure on 7)(R7”), just as in Example3.1. We claim that the 
complex structure J, induced on T,(Xo) in this manner is independent of 
the choice of local holomorphic coordinates. To check that this is the case, 
consider a biholomorphism f defined on a neighborhood N of the origin 
in C", f: N —> N, where f(0) = 0. Then, letting ¢ = f(z) and writing 
in terms of real and imaginary coordinates, we have the corresponding 
diffeomorphism expressed in real coordinates: 
GB.) & = u(x, y) 

n = v(x, y), 

where &,y,x,y € R" and €+in =¢ € C’,x +iy =z € C’. The map 
f(z) corresponds to a holomorphic change of coordinates on the complex 
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manifold X; the pair of mappings u, v corresponds to the change of coor- 
dinates for the underlying differentiable manifold. The Jacobian matrix 
(differential) of these mappings corresponds to the transition functions for 
the corresponding trivializations for T(X) and T(Xo), respectively. Let J 
denote the standard complex structure in C", and we shall show that J 
commutes with the Jacobian of the real mapping. The real Jacobian of (3.1) 
has the form of an n x n matrix of 2 x 2 blocks, 


OUy OUy 
0 r) 
M = “8 Me ’ a, B _ 1, f, 
OUy Vy 
dxg  OYp 


which, by the Cauchy-Riemann equations (since f is a holomorphic 
mapping), is the same as 


Vy OUy 

OYp OYp a,pB=1 n 
OUy OV, + J o) ‘J 9 
dyp 9g 


Thus the Jacobian is an n x n matrix consisting of 2 x 2 blocks of the form 


[5 a} 


Moreover, J can be expressed in matrix form as an n x n matrix of 2 x 2 
blocks with matrices of the form 


1 


along the diagonal and zero elsewhere. It is now easy to check that MJ = 
JM. It follows then that J induces the same complex structure on T,(Xo0) 
for each choice of local holomorphic coordinates at x. 


Let V be a real vector space with a complex structure J, and consider 
V @rC, the complexification of V. The R-linear mapping J extends to a C- 
linear mapping on V @RC by setting J(vu@a) = J(v) @a@ forve Via EC. 
Moreover, the extension still has the property that J* = —J, and it follows 
that J has two eigenvalues {i, —i}. Let V'° be the eigenspace corresponding 
to the eigenvalue i and let V°! be the eigenspace corresponding to —i. Then 
we have 

V @xeC=V'° ev", 
Moreover, conjugation on V @r C is defined by v@a@ =v @a@ for ve V 
and a € C. Thus V!° =p V®! (conjugation is a conjugate-linear mapping). 
It is easy to see that the complex vector space obtained from V by means 
of the complex structure J, denoted by V,, is C-linearly isomorphic to V!”, 
and we shall identify V, with V'° from now on. 
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We now want to consider the exterior algebras of these complex vector 
spaces. Namely, denote V ®r C by V. and consider the exterior algebras 


AV,, AV! and a vl, 


Then we have natural injections 
AV!9 
>\Ve, 
AV?! 


and we let A?“ V be the subspace of AV, generated by elements of the form 
u Aw, where u € A?V!° and w € A7V°!. Thus we have the direct sum 
(letting n = dim,V'°) 


We now want to carry out the above algebraic construction on the tangent 
bundle to a manifold. First, we have a definition. 


Definition 3.3: Let X be a differentiable manifold of dimension 2n. Suppose 
that J is a differentiable vector bundle isomorphism 


J: T(X) — T(X) 


such that J,: T,(X) —> T,(X) isa complex structure for T,(X); i.e, J? = —I, 
where J is the identity vector bundle isomorphism acting on T(X). Then 
J is called an almost complex structure for the differentiable manifold X. 
If X is equipped with an almost complex structure J, then (X, J) is called 
an almost complex manifold. 


We see that a differentiable manifold having an almost complex structure 
is equivalent to prescribing a C-vector bundle structure on the R-linear 
tangent bundle. 


Proposition 3.4: A complex manifold X induces an almost complex 
structure on its underlying differentiable manifold. 


Proof: As we saw in Example 3.2, for each point x € X there is a com- 
plex structure induced on 7,(X0), where Xo is the underlying differentiable 
manifold. What remains to check is that the mapping 


Jy: T, (Xo) —_ T, (Xo), xE Xo, 


is, in fact, a C* mapping with respect to the parameter x. To see that J is 
a C®™ vector bundle mapping, choose local holomorphic coordinates (h, U) 
and obtain a trivialization for T(Xo) over U, Le., 


T(Xo)ly = h(U) x R™, 


where we let z; = x; +iy, be the coordinates in h(U) and (&, m1,...,&:, Mn) 
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be the coordinates in R?”. Then the mapping J|y is defined by (with respect 
to this trivialization) 


id x J: h(U) x R™” —> h(U) x R*, 


where 
J, mM, Ses Nn) = (—m, &1, Seas) —Mn» En); 


as before, That is, in this trivialization J is a constant mapping, and hence 
C®. Since differentiability is a local property, it follows that J is a differ- 
entiable bundle mapping. 

Q.E.D. 


Remark: There are various examples of almost complex structures which 
do not arise from complex structures. The 2-sphere S? carries a complex 
structure [= P,(C)], and the 6-sphere S° carries an almost complex structure 
induced on it by the unit Cayley numbers in S’ (see Steenrod [1]). However, 
this almost complex structure does not come from a complex structure (it is 
not integrable; see the discussion below). Moreover, it is unknown whether S° 
carries a complex structure. A theorem of Borel and Serre [1] asserts that only 
S? and S° admit almost complex structures among the even dimensional 
real spheres. For more information about almost complex structures on 
manifolds, consult, e.g., Kobayashi and Nomizu [1] or Helgason [1]. 


Let X be a differentiable m-manifold, let T(X). = T(X) @p C be the 
complexification of the tangent bundle, and let T*(X), be the complexifi- 
cation of the cotangent bundle. We can form the exterior algebra bundle 
AT*(X),, and we let 

E'(X). = E(X, A'T*(X),.). 
These are the complex-valued differential forms of total degree r on X. We 
shall usually drop the subscript c and denote them simply by €’(X) when 
there is no chance of confusion with the real-valued forms discussed in 
Sec. 2. In local coordinates we have g € €’(X) if and only if g can be 
expressed in a coordinate neighborhood by 


g(x) = D> gi (x)dx;, 
=r 
where we use the multiindex notation of Sec. 2. and g;(x) is a C® complex- 
valued function on the neighborhood. The exterior derivative d is extended 
by complex linearity to act on complex-valued differential forms, and we 
have the sequence 
BC Ss 

where d* = 0. 

Suppose now that (X, J) is an almost complex manifold. Then we can 
apply the linear algebra above to T(X),. Namely, J extends to a C-linear bun- 
dle isomorphism on T(X), and has (fibrewise) eigenvalues +i. Let T(X)!° 
be the bundle of (+i)-eigenspaces for J and let T(X)°! be the bundle of 
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(—i)-eigenspaces for J [note that these are differentiable subbundles of 
T(X),]. We can define a conjugation on T(X),, 
Q: T(X). — T(X)-, 
by fibrewise conjugation, and, as before, 
Q: T(X)'° — T(x)" 
is a conjugate-linear isomorphism. Moreover, there is a C-linear isomorphism 
T(X); = TX)", 
where 7(X), is the C-linear bundle constructed from T(X) by means of J. 
Let T*(X)!°, T*(X)°! denote the C-dual bundles of T(X)!° and T(X)°!, 
respectively. Consider the exterior algebra bundles AT*(X),, AT*(X)!°, and 
AT*(X)°'!, and, as in the case of vector spaces, we have 
T*(X)o = T*(X)"° @ T*(X)™" 
and natural bundle injections 
AT*(X)!° 
>AT*(X)c, 
ee 
ATX) 
and we let A?“T*(X) be the bundle whose fibre is A?7T*(X). This bundle 
is the one we are interested in, since its sections are the complex-valued 
differential forms of type (p,q) on X, which we denote by 
EP-4(X) = (KX, AP4IT*(X)). 
Moreover, we have that 
CXS Po), 
pt+q=r 
Note that the differential forms of degree r do not reflect the almost complex 
structure J, whereas its decomposition into subspaces of type (p,q) does. 
We want to obtain local representations for differential forms of type 
(p,q). To do this, we make the following general definition. 


Definition 3.5: Let E —> X be an S-bundle of rank r and let U be 
an open subset of X. A frame for E over U is a set of r 8-sections 
{s1,...,8-},8; € 8(U, E), such that {s;(x),...,5-()} is a basis for E, for 
any x € U. 


Any 8-bundle E admits a frame in some neighborhood of any given point 
in the base space. Namely, let U be a trivializing neighborhood for E so 


that ‘ 
h: Ely —u x K’, 


and thus we have an isomorphism 
h,: 8(U, Ely) —>8(U, U x K’). 
Consider the vector-valued functions 
e, = (1,0,...,0),e. = (0,1,...,0),...,e, = (0,..., 0, 1), 
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which clearly form a (constant) frame for U x K", and thus {(h,)~!(e;), 
...,(h,)7'(e,)} forms a frame for Ely, since the bundle mapping fA is an 
isomorphism on fibres, carrying a basis to a basis. Therefore we see that 
having a frame is equivalent to having a trivialization and that the existence 
of a global frame (defined over X) is equivalent to the bundle being trivial. 

Let now (X,J) be an almost complex manifold as before and let 
{w,,..., W,} be a local frame (defined over some open set U) for T*(X)!°. 
It follows that {w,...,W,}} is a local frame for T*(X)°!'. Then a local 
frame for A?47T*(X) is given by (using the multiindex notation of Sec. 2) 

{w' Aw}, l=p, |Jl|=q, CU, J strictly increasing). 
Therefore any section s € €?4(X) can be written (in U) as 
s= ys a,;;w! A w’, ayy eS &°(U). 
=p 


\Jl=¢ 


Note that ; 
ds = > da;; \w! Aw! +az;;d(w' Aw’), 


=p 
l= 


where the second term is not necessarily zero, since w;(x) 1s not necessarily 
a constant function of the local coordinates in the base space (which will, 
however, be the case for a complex manifold and certain canonical frames 
defined with respect to local holomorphic coordinates, as will be seen below). 

We now have, based on the almost complex structure, a direct sum 
decomposition of €”(X) into subspaces {€?4(X)}. Let z,,, denote the natural 
projection operators 

Tp.gi E (X) —> EP"(X), ptaq=r. 
We have in general 
d: €?4(X) —> ertatl(X) = poe 63) 


nee r+s=pt+q+l 
by restricting d to €?4, We define 


a: EP4(X) —> EP*14(X) 
d: E74(X) —> EP 9t(xX) 
by setting 
0 = Tp+1.q O° d 
a = Tygtl ° d. 
We then extend @ and @ to all here 
&*(X) = St &"(X) 
r=0 


by complex linearity. 
Recalling that Q denotes complex conjugation, we have the following 
elementary results. 


Proposition 3.6: Qd(Of) = df, for f € E*(X). 


+We shall use both Q and overbars to denote the conjugation, depending on the context. 
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Proof: One has to verify that if f ¢ €"(X) and p+q =r, then Oz, ,f = 
q,pQf and O(df) = dQf, which are simple, and we shall omit the details. 
Q.E.D. 


__In general, we know that d* = 0, but it is not necessarily the case that 

0° = 0. However, it follows from Proposition 3.6 that 0? = 0 if and only if 
a= 0: 

In general 

. d: E?4(X) —> EPtatl(X) 


can be decomposed as 
d= SY ° msod=d+d4--. 
r+s=ptq+l 

If, however, d = 0+, then 

d=) +804 004 8°, 
and since each operator projects to a different summand of €?*#+?(X) (in 
which case the operators are said to be of different type), we obtain 

?=00+00=8 =0. 
If d= 9+ then we say that the almost complex structure is integrable. 


Theorem 3.7: The induced almost complex structure on a complex manifold 
is integrable. 


Proof: Let X be a complex manifold and let (Xo, J) be the underlying 
differentiable manifold with the induced almost complex structure J. Since 
T (X) is C-linear isomorphic to T (Xo) equipped with the C-bundle structure 
induced by J, it follows that, as C-bundles, 

T(X) = T(X)"”, 
and similarly for the dual bundles, 

T*(X) = T*(Xo)!”. 
But {dz,,...,dz,} is a local frame for 7*(X) if (z,...,Z,) are local 
coordinates (recall that {dz,,...,dz,} are dual to {0/0z1,..., 0/0Zn}). We set 


0 (3 ; -) . 
= i ; jHijncayn 
OZ; 2 Ox; ay; 


Baill Oe 2% = 
= i , — il ener 78 
2, 2\ax, dy, : 


where {0/0x),...,0/0X,, 0/dy,..., 0/dy,} is a local frame for T(Xo),. and 
{d/0z1,...,0/0Z,} 1s a local frame for T(X) (cf. Examples2.4 and 2.5). 
We observe that 0/dz; so defined is the complex (partial) derivative of a 
holomorphic function, and thus the assertion that these derivatives form a 
local frame for T(X) is valid. From the above relationships, it follows that 


dz; => dx; + idy; 


dz; = dx; — idy;, jJ=l,...,n, 
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which gives , 
dx; = 5 i + dz;) 


1 - ; 
dy; = 5, (dz; — 42), jJ=l,--: Nn. 


This in turn implies that for s € E?4(X) 
S= S azjdz! A dz’. 


IJ 


” 1 (dary dary I ay 
ds = dx; dy;) Adz Ad 
; dX 2. ( by ks dy; ») ee 


We have 


n 9 
= Pag, ade! a dz! 
Oz; , 


j=l LJ 


a 
Ot az, Adz! AdZ. 
OZ) 


+ey 
j=l LJ 


The first term is of type (p+ 1, q). and so 


and similarly : 


j=l 

and hence d = 0+. Thus the almost complex structure induced by the 
complex structure of X is integrable. 

Q.E.D. 


The converse of this theorem is a deep result due to Newlander and 
Nirenberg [1], whose proof has been simplified in recent years (see, e.g., 
Kohn [1], Hérmander [2)). 


Theorem 3.8 (Newlander-Nirenberg): Let (X, J) be an integrable almost 
complex manifold. Then there exists a unique complex structure Oy on X 
which induces the almost complex structure J. 


We shall not prove this theorem, and instead refer the reader to 
H6érmander [2]. We shall mention, however, that it can easily be reduced 
to a local problem—and, indeed, to solving particular partial differential 
equations (namely the inhomogeneous Cauchy-Riemann equations) with 
estimates. In the case where (X, J) is a real-analytic almost complex mani- 
fold, there are simpler proofs (see e.g., Kobayashi-Nomizu, Vol. I [1]). We 
shall not need this theorem, but we shall mention that it plays an impor- 
tant role in the study of deformations of complex structures on a fixed 
differentiable manifold, a topic we shall discuss in Chap. V. 


CHAPTER II 


SHEAF THEORY 


Sheaves were introduced some 20 years ago by Jean Leray and have had a 
profound effect on several mathematical disciplines. Their major virtue is that 
they unify and give a mechanism for dealing with many problems concerned 
with passage from local information to global information. This is very useful 
when dealing with, say, differentiable manifolds, since locally these look like 
Euclidean space, and hence localized problems can be dealt with by means 
of all the tools of classical analysis. Piecing together “solutions” of such 
local problems in a coherent manner to describe, e.g., global invariants, is 
most easily accomplished via sheaf theory and its associated cohomology 
theory. The major virtue of sheaf theory is information-theoretic in nature. 
Most problems could be phrased and perhaps solved without sheaf theory, 
but the notation would be enormously more complicated and difficult to 
comprehend. 

In Sec. 1 we shall give the basic definition of presheaves and sheaves, 
including a variety of examples. In Sec. 2 we shall develop one of the 
basic computational tools associated with a sheaf, namely a resolution, 
and again there are more examples. Section 3 contains an introduction to 
cohomology theory via abstract (canonical) soft (or flabby) resolutions, and 
we shall prove some basic isomorphism theorems which give us an explicit 
version of de Rham’s theorem, for instance. In Sec. 4 we give a brief 
summary of Cech cohomology theory, an alternative and equally useful 
method for computing cohomology. General references for this chapter 
include Bredon [1], Godement [1], and selected chapters in Gunning and 
Rossi [1] and Hirzebruch [1]. 


1. Presheaves and Sheaves 


In this section we shall introduce the basic concepts of presheaves and 
sheaves, giving various examples to illustrate the main ideas. We shall start 
with some formal definitions. 


Definition 1.1: A presheaf F over a topological space X is 


36 
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(a) An assignment to each nonempty open set U Cc X of a set F(U). 
(b) A collection of mappings (called restriction homomorphisms) 
aa :F(U) — F(V) 
for each pair of open sets U and V such that V C U, satisfying 
(1) rf = identity on UG ly). 
Gy For UD VIW reared. 


If F and G are presheaves over X, then a morphism (of presheaves) 
h:F YG 
is a collection of maps 
figs CO) > StU) 
for each open set U in X such that the following diagram commutes: 


FU) —> GU) 


ee 
F(V) — GV), VCUCX. 


F is said to be a subpresheaf of G if the maps hy above are inclusions. 


Remark: We shall be dealing primarily with presheaves, ¥, where F¥(U) 
has some algebraic structure (e.g., abelian groups). In this case we also 
require that the subpresheaves have the induced substructure (e.g., sub- 
groups) and that restriction homomorphisms and morphisms preserve the 
algebraic structure (e.g., rf? and hy are group homomorphisms). Moreover, 
we Shall call the elements of F(U) sections of ¥ over U for reasons which 
will become apparent later. 


Definition 1.2: A presheaf F is called a sheaf if for every collection U; of 
open subsets of X with U =U U; then F satisfies 


Axiom S;: If s,t ¢F(U) and ry, (s) = ry, (t) for all i, then s =f. 
Axiom S2: If s; « $(U;) and if for U; 9U; # @ we have 


U; Uj; 
Tu.nu; (s;) = Tu;nu; (sj) 


for all i, then there exists an s € F(U) such that ru, (s) = s; for all i. 


Morphisms of sheaves (or sheaf mappings) are simply morphisms of the 
underlying presheaf. Moreover, when a subpresheaf of a sheaf F is also a 
sheaf, then it will be called a subsheaf of F¥. An isomorphism of sheaves (or 
presheaves) is defined in the obvious way, namely hy is an isomorphism in 
the category under consideration for each open set U. Note that Axiom S; 
for a sheaf says that data defined on large open sets U can be determined 
uniquely by looking at it locally, and Axiom S, asserts that local data of a 
given kind (in a given presheaf) can be pieced together to give global data 
of the same kind (in the same presheaf). 

We would now like to give some examples of presheaves and sheaves. 
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Example 1.3: Let X and Y be topological spaces and let Cy y be the 
presheaf over X defined by 

(a) CxyyU):={f:U > Y: f is continuous}. 

(b) For f € Cyy(U),r¥(f) := flv, the natural restriction as a function. 
It is easy to see that this presheaf satisfies Axioms S; and S, and hence is 
a Sheaf. 


Example 1.4: Let X be a topological space and let K be R or C. Let 
Cy = Cx.x, as in the above example. This is a sheaf of K-algebras; 1.e., 
Cx(U) is a K-algebra under pointwise addition, multiplication, and scalar 
multiplication of functions. 


Example 1.5: Let X be an S-manifold (as in Definition 1.1 in Chap. J). 
Then we see that the assignment Sy given by 


8x(U) := 8(U) = the S-functions on U 


defines a subsheaf of Cy. This sheaf is called the structure sheaf of the mani- 
fold X. In particular, we shall be dealing with Ey, Ay, and Ox, the sheaves 
of differentiable, real-analytic, and holomorphic functions on a manifold X. 


Example 1.6: Let X be a topological space and let G be an abelian 
group. The assignment U —> G, for U connected, determines a sheaf, called 
the constant sheaf (with coefficients in G). This sheaf will often be denoted 
simply by the same symbol G when there is no chance of confusion. 


We want to give at least one example of a presheaf which is not a sheaf, 
although our primary interest later on will be sheaves of the type mentioned 
above. 


Example 1.7: Let X be the complex plane, and define the presheaf B 
by letting B(U) be the algebra of bounded holomorphic functions in the 
open set U. Let U; = {z: |z| < i}, and then C= U U,;. Let f; € B(U;) be 
defined by setting f;(z) = z. Then it is quite clear that there is no f € B(C) 
with the property that f|y, = fj. In fact, by Liouville’s theorem, B(C) = C. 
Consequently, B is not a sheaf, since it violates Axiom Sp. 


We see in the above example that the basic reason B was not a sheaf 
was that it was not defined by a local property (such as holomorphicity, 
differentiability, or continuity). 


Remark: A presheaf that violates Axiom S; can be obtained by taking 
the sections of Cy,x with X a two point discrete space but letting all proper 
restrictions be zero. 


A natural structure on presheaves which occurs quite often is that of a 
module. 
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Definition 1.8: Let ® be a presheaf of commutative rings and let St be 
a presheaf of abelian groups, both over a topological space X. Suppose 
that for any open set U Cc X,9t(U) can be given the structure of an 
R(U)-module such that if we R(U) and f € MU), then 


raf) = pl @)rl(f) 


for V C U, where rf is the St-restriction homomorphism and p/ is the 
R-restriction homomorphism. Then It is called a presheaf of R-modules. 
Moreover, if 3 is a sheaf, then IN will be a sheaf of R-modules. 


Example 1.9: Let E — X be an 8-bundle. Then define a presheaf 
S(E) (= 8x(E))f by setting 8(£)(U) = S(U, E), for U open in X, together 
with the natural restrictions. Then S(£) is, in fact, a subsheaf of Cy, and 
is called the sheaf of 3-sections of the vector bundle E. As special cases, we 
have the sheaves of differential forms €} on a differentiable manifold, or the 
sheaf of differential forms of type (p,q), E47, on a complex manifold X. 
These sheaves are examples of sheaves of Ex-modules, and, more generally, 
8(E) is a sheaf of Sy-modules for an S-bundle E > X. 


Example 1.10: Let Oc denote the sheaf of holomorphic functions in the 
complex plane C and let J denote the sheaf defined by the presheaf 


U —> OU), if0¢U 
U— {f €O(U): f0)=0}, if OeU. 


Then, clearly, this presheaf is a sheaf, and it is also a sheaf of modules 
over the sheaf of commutative rings Oc (in fact, it is a sheaf of ideals in 
the sheaf of rings, going one step further). 


The most commonly occurring sheaves of modules in complex analysis 
have names. 


Definition 1.11: Let X be a complex manifold. Then a sheaf of modules 
over the structure sheaf Oy of X is called an analytic sheaf. 


As one knows from algebra, the simplest type of modules are the free 
modules. We have a corresponding definition for sheaves. First, we note 
that there is a natural (and obvious) notion of restriction of a sheaf (or 
presheaf) F on X to a sheaf (or presheaf) on an open subset U of X, to 
be denoted by Fly. 


Definition 1.12: Let ® be a sheaf of commutative rings over a topological 
space X. 


+Sx(E) is not to be confused with S¢(£), which are the global S-functions defined on 
the manifold E. In context it will be clear which is meant. 
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(a) Define ?, for p > 0, by the presheaf 
U —> R&?(U) := RU) @--- PB RV). 
Ne” 


p terms 


R?’, so defined, is clearly a sheaf of R-modules and is called the direct sum 
of & (p times; p = 0 corresponds to the 0-module). 

(b) If St is a sheaf of R-modules such that Nt = R? for some p => 0, 
then 99 is said to be a free sheaf of modules. 

(c) If SN is a sheaf of R-modules such that each x € X has a 
neighborhood U such that tly is free, then Nt is said to be locally free. 


The following theorem demonstrates the relationship between vector 
bundles and locally free sheaves. 


Theorem 1.13: Let X = (X,8) be a connected S-manifold. Then there is a 
one-to-one correspondence between (isomorphism classes of) 5-bundles over 
X and (isomorphism classes of) locally free sheaves of S-modules over X. 


Proof: The correspondence is provided by 
E — 8(E£) 


and it is easy to see that 5(£) is a locally free sheaf of 5-modules. Namely, 
by local triviality, for some neighborhood U of a point x € X, we have 
E|y =U x K’, where r is the rank of the vector bundle E£. It follows that 
S(E)|y = 8(U x K"). We claim that 


From the definition of a section, it follows that f € S(U x K")(V) (for V 
open in U) if and only if f(x) = (x, g(x)), where g : V — K’" and g is 
an 8-morphism (cf. ExampleI.2.12). Therefore g = (gi,..., g-), gj € 8(V), 
and the correspondence above is given by 


tS — (g1,---, 8) € 8u(V) ®--:  Sy(V), 


which is clearly an isomorphism of sheaves. Therefore 8(£) is a locally free 
8x-module. 

We shall now show how to construct a vector bundle from a locally free 
sheaf, which inverts the above construction. Suppose that £ is a locally free 
sheaf of S-modules. Then we can find an open covering {U.,} of X such 
that 

8a: Llue —> 8" lum 
for some r > 0 (excluding the trivial case); note that r does not depend on 
a, since X is connected. Then define 


Sap : S"luanug 4 8" lung 


by setting go, = 8a8h Now ggg is a sheaf mapping, so in particular (when 
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acting on the open set U, ™ Ug) it determines an invertible mapping of 
vector-valued functions (Sap) UanUp> which we write as 


Sap : 8(Uy M Ug)’ —>. 8(Uy N Uz)’, 


which is then a nonsingular r x r matrix of functions in 8(U, M Us), ie., 
Bap 1 Uy Ug > GL(r, K), and hence determines transition functions for 
a vector bundle £, since the compatibility conditions gyg - gg, = Say are 
trivially satisfied. Thus a vector bundle E can be defined by letting 


E =U U, x K’ (disjoint union) 
and making the identification 


(x,&) ~ (, gap(x)é), if x eU,NU, FZ. 


(Cf. the remark after Definition I.2.2.) 
We leave it to the reader to verify that isomorphism classes are preserved 
under this correspondence. 
Q.E.D. 


Remark: Most of the sheaves we shall be dealing with will be locally free 
sheaves arising from vector bundles; however, there is a generalization which 
is of great importance for the study of function theory on complex manifolds 
and, more generally, complex manifolds with singularities—complex spaces. 
An analytic sheaf ¥ on a complex manifold X is said to be coherent if for 
each x € X there is a neighborhood U of x such that there is an exact 
sequence of sheaves over U, 


Oly > O%|y > Fly > 0, 


for some p and q. For a complete discussion of coherent analytic sheaves 
on complex spaces, see Gunning and Rossi [1]. For instance, let V be a 
subvariety of C"; i.e., V is defined as a closed subset in C”, which is locally 
given as the set of zeros of a finite number of holomorphic functions. Let Jy 
be the subsheaf of O defined by sections that vanish on V. Therefore Jy is an 
ideal sheaf in the sheaf of rings O. Then Jy is a coherent analytic sheaf (by 
results of Oka and Cartan; see Gunning and Rossi [1]) but not necessarily 
locally free. A simple example of this situation is the case where V is simply 
the origin in C?; then we see that Jy = Ji) is similar to Example 1.10. 
Moreover, Jjo; is coherent because of the following exact sequence, 


0— O 


v 


> 0? + Jo, — 0 — (Koszul complex), 


where 
Mf, A) = ahi - 2h 
v(f) = afi af). 


One can easily check that this is exact (by expanding the functions in power 
series at the origin and determining the relations between the coefficients). 
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2. Resolutions of Sheaves 


A sheaf F on a space X is a carrier of localized information about the 
space X. To get global information about X from F, we want to apply the 
techniques of homological algebra to sheaves. For this we want to consider 
exact sequences, quotients, etc. To do this, however, we have to look at 
another, more localized, model of a sheaf. In fact, we shall make a sheaf 
into a topological space of a particular type. 


Definition 2.1: (a) An étalé space over a topological space X is a topo- 
logical space Y together with a continuous surjective mapping 2 : Y —> X 
such that z is a local homeomorphism. 

(b) A section of an étalé space Y—»X over an open set U C X isa 
continuous map f : U —> Y such that a o f = ly. The set of sections 
over U is denoted by I'(U, Y). 


It is clear that the sections of an étalé space form a subsheaf of Cy y. We 
are going to associate to any presheaf F over X an étalé space F —» X such 
that the sheaf of sections of F gives another model for F if F¥ happens to be 
a sheaf. The reasons for this construction will become clear as we go along. 

Consider a presheaf F over X, and let 

(a lim F(U) 
xeU 
be the direct limit of the sets ¥(U) with respect to the restriction maps ley \ 
of F. If F has an algebraic structure which is preserved under direct limits, 
then F,, called the stalk of F¥ at x, will inherit that structure. For instance, 
this is the case if F is a presheaf of abelian groups or commutative rings. 
There is a natural map 


rl’ > FU) — F,, x eu, 
given by taking an element in F(U) into its equivalence class in the direct 


limit. If s € F(U), then s, := r¥(s) is called the germ of s at x, and s is 
called a representative for the germ s,. Let 


F=U F, 


xex 


and let 2 : $¥ —> X be the natural projection taking points in F, to x. We 
want to make ¥ into an étalé space, and all that remains is to give F a 
topology. For each s € F(U) define the set function 


3:U 3 F 
by letting s(x) = s, for each x € U. Note that 7 05 = ly. Let 
{s(U)} where U is open in X,s € F(U) 


be a basis for the topology of ¥. Then all the functions § are continuous. 
Moreover, it is easy to check that z is continuous and indeed a local home- 
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omorphism (5S provides a local inverse at s, for 2 for a given representative 
s of s, € F). 

Thus we have associated to each presheaf F over X an étalé space. 
Moreover, if the presheaf has algebraic properties preserved by direct limits, 
then the étalé space F inherits these properties. For example, suppose that 
F is a presheaf of abelian groups. Then F has the following properties: 


(a) Each stalk is an abelian group. 
(b) If FoF := {(s,t)h eF x F: n(s) = 2(t)}, then the map 
wi FoF 3 F 
given by (s,, ty) —> 5, — ft, 1s continuous. This is true since if (s — t)~(U) 
is a basic open set of s, —t, for U open in X and s,t € F(U), then the 
inverse image of (s — t)~(U) by the above map is just 5(U) o f(U), which 
is a basic open set in FoF. 


(c) For U open in X, the set of sections of F over U,TU, F) is an 
abelian group under pointwise addition, 1.e., for s,t ¢ T(U, F) 


(s —t)(x) =s(x)—t(x) for all x EU. 
We see that s—r is continuous since it is given by the following composition 


of continuous maps: 
USS FoF AF. 


In associating an étalé space F to a presheaf J, we have also associated 
a Sheaf to F, namely the sheaf of sections of F. We call this sheaf the sheaf 
generated by F. We would now like to look more closely at the relationship 
between the presheaf, F, and the sheaf of sections of F which we shall call 
F for the time being. We have already used the fact that there is a presheaf 
morphism, which we now denote by 


Ti: F —> F, 


namely ty : FU) —> F(U)[:= TW, F)] is given by ty(s) = 5. Recall that 
5(x) = r¥(s) for all x € U. In the case that F is a sheaf, we have the 
following basic result. Its proof will illustrate the use of the sheaf axioms 
in an abstract setting. 


Theorem 2.2: If F is a sheaf, then 
tis ee F 
is a sheaf isomorphism. 
Proof: It suffices to show that ty 1s bijective for each U. 
(a) Ty is injective: Suppose that s’,s” € F(U) and ty(s’) = ty(s”). 


Then 
[tu (s')](&) = [tu (s)]() for all x € U; 
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ie., rY(s’) = r¥(s”) for all x € U. But when r¥(s’) = r¥(s") for some x € U, 
the definition of direct limit implies that there is a neighborhood V of x 
such that r(’(s’) = r'(s"). Since this is true for each x € U, we can cover 
U with open sets U; such that 


ri, (s’) = ri, (s”) 
for all i. So since F is a sheaf, we have, by Axiom S;, s’ =”. 


(b) ty is surjective: Suppose o ¢ T(U,F). Then for x € U there is a 
neighborhood V of x and s € F(V) such that 


o(x) = S, = [ty(S)](). 
Since sections of an étalé space are local inverses for 7, any two sections 


which agree at a point agree in some neighborhood of that point. Hence 
we have for some V* a neighborhood of x: 


Oly« = Ty(S)ly* = Ty+(ry«(s)). 


Since this is true for any x € U, we can cover U with neighborhoods U; 
such that there exists s; € F(U;) and 


Ty, (S:) = Olu;- 
Moreover, we have 
ty; (si) = Ty,(sj) on U;NU;, 
so by part (a) a if: 
Tu;nu; (s;) = ruinw; (sj). 
Since F is a sheaf and U = U; U;, there exists s € F(U) such that 
Te, (s) = 5;. 
Thus y 
Tu (S)|u; = Ty; (ry, (8) _ Ty; (Si) _ olu;; 
and finally ty(s) =o. 


Q.E.D. 


The content of this theorem is that to each sheaf F one can associate 
an étalé space ¥ whose sheaf of sections is the original F; i.e., F contains 
the same amount of information as F, and for this reason, a sheaf is very 
often defined to be an étalé space with algebraic structure along its fibres, as 
discussed above (see, e.g., Bredon [1] and Gunning and Rossi [1]). For doing 
analysis, however, the principal object is the presheaf, with its axioms (since 
most sheaves occur naturally in this form), and the associated étalé space 
is an auxiliary construction which is useful in constructing the homological 
machinery which makes sheaves useful objects. One way, in particular, that 
the étalé space is useful is to pass from a presheaf to a sheaf. 


Definition 2.3: Let F be a presheaf over a topological space X and let ¥F 
be the sheaf of sections of the étalé space F associated with F. Then F is 
the sheaf generated by F. 
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By Theorem 2.2 above, we see that a presheaf, which is a sheaf, generates 
itself; ie, F =F. Moreover, we shall use both notations F(U) and T'(U, F) 
to denote the set (or group or module) of sections of F¥ over U, depending 
on the context (the word section, of course, coming from the étalé space 
picture of a sheaf). 

We now want to study the elementary homological algebra of sheaves of 
abelian groups; all the concepts we shall encounter generalize in a natural 
manner to sheaves of modules. 


Definition 2.4: Suppose that F¥ and J are sheaves of abelian groups over 
a space X with J a subsheaf of F, and let Q be the sheaf generated by the 
presheaf U > F(U)/G(U). Then Q is called the quotient sheaf of F by G 
and is denoted by /9. 


The quotient mapping on presheaves above induces a natural sheaf surjec- 
tion ¥ —> F/G by going to the direct limit, inducing a continuous mapping 
of étalé spaces, and then considering the induced map on continuous sections. 
This is then the desired sheaf mapping onto the quotient sheaf. 

One of the fundamental concepts of homological algebra is that of 
exactness. 


Definition 2.5: If A, B, and © are sheaves of abelian groups over X and 
Ae Se 
is a sequence of sheaf morphisms, then this sequence is exact at B if the 
induced sequence on stalks 
A, ee, 
is exact for all x e X. A short exact sequence is a sequence 
0— A— 8B——> CC — 0, 
which is exact at A, B, and ©, where 0 denotes the (constant) zero sheaf. 


Remark: Note that exactness is a local property. The sheaves are not 
defined to be exact at the presheaf level [i.e., exactness of 
A(U) —> BCU) — C(U) 
for each U open in X], which, of course, was possible since homomorphism 
of sheaves were so defined. The usefulness of sheaf theory is precisely in 
finding and categorizing obstructions to the “global exactness” of sheaves. 


We shall now give some examples of short exact sequences of sheaves. 


Example 2.6: Let X be a connected complex manifold. Let O be the sheaf 
of holomorphic functions on X and let 0* be the sheaf of nonvanishing 
holomorphic functions on X which is a sheaf of abelian groups under 
multiplication. Then we have the following sequence: 


exp 


> O* — 0 


(2.1) C= 7 6 
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where Z is the constant sheaf of integers, i is the inclusion map, and 
exp : 0 —> O* is defined by 


expy (f)(Z) = exp (7if(z)). 


Moreover, for some (sufficiently small) simply-connected neighborhood U 
of x € X and for some representative g € O*(U) of a germ g, at x, we can 
choose f, = ((1/2zi) log g), for some branch of the logarithm function, 
and we have exp,(f,) = g,. Also, exp,(f,) = 0 implies thatt 


exp 27if(z) =1, zeUu, 


for any f € O(U) which is a representative of the germ f, on a connected 
neighborhood U of x. Therefore f is constant on U and is, in fact, an 
integer, so that 

Ker(exp,) = Z, 


and the sequence (2.1) is exact. 
Example 2.7: Let A be a subsheaf of B. Then 


(=A sb Ba =O 


is an exact sequence of sheaves, where i is the natural inclusion and q is 
the natural quotient mapping. 


Example 2.8: As a special case of Example 2.7, we let X = C and let O 
be the holomorphic functions on C. Let J be the subsheaf of O consisting 
of those holomorphic functions which vanish at z = 0 € C (Example 1.10). 
Then we have the following exact sequence of sheaves: 


0— I— 0 — O/JI — 0. 


We note that 
C, if x =0 
(0/9), = ; 
0, if x £0. 
Example 2.9: Let X be a connected Hausdorff space and let a, b be 
two distinct points in X. Let Z denote the constant sheaf of integers on X 
and J denote the subsheaf of Z which vanishes at a and b. Then 


0—- JI— Z—- Z/J — 0 


is exact and 
Z, ifx=aorx=b 
(Z/I). = 
0, if x 4a and x #b. 


+Note that “0” here is the identity element in an abelian group. 
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Remark: Example 2.9 shows the necessity of using the generated sheaf 
for the quotient sheaf in Definition 2.4, since the presheaf of quotients of 
sections of Z by sections of J violates Axiom S). 


Following the terminology of homological algebra for modules, we make 
the following definitions where sheaf means sheaf of abelian groups or 
sheaf of modules. A graded sheaf is a family of sheaves indexed by integers, 
F* = {Fez A sequence of sheaves (or sheaf sequence) is a graded sheaf 
connected by sheaf mappings: 


(2.2) i er: = aie al, ee 


A differential sheaf is a sequence of sheaves where the composite of any 
pair of mappings is zero; 1.¢., «; o@j;_; = 0 in (2.2). A resolution of a sheaf 
F is an exact sequence of sheaves of the form 


Se a Se OS eh 


which we also denote symbolically by 


0— F — F*, 


the maps being understood. 

We shall see later that various types of information for a given sheaf 
F can be obtained from knowledge of a given resolution. We shall close 
this section with various examples of resolutions of sheaves. Their utility 
in computing cohomology will be demonstrated in the next section. 


Example 2.10: Let X be a differentiable manifold of real dimension m 
and let €% be the sheaf of real-valued differential forms of degree p. Then 
there is a resolution of the constant sheaf R given by 


d d 


(2.3) 0— R— €§ > EL Oo -:-  & — 0, 

where i is the natural inclusion and d is the exterior differentiation operator. 
Since d* = 0, it is clear that the above is a differential sheaf. However, the 
classical Poincaré lemma (see, e.g., Spivak [1], p. 94) asserts that on a 
star-shaped domain U in R”’, if f € €?(U) is given such that df = 0, 
then there exists a u € €?~'(U) (p > 0) so that du = f. Therefore the 
induced mapping d, on the stalks at x € X is exact, since we can find 
representatives in local coordinates in star-shaped domains. At the term 
€%, exactness is an elementary result from calculus [i.e., df = 0 implies that 
f is a constant (locally)]. We shall denote this resolution by 0 —> R —> €} 
(or 0 —> C —> €¥ if we are using complex coefficients). 


i 


Example 2.11: Let X be a topological manifold. We want to derive a re- 
solution for the constant sheaf G over X, where G is an abelian group (which 
will hold also for more general spaces). Let S’?(U, G) be the group of singular 
cochains in U with coefficients in G; 1.e., S’(U, G) = Homz(S,(U, Z), G), 
where S,(U, Z) is the abelian group of integral singular chains of degree 
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p in U with the usual boundary map (see, e.g., MacLane [1] or any standard 
algebraic topology text). Let 6 denote the coboundary operator, 6 : S’(U, G) 
—> $’*+!(U, G), and let $’?(G) be the sheaf over X generated by the presheaf 


U —> S?(U, G), with the induced differential mapping 8’(G) es SP+l(G), 
Consider the unit ball U in Euclidean space. Then the sequence 
(2.4) ae =3 SPU GY 3 PU, = 1s 


is exact, since Ker 6/Im 6 is the classical singular cohomology for the 
unit ball, which is well known to be zero for p > 0 (see MacLane [1], 
pp. 54-61, for an elementary proof of this fact, using barycentric subdivi- 
sion). Therefore the sequence 


OG 2G) 586) 3 SG) 34 SSG ss 
is a resolution of the constant sheaf G, noting that 
Ker(6 : S°(U, G) —> S'(U, G)) = G. 

We remark that we could also have considered C™ chains if X is a differ- 
entiable manifold, i.e. (linear combinations of) maps f : A? —> U, where f 
is a C~ mapping defined in a neighborhood of the standard p-simplex A’. 
The corresponding results above still hold [in particular, the elementary 


proof of the exactness of (2.4) still works in the C™® case], and we have a 
resolution by differentiable cochains with coefficients in G: 


0—- G — 8 (@ — SL@— + --§ — SQ ::-, 
which we abbreviate by 
(2.5) 0 — G — 82,(G). 


Example 2.12: Let X be a complex manifold of complex dimension n, 
let €?" be the sheaf of (p,q) forms on X, and consider the sequence of 
sheaves, for p > 0, fixed, 


0— a? — gr a. gpl Beg > EP" +» 0), 
where @? is defined as the kernel sheaf of the mapping €”° 28 €?!, which 
is the sheaf of holomorphic differential forms of type (p,0) (and we usually 
say holomorphic forms of degree p); i.e., in local coordinates, y € Q’(U) if 


and only if 
g= > '¢dz', 9, € OW), 
=p 
and we note that @° = 0(= Ox). Then for each p we have a differential 
sheaf 


(2.6) 0 — QP —> EP*, 


since 0? = 0, which is, in fact, a resolution of the sheaf Q?, by virtue of the 
Grothendieck version of the Poincaré lemma for the 0-operator. Namely, 
if w is a (p,q)-form defined in a polydisc A in C”, A = {z: |z;| <r,i = 1, 
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...,n}, and dw = 0 in A, then there exists a (p,q — 1)-form u defined in 
a slightly smaller polydisc A’ CC A, so that du = @ in A’. See Gunning 
and Rossi [1], p. 27, for an elementary proof of this result using induction 
(as in one of the classical proofs of the Poincaré lemma) and the general 
Cauchy integral formula in the complex plane.t 


Example 2.13: Let X be a complex manifold and consider the differential 
sheaf over X, 


0—> C—> @° 


where the Q? are defined in Example 2.12. Then we claim that this is a 
resolution of the constant sheaf C. First we note that 0 = d, when acting 
on holomorphic forms of degree p, since d = 0+, and 0(Q”) = 0 for 
p =0,...,u; then exactness at @° is immediate. Moreover, one can locally 
solve the equation du = w for u if dw = 0 by the same type of proof as 
for the operator 4 indicated in Example 2.12. 


a 


a 
SOP = cg oe st), 


Suppose that £* and 9* are differential sheaves. Then a homomorphism 
f : &* — M* is a sequence of homomorphism f; : £/ > MM’ which 
commutes with the differentials of £* and Svt*. Similarly, a homomorphism 
of resolutions of sheaves 


0 > A> A 
boy 
OSB. = Be 


is a homomorphism of the underlying differential sheaves. 


Example 2.14: Let X be a differentiable manifold and let 
0—>R—- & 
0 — R— 82,(R) 


be the resolutions of R given by Examples 2.10 and 2.11, respectively. Then 
there is a natural homomorphism of differential sheaves 


I: &* —> S2(R) 
which induces a homomorphism of resolutions in the following manner: 
0——R I 
cae 
i $%(R). 
The homomorphism / is given by integration over chains; i.e., 
Ty : E*(U) — 82,(U, R) 


+The same result holds for a: €?4 —> €?+14, as one can easily see by conjugation. 
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is given by 
Ty (g)(c) = Jo. 


where c is a C™ chain (with real coefficients, in this case), and then Iy(g) € 
8*,(U, R). Moreover, by Stokes’ theorem it follows that the mapping / 
commutes with the differentials. 


We shall see in the next section how resolutions can be used to represent the 
cohomology groups of a space. In particular, we shall see that every sheaf 
admits a canonical abstract resolution with certain nice (cohomological) 
properties, and we shall then compare this abstract resolution with our 
more concrete examples of this section. 

At this point we mention an analogue of the classical Poincaré lemma 
mentioned above, for which we shall have an application later on. 


Lemma 2.15: Let g € €?4(U) for U open in C" and suppose that dy = 0. 
Then for any point p € U there is a neighborhood N of p and a differential 
form yw € €?-!4-!(N) such that 


ddy=g in N. 
Proof: The proof consists of an application of the Poincaré lemmas 
for the operators d, 0, and d (see Examples 2.10 and 2.12). Namely, since 
dy = 0, we have that there is a u € €’"' (using germs at x), so that du = 9, 


where r = p+q is the total degree of g. Thus we see that if we write 
u=ubO+...4y°""!, we have 


du = du?*! + au?-!4 
du?! = aura! =0, 
and then there exists (by the 4 and @ Poincaré lemmas, Example 2.12) forms 
wr € E214"! and w € E?-'1! so that 
ayy =u! 
dW =u? "4 
which implies that 
yg = du = dd, + IW 
= 002 — Wi). 
or QED. 


Remark: Let H = Ker 44: €%° —+ &'! on a complex manifold X. 
Then there is a fine resolution (see Definition 3.3) 


SS e a see 


where H{ is the sheaf of pluriharmonic functions, Lemma 2.15 showing 
exactness at the €!"! term (see Bigolin [1]). This is analogous to the resolution 
of © by €°* and has a similar usefulness. 


aa 
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3. Cohomology Theory 


In this section we want to present a brief development of sheaf coho- 
mology theory. We first consider the problem of “lifting” global sections 
of sheaves. Consider a short exact sequence of sheaves: 


(3.1) 0— A— B— C— 0. 
Then it is easy to verify that the induced sequence 


(3.2) 0 — A(X) — B(X) — C(x) — 0 


is exact at A(X) and B(X) but not necessarily at C(X). For instance, in 
Example 2.6, if we let X = C — {0}, the punctured plane, then we see that 
the mapping 0(X) —> 0*(X) is not surjective. Similarly, in Example 2.9, a 
section of Z over X has the same value at both points a and b, whereas a 
section of Z/J over X may have different values at points a and b and must 
be zero elsewhere, and thus the map I'(X, Z) > I'(X, Z/J) is not surjective. 

Cohomology gives a measure to the amount of inexactness of the sequence 
(3.2) at C(X). We need to introduce a class of sheaves for which this lifting 
problem is always solvable, and cohomology will be defined in terms of 
such sheaves by means of resolutions. Let F¥ be a sheaf over a space X and 
let S be a closed subset of X. Let 


F(S) := lim F(U), 
UDdS 
where the direct limit runs over all open sets U containing S. From the point 
of view of étalé spaces F(S) can be identified with the set of (continuous) sec- 
tions of F|;, where F|, := w~'(S), anda : ¥ —> X is the étalé map. We 
call F(S) the set (or abelian group) of sections of F over S, and we shall often 
denote F(S) by F(S, F). Moreover, we shall assume from now on for simplicity 
that we are dealing with sheaves of abelian groups over a paracompact Haus- 
dorff space X, this being perfectly adequate for the applications in this book. 


Definition 3.1: A sheaf F over a space X is soft if for any closed subset 
S CX the restriction mapping 


F(X) —> F(S) 


Is surjective; i.e., any section of F over S can be extended to a section of 
F over X. 


There are no obstructions to lifting global sections for soft sheaves, as 
we see in the following theorem. 


Theorem 3.2: If A is a soft sheaf and 
h 


Oren Ap ea () 
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is a short exact sequence of sheaves, then the induced sequence 


(3.3) 0 —> A(X) & BCX) = E(x) — 0 


is exact. 


Proof: Let c € C(X). Then we want to show that there exists a section 
b € B(X) such that hy(b) = c. Since the sequence of sheaves is exact, it 
follows that for each x € X there exists a neighborhood U of x and a 
b € B(U) such that hy(b) = cly, where cly denotes the presheaf restriction 
from X to U. Thus we can cover X with a family U; of open sets such 
that there exists b; €¢ B(U;) satisfying h(b;) = cly, (dropping the subscript 
notation for g and h). The object now is to show that the b; can be pieced 
together to form a global section. 

Since X is paracompact, there exists a locally finite refinement {5;} of 
{U;} which is still a covering of X and such that the elements 5; of the 
cover are closed sets. Consider the set of all pairs (b, S$), where S is a union 
of sets in {S;} and b € B(S) satisfies h(b) = c|s. The set of all such pairs is 
partially ordered by (b, S) < (b’, S’) if S C S’ and b’|; = b. It follows easily 
from Axiom S, in Definition 1.2 that every linearly ordered chain has a 
maximal element. Thus, by Zorn’s lemma there exists a maximal set S and 
a section b € B(S) such that h(b) = cls. It suffices now to show that § = X. 

Suppose the contrary. Then there is a set S; € {S;} such that S; ¢ S. 
Moreover, h(b — bj) = c—c = 0 on SN S;. Therefore, by exactness of 
(3.3) at B(X) we see that there exists a section a € A(SMS;) such that 
g(a) = b—b;. Since A is soft, we can extend a to all of X, and using the 
same notation for the extension, we now define b € B(S U S;) by setting 

~ |b on S$ 
bj + g(a) on Sj. 
If follows that h(b) = c| SUS;> and hence S is not maximal. This contradiction 
then proves the theorem. 
Q.E.D. 


Before continuing with the consequences of Theorem 3.2, we would like 
to introduce another class of sheaves, which will give us many examples of 
soft sheaves. 


Definition 3.3: A sheaf of abelian groups F over a paracompact Hausdorff 
space X is fine if for any locally finite open cover {U;} of X there exists a 
family of sheaf morphisms 
{n, : F —> F} 

such that 

(a) Xn, = 1. 

(b) 9;(F,) = 0 for all x in some neighborhood of the complement of 
Uj. 
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The family {7;} is called a partition of unity of F¥ subordinate to the covering 
{Uj}. 


Example 3.4: The following sheaves are fine sheaves: 


(a) Cy, for X a paracompact Hausdorff space. 

(b) € x, for X a paracompact differentiable manifold. 

(c) €&%%, for X a paracompact almost-complex manifold. 

(d) A locally free sheaf of €y-modules, where X is a differentiable 
manifold. 

(ec) If Ris a fine sheaf of rings with unit, then any module over R is a 
fine sheaf. 


The first four examples are fine sheaves because multiplication by a continu- 
ous or differentiable globally defined function defines a sheaf homomorphism 
in a natural way. Hence the usual topological and C~™ partitions of unity 
define the required sheaf partitions of unity. 


Proposition 3.5: Fine sheaves are soft. 


Proof: Let F be a fine sheaf over X and let S be a closed subset of X. 
Suppose that s € ¥(S). Then there is a covering of S by open sets {U;} in 
X, and there are sections s; € ¥(U;) such that 

Silsou; = S| sau; - 
Let Up = X — S and so = 0, so that {U;} extends to an open covering of 
all of X. Since X is paracompact, we may assume that {U;} is locally finite 
and hence that there is a sheaf partition of unity {y;} subordinate to {U;}. 
Now 7;(s;) 1s a section on U; which is identically zero in a neighborhood 
of the boundary of U;, so it may be extended to a section on all of X. 
Thus we can define 
5 = J) n,(s)) 


in order to obtain the required extension of s. 
Q.E.D. 


Example 3.6: Let X be the complex plane and let O = Oy be the sheaf 
of holomorphic functions on X. It is easy to see that O is not soft and hence 
cannot be fine (which is also easy to see directly). Namely, let S = {|z| < 5}, 
and consider a holomorphic function f defined in the unit disc with the unit 
circle as natural boundary [e.g., f(z) = Dz"). Then f defines an element 
of O(S) which cannot be extended to all of X, and hence © is not soft. 


Example 3.7: Constant sheaves are neither fine nor soft. Namely, if G 
is a constant sheaf over X and a and b are two distinct points, then let 
s € G({a} U {b}) be defined by setting s(a) = 0 and s(b) 4 0. Then it is 
clear that s cannot be extended to a global section of G over X. 
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Now that we have some familiar examples of soft sheaves, we return to 
some consequences of Theorem 3.2. 


Corollary 3.8: If A and 8 are soft and 
0— A— B—e— 0 


is exact, then C is soft. 


Proof: Let S be a closed subset of X and restrict the sequence above 
to the set S. Then Theorem 3.2 applies, and the given section of C over S$ 
to be extended to all of X comes from a section of B over S, which by 
softness then extends to all of X. Its image in C(X) is a suitable extension. 

Q.E.D. 


Corollary 3.9: If 
0 > So > 81 > 8 aes 


is an exact sequence of soft sheaves, then the induced section sequence 


is also exact. 


Proof: Let K; = Ker(S; > 8;,;). Then we have short exact sequences 
0 > K; > 8; > Kiat > 0. 


For i = 0, K, = 89, and Sp is soft. Thus we have the induced short exact 
sequence 


0 — K(X) — §(X) — K(X) — 0 
by Theorem 3.2. An induction using Corollary 3.8 shows that XK; is soft 
for all i, and so we obtain short exact sequences: 


0 — K(X) — §)(X) — Kin (X) — 0. 


Splicing these sequences gives the desired result. 
Q.E.D. 


We are now in a position to construct a canonical soft resolution for any 
sheaf over a topological space X. Let 8 be the given sheaf and let 8>X 
be the étalé space associated to &. Let @°(S) be the presheaf defined by 


©°(8S)\(U) ={f :U — 8: no f = ly}. 


This presheaf is a sheaf and is called the sheaf of discontinuous sections of 
8 over X.t There is clearly a natural injection 


O's S/—0"(6), 


+Recall that sections were defined to be continuous in Definition 2.1, so discontinuous 
section is a generalization of the concept of section. 
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Now let F'(8) = ©°(8)/S and define €'(S) = @°(F'(S8)). By induction we 
define 
F'(S) = C'(8)/F'"(8) 
and 
e'(8) = C°(F#(8)). 
We then have the following short exact sequences of sheaves: 
0 — 8 — e°(8) —> F'($) — 0 
0 —> F'(S) —> C'(S) — F'*1(S) — 0. 


By splicing these two short exact sequences together, we obtain the long 
exact sequence 


0— § — e°(8) > e!'(8) — 7S) — ---, 
which we call the canonical resolution of 8. We abbreviate this by writing 
(3.4) 0— § — C*(8). 


The sheaf of discontinuous sections @°(S) is a soft sheaf, for any sheaf §, 
and for this reason we call the resolution (3.4) the canonical soft resolution 
of 8. 


Remark: A sheaf 8 is called flabby if 8(X) — S(U) is surjective for 
all open sets U in X. It can be shown that a flabby sheaf is soft (see 
Godement [1]). To avoid the restriction of paracompactness in the above 
arguments, one must deal with flabby sheaves rather than soft sheaves. 
However, we note that most of our examples of soft sheaves are not flabby. 


We are now in a position to give a definition of the cohomology groups 
of a space with coefficients in a given sheaf. Suppose that 5 is a sheaf over 
a space X and consider the canonical soft resolution given by (3.4). By 
taking global sections, (3.4) induces a sequence of the form 


0 — I(x, 8) — TX, €°(8)) — TX, e!(8)) 


(3.5) +... —+ F(X, €7(8)) —, 


and this sequence of abelian groups forms a cochain complex.t This sequence 
is exact at F(X, @°(S)), and if § is soft, it is exact everywhere by Corollary 3.9. 
Let 

C*(X, 8) := T(x, €*(8)), 


and we rewrite (3.5) in the form 
0 — T(x, 8) — C*(X, $). 
+A cochain complex means that the composition of successive maps in the sequence is 


zero, but the sequence is not necessarily exact. We shall assume some elementary homological 
algebra, and we refer to, e.g., MacLane [1], Chap. I. 
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Definition 3.10: Let 5 be a sheaf over a space X and let 
A" (X, 8) := H1(C*(X, §)), 


where H4(C*(X,8)) is the qth derived group of the cochain complex 
C*(X, 8); Le., 

Ker(C? — C4!) 
Im(C7-! —> C9)’ 


H4(C*) = where C7! = 0. 
The abelian groups H4(X, 8) are defined for g => 0 and are called the sheaf 
cohomology groups of the space X of degree q and with coefficients in 8. 


As we shall see later, there are various ways of representing more explic- 
itly such cohomology groups in a given geometric situation. This abstract 
definition is a convenient way to derive the general functorial properties of 
cohomology groups, as we shall see in the next theorem. 


Theorem 3.11: Let X be a paracompact Hausdorff space. Then 


(a) For any sheaf S over X, 
(1) H°(X,8)=T(X,8) (= 8(X)). 
(2) If S is soft, then H4(X,S8)=0 for gq > 0. 
(b) For any sheaf morphism 
h:A—8 
there is, for each g > 0, a group homomorphism 
h, : H4(X, A) — H1(xX, B) 
such that 
(1) ho =hy : A(X) > BCX). 
(2) h, is the identity map if h is the identity map, q > 0. 
(3) g,oh, =(goh), for all g = 0, if g: A> @ is a second sheaf 
morphism. 
(c) For each short exact sequence of sheaves 
0— A— B—> C — 0 
there is a group homomorphism 
61: H1(X, @) > A(X, A) 
for all g > 0 such that 
(1) The induced sequence 


0—> H°(X,A —> HX, B) > HX, 0) 5 H'(X, A) > + 


—> H4(X, A) —> H4(X,B) —> H4(X, 0) 2s Ht*(xX, A) 
is exact. 
(2) A commutative diagram 


0 A B Cc 0 


fo of 4 


0 A’ B’ C 0 
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induces a commutative diagram 
0 — H(X,A) — H(X,B) — H(X,@) — A\(X,A) — -:: 


Y | Y | 


0 > A(X, A’) > H°(X,B’)) > H°(X,C) > AN(X,A) a 


Proof: 
(a), (1) We have that the resolution 
0 — I(X, 8) — CX, 8) — Cl(X,8) > --- 
is exact at C°(X, 8), and so 
T(X, 8) = Ker(C°(X, 8) —> Cl(X, $)) = H°(X, $). 


(a), (2) This follows easily from Corollary 3.9. 
For the proof of (b) and (c) we shall show first that 


h:A—8 
induces naturally a cochain complex mapt 
(3.6) h* : C*(A) — C*(B). 


First we define é 

h® ; C°(A) — ©°(B) 
by letting h°(s,) = (hos),, where s is a discontinuous section of A. Now 
h® induces a quotient map 


h? : C(A)/A —> €°(B)/B 


I I 
F(A) F'(B), 


and, as above, h° induces 
hs eUn Dy CFB) 
| | 
e!(A) e'(B). 
Repeating the above procedure, we obtain, for each g > 0, 
h? : C7(A) — C7(B). 


The induced section maps give the required complex map (3.6). It is clear 
that h* is functorial [i.e., satisfies compatibility conditions similar to those 
in (b), (1)-(3)]. Moreover, if 


0— A— BC — 0 
is exact, then this implies that 
0 — eA) — C*(B) — C’*(C) — 0 


+Letting C*(A) = C*(X, A), etc. 
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is an exact sequence of complexes of sheaves. However, the sheaves in these 
complexes are all soft, and hence it follows that 

0 — C*(A) — C*(B) — C*(C) — 0 
is an exact sequence of cochain complexes of abelian groups. It now follows 
from elementary homological algebra that there is a long exact sequence 
for the derived cohomology groups 


— H1(C*(A)) — A4(C*(B)) — A4(C*(C)) 
SHCA) , 

where the mapping 5% is defined in the following manner. Consider the 

following commutative diagram of exact sequences: 


(3.7) 


uw! v! 
0 — cA) — CHB) — CHC) — 0 


ee ee 
0 —> C1(A) —~> C1(B) — => C1(C) —~ 0. 


Suppose that c € Ker y. Then by exactness, c = v(b). Consider the element 
B(b). Then v'(B(b)) = y(v(b)), by commutativity, and hence 6(b) = p'(a) 
for some a € C%*'(A), It is easy to check that (1) a is a closed element 
of C7*!(A), (2) the cohomology class of a in H4*'(A) is independent of 
the various choices made, and (3) the induced mapping 5¢ : H4(X, C) > 
H‘4*'(X,.A) makes the sequence (3.7) exact (the operator 5% is often called 
the Bockstein operator). From these constructions it is not difficult to verify 
the assertions in (b) and (c). 

Q.E.D. 


Remark: The assertions (a), (b), and (c) in the above theorem can be 
used as axioms for cohomology theory, and one can prove existence and 
uniqueness for such an axiomatic theory. What we have in the theorem 
is the existence proof; see, e.g., Gunning and Rossi [1] for the additional 
uniqueness. There are other existence proofs; e.g., Cech theory is a popular 
one (cf. Hirzebruch [1]). In Sec. 4 we shall give a short summary of Cech 
theory. 


We now want to give the proof of an important theorem which will give 
us a means of computing the abstract sheaf cohomology in given geometric 
situations. First we have the following definition. 


Definition 3.12: A resolution of a sheaf 5 over a space X 
0—- $$ — A 
is called acyclic if H4(X, A”) = 0 for all g > 0 and p= 0. 


Note that a fine or soft resolution of a sheaf is necessarily acyclic (Theorem 
3.11). Acyclic resolutions of sheaves give us one way of computing the coho- 
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mology groups of a sheaf, because of the following theorem (sometimes 
called the abstract de Rham theorem). 


Theorem 3.13: Let 5 be a sheaf over a space X and let 
0—- 8s — “ 
be a resolution of &. Then there is a natural homomorphism 
y?: H?(T(X, A*)) — A?’ (X, 8), 


where H?(T(X,A*)) is the pth derived group of the cochain complex 
TX, A*). Moreover, if 
0— 8 — A 


is acyclic, y? is an isomorphism. 
Proof: Let K? = Ker(A? > A’*!) = Im(A?"! > A?) so that K° = 8. 
We have short exact sequences 


0— KP! —» Ar! —, KP —> 0, 


and this induces, by Theorem 3.11, 
0 —> T(x, K?"!) —> T(x, A?!) — T(X, K?) — H'(X, K?1) 
=> AX, AP) Ss: 

We also notice that 

Ker(I'(X, A’) —> T(x, A’t!)) = T(X, K’), 
so that 

H? (V(X, A*)) = F(X, K”)/Im(P(X, A?-!) —> P(X, K?)). 
Therefore, using the exact sequence above, we have defined 
yp : H?(T(X, A*)) — H'(X, kK’), 
and y,’ is injective. Moreover, if the resolution is acyclic, 
H'(X,A’"')=0 


and y;’ is an isomorphism. 
We now consider the exact sequences of the form 


0 —> KP —> AP —> KPH! _, 9) 


for 2 <r < p, and we obtain from the induced long exact sequences 
yP : H''(X, yer) aay H'(X, KPO"), 


and again y’ is an isomorphism if the resolution is acyclic. Therefore we 
define 
Yp=VP ove HOY, 
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1.e., 
P Pp P 
Hr (x, A) 5 BK, KP) 2K, KP) 


Pp 
-- 5 HP(X, K°) = HP(X,8), 
and y? is an isomorphism if the resolution is acyclic. 
The assertion that y? is natural in Theorem 3.13 means that if 


0 —~ § — A 


Jr fs 
0 —~ Jd B 


is a homomorphism of resolutions, then 


Pp 


HP? (1 (X, A*)) — A? (Xx, $) 


& fp 
je a 
AEE XS). (Xd) 
is also commutative, where g, is the induced map on the cohomology of 
the complexes. This is not difficult to check and follows from the naturality 


assertions in Theorem 3.11. 
Q.E.D. 


Remark: Note that in the proof of the previous theorem we did not use 
the definition of sheaf cohomology, but only the formal properties of coho- 
mology as given in Theorem 3.11 (i.e., the same result holds for any other 
definition of cohomology which satisfies the properties of Theorem 3.11). 


Corollary 3.14: Suppose that 

0 > 8 —- A 

Jr fs 

0 —> Jd —> B* 
is a homomorphism of resolutions of sheaves. Then there is an induced 
homomorphism - 

AP? (L(X, A*))—> A? (L(x, B*)), 

which is, moreover, an isomorphism if f is an isomorphism of sheaves and 
the resolutions are both acyclic. 


As a consequence of this corollary, we easily obtain de Rham’s theorem 
(see Example 2.14 for the notation). 


Theorem 3.15 (de Rham): Let X be a differentiable manifold. Then the 
natural mapping 
I: H?(E*(X)) — HA? (S85(X, R)) 
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induced by integration of differential forms over C® singular chains with 
real coefficients is an isomorphism. 


Proof: As in Example 2.14, consider the resolutions of R given by 


i c* 
ee 


0——R 
DS 8h) = 8%, 


- 


Then the sheaves €* and 8*, are both soft. Since €* is fine, it remains only 
to show that the sheaves 8%, are soft. First we note that the sheaf $2, is 
an 8°.-module (given by cup product on open sets). Then we claim that 
8°. is soft. This follows from the observation that 8°, = 8° = @°(X, R); ie. 
for each point of X (a singular 0-cochain), we assign a value of R. We 
now need the following simple lemma, which asserts that S? is soft, which 
concludes the proof, in view of Corollary 3.14. 

Q.E.D. 


Lemma 3.16: If 3% is a sheaf of modules over a soft sheaf of rings R, 
then 9 is a soft sheaf. 


Proof: Lets €T(K, 2) for K a closed subset of X. Then s extends to 
some open neighborhood U of K. Let p € F(K U(X —U), 8) be defined by 


1 on K 


a 0 on X —U. 


Then, since & is soft, o extends to a section over X, and p-s is the desired 
extension of s. 
Q.E.D. 


We now have an analogue of de Rham’s theorem for complex manifolds, 
due to Dolbeault [1]. 


Theorem 3.17 (Dolbeault): Let X be a complex manifold. Then 


Ps 3 p.gqtl 
Pee ory = Kel (X)—> EPMNX)) 


Im(€°1-!(X)—s €r4(X)) 


Proof: The resolution given in Example 2.12 is a fine resolution, and 
we can apply Theorem 3.13. 
Q.E.D. 


We want to consider a generalization of Theorem 3.17, and for this we 
need to introduce the tensor product of sheaves of modules. 
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Definition 3.18: Let 9% and Nt be sheaves of modules over a sheaf of 
commutative rings, R. Then It xz Nt, the tensor product of IN and N is 
the sheaf generated by the presheaf 


U — MV) Oxw) NU). 
Remark: The necessity of using the generated sheaf is demonstrated by 
considering the presheaf 
U —> O(E)U) Gow) EU), 
where E — X is a holomorphic vector bundle with no non-trivial global 
holomorphic sections (see Example 2.13). The presheaf does not satisfy 
Axiom S, since O(E)(X) ®ecx) E(X) = 0, but O(E)(U;) Bow; E(U;) = 
€(E)(U;) £0 for the sets of any trivializing cover {U;} of X. 
It follows from Definition 3.18 that 
(ON Sx W = M,. Sr, Ny. 
This easily implies the following lemma. 


Lemma 3.19: If J is a locally free sheaf of R-modules and 
0— A’ A A’ 0 
is a short exact sequence of R-modules, then 
0 — A’ @2I— A@xI— A" ®xeI— 0 


is also exact. 


Recalling Example 2.12, we have a resolution of sheaves of O-modules 
over a complex manifold X: 
0 —> a7 —» e704, er, ...__, gpm _, 9, 
Moreover, if E is a holomorphic vector bundle, then O(£) is a locally free 
sheaf, and so, using Lemma 3.19, we have the following resolution: 
0 — 2? Go O(E) — E? Go OE) 


(3.8) d@l d@l 
—> --- > EP" Bo O(E) — 0. 
We also notice that 
2’ Bo O(E) = O(A’T*(X) @c E) 
and that 
EP4 Oy O(E) = EP4 Se E(E) 
= E(A?4T*(X) @c E), 


where €(£) 1s the sheaf of differentiable sections of the differentiable bundle 
E. This follows from the fact that 


O(E) ®o E€ = E(E), 
since €? is also an E€-module. 
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We call O(X, A?T*(X) @c E) the (global) holomorphic p-forms on X with 
coefficients in E, which we shall denote for simplicity by Q’(X, E), and we 
shall denote the sheaf of holomorphic p-forms with coefficients in E by 
Q’(E). Analogously, we let 
(3.9) EP 4X, FE) = E(X, AP4T*(X) @c E) 


be the differentiable (p, q)-forms on X with coefficients in E. Therefore the 
resolution (3.8) can be written in the form (letting 0; = 0 @ 1) 

(3.10) 0 —> 9°(E) —> €?°(E) —& €?\(E) — «-- “& €7"(E) — 0, 
and since it is a fine resolution, we have the following generalization of 
Dolbeault’s theorem. 


Theorem 3.20: Let X be a complex manifold and let E —> X bea 
holomorphic vector bundle. Then 


Pod og p.qt+l 
HA(X, @P(E)) & KEEP B) > EM BD) 


Im(E-!(X, E) 2s €04(X, E)) 


4. Cech Cohomology with Coefficients in a Sheaf 


Suppose that X is a topological space and that .Y is a sheaf of abelian 
groups on X. Let &¢= {U,} be a covering of X by open sets. A g-simplex, 
o, is an ordered collection of g + 1 sets of the covering { with nonempty 


intersection; i.e., 
o= (Uo, ..., Ug) 


and M_) U; # @. The set Nu,ec U; is called the support of the simplex o, 
denoted |o|. A q-cochain of U with coefficients in .Y is a mapping f which 
associates to each q-simplex, o, 
f(o) € (lol). 
The set of g-cochains will be denoted by C4 (MU, .Y) and is an abelian group 
(by pointwise addition). 
We define a coboundary operator 
5: CU, S) > CMU, SF) 
as follows. If f ¢ C7(U,J) and o = (Up, ..., U;+1), define 


qtl 


5f(0) = )\(-b! rei! f@). 
i=0 


where o, = (Uo,..., Uj-1, Ui4i,...Ug41) and ee is the sheaf restriction 
mapping. It is clear that 5 is a group homomorphism and that 5? = 0. Thus 


we have a cochain complex: 
CES) SOUS SS oS CS) SCH 5S) 


— CIP, 8) > --- 
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The cohomology of this cochain complex is the Cech cohomology of \ with 
coefficients in 8; i.e., letting 


Z1(, 8) = Ker 6: C7(U, 8) — C7, 8), 
B4(, 8) = Im 6: C1! (, 8) —> C4(L, 8) 
we define 
H4(U, 8) := H4(C*(u, 8)) = Z4(U, 8)/B4(L, 8). 


We shall now summarize the properties of the Cech cohomology. For 
proofs, see the references listed below. 


(a) If Wis a refinement of LU, there is a natural group homomorphism 
Ly 1 H4(U, 8) —> H4(%G, 8) 


and 
lim A4(U, 8) = A4(X, $), 
ul 


where H4(X, 8) is the cohomology defined in Definition 3.10. 
(b) If ££ is a covering such that 


A%(\o|,8) =0 
for g => 1 and all simplices o in UU, then 
H4(X,8) = H4(U, 8) 


for all g => 0 (XL 1s called a Leray cover). 
(c) If X is paracompact and UL is a locally finite covering of X, then 


A4 (LL, 8) = 0 


for q > 0 and § a fine sheaf over X. 

We shall most often use resolutions of particular sheaves in order to 
represent cohomology, principally because the techniques we develop are 
derived from the theory of partial differential equations and are applied 
to differential forms and their generalizations. Cech theory, on the other 
hand, is very important in complex analysis and arises very naturally in such 
problems as Cousin I and I and their generalizations, being the general 
theory of Stein manifolds. See, e.g., Gunning and Rossi [1] and Gunning 
[1]. More generally, see Bredon [1], Godement [1], or Hirzebruch [1]. 


CHAPTER III 
DIFFERENTIAL 
GEOMETRY 


This chapter is an exposition of some of the basic ideas of Hermitian 
differential geometry, with applications to Chern classes and holomorphic 
line bundles. In Sec. 1 we shall give the basic definitions of the Hermitian 
analogues of the classical concepts of (Riemannian) metric, connection, and 
curvature. This is carried out in the context of differentiable C-vector bundles 
over a differentiable manifold X. More specific formulas are obtained in the 
case of holomorphic vector bundles (in Sec. 2) and holomorphic line bundles 
(in Sec. 4). In Sec. 3 is presented a development of Chern classes from the 
differential-geometric viewpoint. In Sec. 4 this approach to characteristic 
class theory is compared with the classifying space approach and with the 
sheaf-theoretic approach (in the case of line bundles). We prove that the 
Chern classes are primary obstructions to finding trivial subbundles of a 
given vector bundle, and, in particular, to the given vector bundle being 
itself trivial. In the case of line bundles, we give a useful characterization 
of which cohomology classes in H?(X, Z) are the first Chern class of a line 
bundle. Additional references for the material covered here are Chern [2], 
Griffiths [2], and Kobayashi and Nomizu [1]. 


1. Hermitian Differential Geometry 


In this section we want to develop some of the basic differential-geometric 
concepts in the context of holomorphic vector bundles and, more generally, 
differentiable C-vector bundles. The basic purpose is to develop certain 
concepts such as metrics, connections, and curvatures which will have various 
applications in later sections. We do not relate these concepts in detail to 
their more classical counterparts in real differential geometry, as there are 
recent texts which do this quite well (e.g., Helgason [1] and Kobayashi and 
Nomizu [1]). We shall give more specific references as we go along. 

In this section we shall denote by the term vector bundle a differentiable 
C-vector bundle over a differentiable manifold, E > X. An analogous treat- 
ment can be given for R-vector bundles, but our applications are primarily 
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to Chern class theory and holomorphic vector bundles, both of which 
require complex-linear fibres. 

Suppose that E > X isa vector bundle of rank r and that f = (e,..., e,) 
is a frame at x € X; ie, there is a neighborhood U of x and sections 
{e1,...,é-},e; € E(U, E), which are linearly independent at each point 
of U. If we want to indicate the dependence of the frame f on the domain 
of definition U, we write fy, although normally this will be understood to 
be some local neighborhood of a given point. Suppose that f = fy is a 
given frame and that g: U ~ GL(r,C) is a differentiable mapping. Then 
there is an action of g on the set of all frames on the open set U defined by 


f — fe, 


where 


(fg)(x) = §3 Bp(XCp(X)y Y sn(sets) xeU, 


p=1 p=1 


is a new frame, i.e, fg(x) = f(x)g(x), and we have the usual matrix product. 
Clearly, fg is a new frame defined on U, and we call such a mapping g a 
change of frame. Moreover, given any two frames f and f’ over U, we see 
that there exists a change of frame g defined over U such that f’ = fg.t 

Using frames, we shall find local representations for all the differential 
geometric objects that we are going to define. We start by giving a local 
representation for sections of a vector bundle. Let E — X be a vector bundle, 
and suppose that € « €(U, E) for U open in X. Let f = (e,...,¢e,) be 
a frame over U for E (which does not always exist, but will if U is a 
sufficiently small neighborhood of a given point). Then 


(1.1) E=DlE (fey 
p=1 


where &°(f) € E(U) are uniquely determined smooth functions on U. This 
induces a mapping 


(1.2) €(U, Ey &(U)' & EU, U x C’), 
which we write as 
E'(f) 
E> E(fy= : ; 
E'(f) 


+The set of all frames over open sets in X is the sheaf of sections of the principal 
bundle P(E) associated with E, often called the frame bundle of E, a concept we shall not 
need; see, e.g., Kobayashi and Nomizu [1], or Steenrod [1]. Namely, the principal bundle 
P(E) has fibres isomorphic to GL(r,C), with the same transition functions as the vector 
bundle EF > X. 
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where &?(f) are defined by (1.1). Suppose that g is a change of frame 
over U. Then we compute that 


E°(fg) => gtk Ch), 
o=l 


which implies that 
(fg) = '&(f) 


or 


(1.3) sé(fa) =§(f), 


all products being matrix multiplication at a given point x € U. Therefore 
(1.1) gives a vector representation for sections € € E(U, E), and (1.3) shows 
how the vector is transformed under a change of frame for the vector bundle 
E. Moreover, if E is a holomorphic vector bundle, then we shall also have 
holomorphic frames, 1.e., f = (€),...,@-),e; € OU, E), and e,A---Ae,.(x) F 
0, for x € U; and holomorphic changes of frame, i.¢., holomorphic mappings 
g:U — GL(r,C). Then with respect to a holomorphic frame we have the 
vector representation 


(1.4) O(U, E)-2-0(Uy’, 


given by € — &(f) as before, and the transformation rule for a holomorphic 
change of frame is still given by (1.3). 

Our object now is to give definitions of three fundamental differential- 
geometric concepts: metric, connection, and curvature. We shall then give 
some examples in the next section to illustrate the definitions. 


Definition 1.1: Let E — X bea vector bundle. A Hermitian metric h on 
E is an assignment of a Hermitian inner product (,), to each fibre FE, of 
E such that for any open set U C X and —,n € E(U, E) the function 


(§,n):U —>C 


given by 
(&, ) (x) = (E(x), 9(X))x 
is C™. 
A vector bundle E equipped with a Hermitian metric h is called a 


Hermitian vector bundle. Suppose that E is a Hermitian vector bundle and 
that f = (e,,...,e,) is a frame for E over some open set U. Then define 


(1.5) h(f)po = (Cos &p)s 


and let h(f) = [h(f) 2] be the r x r matrix of the C® functions {h(f),c}, 
where r = rank E. Thus hA(f) is a positive definite Hermitian symmetric 
matrix and is a (local) representative for the Hermitian metric / with respect 
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to the frame f. For any &, 9 € E(U, E), we write 
Em) =(> een, > 0° (fea) 
p o 


= oa Aha NE (P) 


(1.6) (§, 0) ='m(PA(MéH), 

where the last product is matrix multiplication and ‘A denotes the transpose 
of the matrix A. Moreover, if g is a change of frame over U, it is easy to 
check that 

(1.7) h(fg) ='ah( fg, 

which is the transformation law for local representations of the Hermitian 
metric. 


Theorem 1.2: Every vector bundle E — X admits a Hermitian metric. 


Proof: There exists a locally finite covering {U,} of X and frames fy, 
defined on U,. Define a Hermitian metric h, on E|y, by setting, for €, 7 € 


E,,x € Uy, ey 
(&, m)< = 'N( fa) (x) + §( fa) (x). 
Now let {p,} be a C™ partition of unity subordinate to the covering {U,} 
and let, for €,9 € E,, 
(Em) = D> palx)(&, my. 
We can now verify that (,) so defined gives a Hermitian metric for E > X. 
First, it is clear that if €, 7 € E(U, E), then the function 


x —> (E(x), m(x))x = D> palx) (E(x), m(x))$ 


= Vo pulx)n(fad (x) - (fa) (2) 


is a C® function on U. It is easy to verify that 4 is indeed a Hermitian inner 
product on each fibre of E, and we leave this verification to the reader. 
Q.E.D. 


We now want to consider differential forms with vector bundle coefficients. 
Suppose that E — X is a vector bundle. Then we let 
EP(X, E) = €(X, A?T*(X) @c E) 
be the differential forms of degree p on X with coefficients in E (cf. the 
discussion following Lemma II.3.19). We want to relate this definition to 
one involving tensor products over the structure sheaf. 


Lemma 1.3: Let E and E’ be vector bundles over X. Then there is an 


isomorphism 4 
t: E(E) @e E(E’) — E(E @ E’'). 


Sec. 1 Hermitian Differential Geometry 69 


Proof: We shall define the mapping t on presheaves generating the above 


sheaves : . 
ty EU, E) @ewy ECU, E’) — E(E ® E’)(U) 


by setting : 
ty (§ @ mx) = &(x) @ n(x) € Ey @ EY. 
If f = (e1,...,e,) and f’ = (e),...,e/) are frames for E and E’ over an 
open set U, then we see that for any y € €(U, E ® E’) we can write 
V(x) = Do vap(x)ea(x) @ eh (x), Yap € ECU). 
a,B 
But this shows that 
y € EU, E) ew) EWU, E), 
and this implies easily that {ty} defines a sheaf isomorphism when we pass 
to the sheaves generated by these presheaves. 
Q.E.D. 


Corollary 1.4: Let E be a vector bundle over X. Then 
£ @e E(E) & E"(E). 

We denote the image of g @ & under the isomorphism in Corollary 1.4 
by g-& € E?(X, E), where g € €?(X) and — € E(X, E). Suppose that f is a 
frame for E over U. Then we have a local representation for € € €?(U, E) 
similar to (1.2) given by 


e°(U, Ey [€"(U)y" 


an, 
(1.8) [=> | 
ef) 
defined by the relation 
(1.1) &= Def) -ep. 
Namely, let x € U and let (a@,. as be a frame for A?T*(X) @C at x. 


Then we can write 
E(x) = D> Gep(x)@x (x) ® ep (x). 
pk 
where the y,, are uniquely determined C® functions defined near x. Let 


&P = a Pkp®ks 
k 


and it is easy to check that the differential form &? so determined is indepen- 
dent of the choice of frame (a, ...,@,;). Since x was an arbitrary point of 
U, the differential forms {&°} are defined in all of U, and thus the mapping 
(1.8) (local representation of vector-valued differential forms) is well defined 
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and, indeed, is an isomorphism. Moreover, we have the transformation law 
for a change of frame 
(1.3/) E(fg)=e 'é(f), §& € €°(X, E) 


exactly as in (1.3) for sections. We now make the following definition. 


Definition 1.5: Let E — X be a vector bundle. Then a connection D on 
E — X is a C-linear mapping 

D : €(X, E) — €'(X, EB), 
which satisfies 


(1.9) D(v§) =dy-& + pDE, 
where g € E€(X) and & € E(X, E). 


Remarks: (a) Relation (1.9) implies that D is a first-order differential 
operator (cf. Sec. 2 in Chap. IV) mapping €(X, E£) to €(X, T*(X) @ E), as 
we shall see below. 

(b) In the case where E = X x C, the trivial line bundle, we see that 
we may take ordinary exterior differentiation 

d: &(X) — &(X) 
as a connection on E. Thus a connection is a generalization of exterior 
differentiation to vector-valued differential forms, and we shall later extend 
the definition of D to higher-order forms. 


We now want to give a local description of a connection. Let f be a frame 
over U for a vector bundle E — X, equipped with a connection D. Then 
we define the connection matrix 0(D, f) associated with the connection D 
and the frame f by setting 

O(D, f) = [O5(D, f)], 90D, f) € E'(U), 
where 


(1.10) Deg =) Op0(D, f) + &p. 

p=1 
We shall denote the matrix 6(D, f) by 6(f) (for a fixed connection) or 
often simply by 6 (for a fixed frame in a given computation). We can use 
the connection matrix to explicitly represent the action of D on sections of 
E. Namely, if € € €(U, E), then, for a given frame f, 


DE = D() £?(fep) 
=)" dé(f) ea + > (f)De, 
= SY [dé (1) + ENG ap( A] - ee 


(1.11) DE = Do [dE(f) + O(PE(P)] «eo 


oO 
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where we have set 


dé'(f) 
dé(f) = 
d&"(f) 


and the wedge product inside the brackets in (1.11) is ordinary matrix 
multiplication of matrices with differential form coefficients. Thus we see that 


DE(f) = d&(f) + APES) 
=[d + O(fPylef) 


thinking of d+6(f) as being an operator acting on vector-valued functions. 


Remark: If we let E = T(X), then the real analogue of a connection in 
the differential operator sense as defined above defines an affine connection 
in the usual sense (cf. Helgason [1], Nomizu [1], Sternberg [1], and Kobayashi 
and Nomizu [1]). If @ = (a@,...,@,) is a frame for T*(X) over U, then 


Bor = > Thay, Te, € E(U). 


k=1 
In the classical case these are the Schwarz-Christoffel symbols associated 
with (or defining) a given connection. 


Suppose that E — X is a vector bundle equipped with a connection D 
(as we shall see below, every vector bundle admits a connection). Let Hom 
(E, E) be the vector bundle whose fibres are Hom(F,, E,). We want to 
show that the connection D on E induces in a natural manner an element 


©; (D) € €*°(X, Hom(E, E)), 
to be called the curvature tensor. 

First we want to give a local description of an arbitrary element x € 
€?(X, Hom(E£, E)). Let f be a frame for E over U in X. Then f = 
(e},...,e,-) becomes a basis for the free €?(U)-module 

€?(U, Hom(E, E)) = EU) @ew) E(U, Hom(E, E)). 
Since E|y =U x C’, by using f to effect a trivialization, we see that 
EU, Hom(E, E)) = M,(U) = M, Wc ECU), 


where 2, is the vector space of r x r matrices, and thus 9%,(U) is the 
€(U)-module of r x r matrices with coefficients in E(U). Therefore there is 
associated with x under the above isomorphisms, an r x r matrix 


(1.12) XP) =KXPool, x Poo € €?(U). 


Moreover, we see easily that x determines a global homomorphism of vector 


bundles 
x: E(X, E) — E(x, EB), 
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defined fibrewise in the natural manner. The frame f gives local representa- 
tions for elements in E€(X, LE) and €?(X, E) and the matrix (1.12) is chosen 
so that the following diagram commutes, 


&(U, E) “> &°(U, E) 
a ll 
ecuy’ 23 fermy 


Ef) > x(Né(f) = af), 
A= Keen 


is matrix multiplication and the vertical isomorphisms are given by (1.2) 
and (1.8), respectively. Under this convention it is easy to compute how the 
local representation for x behaves under a change of frame; namely, if 


n( fg) = x(feré(fa), 
eg 'n(f)=x(fae 'E(f), 


where 


then we see that 


which implies that 


(1.13) x(fg) = 8 'x(f)g: 
1.e., x transforms by a similarity transformation. Conversely, any assignment 
of a matrix of p-forms x(f) to a given frame f which is defined for all 
frames and satisfies (1.13) defines an element x € €?(X, Hom(E, £)), as is 
easy to verify. 

Returning to the problem of defining the curvature, let E —> X be a 
vector bundle with a connection D and let 0(f) = 6(D, f) be the associated 
connection matrix. We define 


(1.14) O(D, f) =dO(f) +O(f) AA(f), 
which is an r x r matrix of 2-forms; Le., 
Or = po + YO A Oe 


We call O(D, f) the curvature matrix associated with the connection matrix 
0(f). We have the following two simple propositions, the first showing how 
6(f) and O(f) transform, and the second relating O(f) to the operator 
d+06(f). 


Lemma 1.6: Let g be a change of frame and define 6(f) and O(f) as above. 
Then 

(a) dg+0(f)g = g6(fg), 

(b) O(fg)=g 'O(f)g. 

Proof: 

(a) If 


fg= (So Bpiepetite) , Bore) = (e},...,6), 
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then 
De) = Yo ( fare, 


= ye Ovo (FQ) Spveps 
v,p 
and, on the other hand, 


D( >> &0€p) = dee, 5 ys Bo rp€r- 
p p pt 


By comparing coefficients, we obtain 


(1.15) g0(fg)=dgt+ (fg. 
(b) Take the exterior derivative of the matrix equation (1.15), obtaining 
(1.16) d0(f)-g —O(f)- dg =dg -0(fg) +8 -d0(fg). 
Also, 
(1.17) O(fg)=g 'dg+g'O(f)g, 


and thus we obtain by substituting (1.17) into (1.16) an algebraic expression 
for gd0(fg) in terms of the quantities d0(f), 6(f), dg, g, and g~'. Then 
we can write 
(1.18) gld0(fg) + O(f8) A 4(f8)] 
in terms of these same quantities. Writing this out and simplifying, we find 
that (1.18) is the same as 
[dO(f) +O(f) A 4(flg, 
which proves part (b). 
Q.E.D. 


Lemma 1.7: [d+ 6(f)lld + O6(P)IE(/) = O(/E(/). 
Proof: By straightforward computation we have (deleting the notational 
dependence on f) 

(d+0)(d+0)E =dE+0-dE+dO-E)+O0N0-E 
=0-di+d0-E—-6-d>E+0A0-& 
=d0-E+0A60-& 
=0-é. 

Q.E.D. 


The proof of the above lemma illustrates why we have taken care to see 
that the abstract operations and equations at the section level correspond, 
with respect to a local frame, to matrix operations and equations. 

We now make the following definition. 


Definition 1.8: Let D be a connection in a vector bundle E —> X. Then the 
curvature @;(D) is defined to be that element © € €7(X, Hom(E, E)) such 
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that the C-linear mapping 
© : €(X, E) — &7(X, E) 
has the representation with respect to a frame 


O(f) = OW, f) = dO(f) + A(f) A O(f). 


We see by Lemma 1.6(b) that @-(D) is well defined, since O(D, f) satisfies 
the transformation property (1.13), which ensures that O(D, f) determines 
a global element in €?(X, Hom(E, £)). 


Remark: It follows from the local definition of O;(D) that the curvature 

is an €(X)-linear mapping 
©: E(X, E) — &(X, BE), 

and it is this linearity property that makes © into a tensor in the classical 
sense. Note that the transformation formula for 6(f/) involves derivatives 
of the change of frames and that of course the connection D is not €(X)- 
linear. If we denote by D,é the natural contraction of Z@ Dé for Z € T(X) 
and & € €(X, E), then the classical curvature tensor R(Z,W) = DzDy — 
Dy Dz — D;z,w) defined from this affine connection agrees with O(Z, W) € 
€(X, Hom(E, E)). This follows by an exterior algebra computation and 
(1.14), since for a frame f over U, Dé(f) = dé(f) + O(f) A E(f) implies 


Dz8(f) = ZE(f) + OCPMZE(P). 


We can now define the action of D on higher-order differential forms by 
setting 


DE(f) = d&(fI + O(P) AEP), 
where & € E€?(X, E). Thus 


D: &?(X, E) — €°"'(X, BE) 


if it is well defined. But we only have to check whether the image satisfies 
the transformation law (1.3’) in order to see that the image of D is a 
well-defined E-valued (p + 1)-form. To check this, we see that 


gldé(fg) + 0(f8)&(f)] = d(sé(fg)) — dg - €(fg) 
+[dg+O(f)slrg 'é(f) 
from (1.3) and Lemma 1.6(a), which reduces to 


d&(f) +O(f) A E(f). 
Thus we have the extension of D to differential forms (£-valued) of higher 
order. This extension is known as covariant differentiation, and we have 
proved the following. 
Proposition 1.9: D* = ©, as an operator mapping 


€?(X, E) —> €°*°(X, E), where D? = Do D. 
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The only unproved part is for p > 0, but we observe that Lemma 1.7 is 
still valid in this case. Then the curvature is the obstruction to D* = 0 and 
is therefore the obstruction that the sequence 

Ce PaaS rr) eS 
be a complex (cf. Sec. 5 in Chap. IV). 

The differential forms €?(X, Hom(E, £)) are locally matrices of p-forms. 

We want to use this fact to define a Lie product on the algebra 
&*(X, Hom(£, E)) = 2 &’(X, Hom(E£, E)). 


P 

We proceed as follows. If x € E?(X, Hom(E, £)) and f is a frame for E 
over the open set U, then we have seen before that 

x(f) € M, @c EPC), 
and thus if w € €4(X, Hom(E, E)), we define 
(1.19) XA). VPI = xXN av -— CDW A)a xf), 
where the right-hand side is matrix multiplication. If g is a change of frame, 
then by (1.13) we have 


x(fg)=8 'x(fg 
Wifg)=8 Wife. 


[x(fg), WFel =e 'Ix(f). w/)lg 


by a straightforward substitution. Therefore the Lie bracket is well 
defined on &*(x,Hom(E, £)) and satisfies the Jacobi identity, making 
é€*(X, Hom(£, £)) into a Lie algebra (cf., e.g., Helgason [1]). 

Suppose that E is equipped with a connection D and that we let 
6(f), O(f) be the local connection and curvature forms with respect to 
some frame f. Then we can prove a version of the Bianchi identity in this 
context, for which we shall have use later. 


and thus 


Proposition 1.10: dO(f) =[O(/f), O(f)I. 


Proof: Letting 6 =6(f) and © = O(f), we have 


© =d0+0A8, 
and thus 
d@ = d*0+d0AG—0Ad0 
=dO0A0—-60Ad8. 
But 


[O, 6] = [dd +6 A6, 6] 
=dO0@AO+O0A0A8O 
—(-1)71(0@Ad0+0A0A80) 


=d0A0-O0n”Ad8. 
Q.E.D. 
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We now want to show that any differentiable vector bundle admits a 
connection. In the next section we shall see some examples when we look 
at the special case of holomorphic vector bundles. Assume that E is a 
Hermitian vector bundle over X. Then we can extend the metric h on E 
in a natural manner to act on E-valued covectors. Namely, set 
(1.20) (0 @E,0' BE’), =OAW(E,&'). 
for w € A?T*(X),o' € AIT#(X), and &,&’ € E, for x € X. Thus the 
extension of the inner product to differential forms induces a mapping 

h: €?(X, E) @ E4(X, E) —> E?*4(X). 
A connection D on E is said to be compatible with a Hermitian metric h 
on E if 
(1.21) d(&,n) = (D&,) + (&, Dn). 

Suppose that f = (e,,...,¢,) is any frame and that D is a connection 
compatible with a Hermitian metric on E. Then we see that [letting A(f) = h, 
A(f) = 4] 

ANog = A(Cg, Cp) = (Deo, €p) + (€5, Dep) 


= (Ye Ores, ep) + (€or, Y> Oupen) 
t Mb 
= oe oF DE Gigli 
T Kh 


= (AB) pq + (Oh) ps; 
and thus 
(1.22) dh =h0 +'6h 
is a necessary condition that h and the connection D be compatible. More- 


over, it is sufficient. Namely, suppose that (1.22) is satisfied for all frames. 
Then one obtains immediately 


d(&, 9) = d('HhE) =" (dgyh& + (dh) + ‘nhdé 
in terms of a local frame. Substituting (1.22) into the above equation, we 
get four terms which group together as 


‘(dij + Omyhé + Hh(dé + 0&) = (§ Dy) + (DE, 9). 


Proposition 1.11: Let E —> X be a Hermitian vector bundle. Then there 
exists a connection D on E compatible with the Hermitian metric on E. 


Proof: A unitary frame f has the property that h(f) = 7. Such frames 
always exist near a given point x9, since the Gram-Schmidt orthogonalization 
process allows one to find r local sections which form an orthonormal basis 
for E, at all points x near xo. In particular, we can find a locally finite 
covering U, and unitary frames f, defined in U,. The condition (1.21) 


reduces to - 
0=60+'0 
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for a unitary frame; i.e, 9 is to be skew-Hermitian. In each U, we can 
choose the trivial skew-Hermitian matrix of the form 6, = 0; 1.e., 0( fy) = 0. 
If we make a change of frame in U,, then we see that we require that 
(1.23) O( fag) = g ‘dg +0 
by Lemma 1.6(a). Therefore, define 6(f,g) by (1.23), and noting that 
h( fag) ='gh(f)g ='gg, we obtain 
dh( fag) = d('g +g) 

=d'g-g+'g-dg 

= d'g('g)'-'8-g+'8-g-g'-dg 

= 'O( fug)h( fa) oF h( fu)O( fo), 


which verifies the compatibility. Let {g,} be a partition of unity subordinate 
to {U,} and let D, be the connection in Ely, defined by 


(Do&)( fa) = dE (fa). 
D, is defined with respect to other frames over U,, by formula (1.23) and is 
compatible with the Hermitian metric on Ely,, by construction. Then we 
let D = 0, @¢Du, which is a well-defined (first-order partial-differential) 


operator ; 
D: €(X, E) — €'(X, E). 


Moreover, D is compatible with the metric / on E since 


(DE, 9) + (&, Dg) = LGel(Daf. 0) + + (&, Dun) 


=) Gad (&, 0) = dE, 0). 


Q.E.D. 


Remark: It is clear by the construction in the proof of Proposition 1.11 
that a connection compatible with a metric is by no means unique because 
of the various choices made along the way. In the holomorphic category, 
we shall obtain a unique connection satisfying an additional restriction on 
the type of 6. 


2. The Canonical Connection and Curvature of a Hermitian Holomorphic 
Vector Bundle 


Suppose now that E —> X is a holomorphic vector bundle over a 
complex manifold X. If FE, as a differentiable bundle, is equipped with 
a differentiable Hermitian metric, h, we shall refer to it as a Hermitian 
holomorphic vector bundle. 

Recall that since X is a complex manifold, 


S(f)=)" Sey= >. &4®), 
La Pq 


where EP4(E) = EF? @e, ECE). 
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Suppose then that we have a connection on E 
D: €(X, E) — E'(X, E) = €'(X, E) @ E°'(*X, E). 
Then D splits naturally into D = D’ + D”, where 
DEX Bb) => £44) 
DD": E(X, By > OX, BY. 
Theorem 2.1: If 4 is a Hermitian metric on a holomorphic vector bundle 


E —+> X, then hf induces canonically a connection, D(h), on E which 
satisfies, for W an open set in X, 


(a) For &,9 € €(W, E) 
d(&,) = (Dé, ) + (&, Dn); 
i.e., D is compatible with the metric h. 


(b) If & € O(W, E), ie., is a holomorphic section of E, then D’é = 0. 


Proof: First, we point out that (b) is equivalent to the fact that the 
connection matrix 6(f) is of type (1,0) for a holomorphic frame f. This 
follows, since for € € O(W, E) and f a holomorphic frame, we have 


DE(f) = (d+ O(PVEYP) 
= (BF OPE) + + OOP PVE), 


where 6 = 6“ 4+ 9 is the natural decomposition. Therefore 


D'E(f) = (0+ 0° (PES) 
and “ 
D'E(f) = (0+ OO (f)E(S). 
But d&(f) =0 since € and f are holomorphic. Thus 
D'E(f) = 00 (fE(f). 


Suppose now that we have a connection D satisfying (a) and (b). Then let 
f =(e1,...,e-) be a holomorphic frame over U C X and 6 the associated 
connection matrix. Since D is compatible with the metric h, we have, by 


(1.22), : 
dh = ho +'6h. 


Since, in addition, D satisfies (b), we have seen that @ is of type (1, 0). 
Thus, by examining types we see that 


dh = hd 


and 
dh ='Oh, 


from which it follows that 
(2.1) 6 =h"'dh. 
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We can then define 6 by (2.1). Such a connection matrix clearly satisfies 
(a) and (b). Moreover, if f’ = fg is another holomorphic frame, we have 


h( fg) ='gh(f)g, 
so that <4 = Bet nants 
hv (fa)=s ACS) Ta 
and 
g9(fg) = slh'(fs)ah(fg)l 
=h(f) "Cal ‘al'gh(f)gl 
=h(f) [al gah(fyg + 'Bh(f)dg + 9'Bh(f)gl. 
But g is a holomorphic change of frame, from which it follows that 
avz=ad'g=0 and ag =dg. 
Thus 
g0(fg) =h(f) 'dh(f)g + dg 
= O(f)g +dg. 
Recalling Lemma 1.6(a), we see that this is the necessary transformation 


formula for 6 to define a global connection. 
Q.E.D. 


This theorem gives a simple formula for the canonical connection in 
terms of the metric 4; namely, 
(2.2) A(f) =h(f) 'dan(f) 
for a holomorphic frame f. Moreover, D = D’ + D” has the following 
representation with respect to a holomorphic frame ff: 

D'=0+4+6(f) 

(2.3) D" = 9. 
Thus we have the following proposition. 


Proposition 2.2: Let D be the canonical connection of a Hermitian holo- 
morphic vector bundle E —> X, with Hermitian metric h. Let 6(f) and 
@(f) be the connection and curvature matrices defined by D with respect 
to a holomorphic frame f. Then 


(a) O@(f) is of type (1, 0), and 00(f) = —A(f) A A(f). 
(b) O(f) = 06(f), and O(f) is of type CJ, 1). 
(c) dO(f) =0, and dO(f) = [O(f), O(f)I. 
Proof: Leth=h(f), 6=06(f), and © = O(f). Then we first note that 
6 is of type (1, 0) by (2.2). Then by using 
dh = —h'- dh-h" 


a =0, 
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we see that 
060 = a(h'dh) = —h"!-dh-h7! A Oh 


= —(h'dh) A (hah) = -0 A8, 
which gives us part (a). Part (b) is a simple computation, namely, 
© =d0+90A0=004+60A0+90 
= 00, 
by using part (a). Part (c) then follows from 
JO =3°0 =0 
and Proposition 1.10. 
Q.E.D. 


Let E —> X be a holomorphic vector bundle and let f = (e,...,e,) 
be a frame for E defined near a point p € X. Choose local coordinates 
Z=(Z,.--,2Z%n) near p so that p is given by z= 0. Then we can write 

f(z) = (e1(Z),---, eZ) 
to denote the dependence on the variable z near z = 0. Suppose that h is a 
Hermitian metric on E > X and that f(z) is the above frame. Then we write 
h(z) = h(f(z)) 
near z = 0. The next lemma tells us that we may always find a local frame 
f near p such that h(f(z)) has a very nice form. Let O(z) = O(f(z)). 


Lemma 2.3: There exists a holomorphic frame f such that 


(a) h@) =1+ O(lz)). 
(b) ©@(0) = ddh(0). 


Proof: Suppose that (a) holds. Then it follows that 
h'(z) =1+ O(lz/), 
from which we see that 
O(z) = ddh(z) + O(|zI), 
and hence (b) follows. 
To show (a), we shall make two changes of frame. First we note that h(0) 


is a positive definite Hermitian matrix, and thus there exists a nonsingular 
matrix g € GL(r, C) such that 


ghOg =f, 
where for any matrix M we let M* ='M. The matrix g induces a change 
of frame f —> f = f-g, and we see that 


h(z) = h(f(z)) = h(fg) 
= ghg 
(2.4) h(z) = 1+ O(|z\). 
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Assume now that h(z) is given satisfying (2.4). We want to consider a 
change of frame of the form 


g=I1+ A(z), 


where A(z) = ‘OsF Al,z j) is a matrix of linear holomorphic functions of z. 
Since A(0) = 0, this change of frame will preserve (2.4). By choosing A(z) 
such that 


(2.5) A(z) = g(z)*h(z)g(z) = 1+ Oz), 


we will have proved (a). But (2.5) is equivalent, by Taylor’s theorem, to the 
vanishing of the first derivatives of (2.5) at z = 0; 1.e., dh(0) = 0. Thus we 
compute 


dh(z) = dh(z) + dA*(z) - h(z) 
+ h(z)dA(z) + O(|z)). 


Therefore _ 7 
dh(0) = dh(0) + dA(O) + 0h(0) + dA*(0). 


Suppose that we let 


; —0h,_(0) 
2.6 A = 
( ) me OZ; 
Then we see that 

dA(0) = —dh(0), 


which implies that 2 
dA*(0) = —dh(0). 


Then the choice of A(z) given by (2.6), depending on the derivatives of the 
metric h, ensures that (2.5) holds. 
Q.E.D. 


This lemma allows us to compute the curvature © at a particular point 
without having to compute the inverse of the local representation for the 
metric, provided that we have the right frame. 

We want to give one principal example concerning the computation of 
connections and curvatures. Further examples of specific Hermitian metrics 
on tangent bundles are found in Chap. VI, where we shall discuss Kahler 
manifolds. In Sec. 4 we shall look at the special case of line bundles in 
more detail. 


Example 2.4: Let U,,, —> G,, be the universal bundle over the 
Grassmannian manifold G,,, (Example 1.2.6). We see that a frame f = 
(e1,...,@,-) for U,, —> G,., consists of an open set U C G,., and smooth 
functions 

e:U > C’, 
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so that e; A...Ae, #0. Thus f = (e,...,e,) can be thought of as ann xr 
matrix with coefficients being smooth functions in U and whose columns 
are the vectors {e;}, and the matrix f is of maximal rank at each point 
z €U.A holomorphic frame will simply have holomorphic coefficients. We 
define a metric on U,., by letting 


(2.7) h(f)='ff 

for any frame f for U,.,,. This metric results from considering U,.,, C G,» x C" 
and restricting the standard Hermitian metric on C’ to the fibres of U,.,, —> 
G,. First we note that h(f) is positive definite since (recall that f has 
maximal rank) 


‘Zh f)z ="(Fa(fz) =|fzP >0 if 240. 


Moreover, if g is a change of frame, then we compute that 


h(fg) ='(fad(fg) ='a' f fg ='ah(f)e, 
so that (1.7) is satisfied, and thus we see that h defined by (2.7) on frames 
gives a well-defined Hermitian metric on U,.,,, since the frame representation 
transforms correctly. 
We can now compute the canonical connection and curvature for U,., 
with respect to this natural metric. If f is any holomorphic frame for U,.,, 
then by (2.2) and Proposition 2.2, we see that 


A(f) =h'(f)an(f) 
O(f) = a(h"|(fyah(f)). 
We obtain, letting 6 = 6(f), etc., as before, 
(2.8) O=h! ‘df Adf—h"'!.'df-f-h'a'f-df, 


where h~! = [‘ff]-!. In the case r = 1 (projective space), we can obtain 
a more explicit formula. If g € [E?(W)]", w € [E7(W)]", for W an open 
subset of C”, we set 7 
(9, ¥) = (-1)?" Ag, 

which generalizes the usual Hermitian inner product on vectors in C” [note 
that this is compatible with (1.19), where we have the usual inner product 
on E = W x C” given by (u,v) = ‘vu,u,v € C"]. Then the curvature form 
for U;,, becomes 


(Ff: F(a, af) — (df, f) AA, af) 
(ff 


where f is a holomorphic frame for U,,,. If we choose f to be of the form 


(2.9) Of) = 


En 


Sec. 2 Canonical Connection and Curvature 83 


where €; € O(U) and )°|é;|? = |f|? 40, then 
dé, 


‘df — (dé, #8 849 dé ,) 


2 = (dé&,..., dE), 
dé, 
and we obtain 


ig= 
als 


Recall that the functions é,...,&, are functions of the local coordinates 
on G;,, = P,_1, and that, in particular, O(f) is a well-defined 2-form on 
U CP,_1. Alternatively, we can think of (&,..., &,) as being homogeneous 
coordinates for P,_;, and by the homogeneity of (2.9), we see that the 
expression in (2.9) induces a well-defined 2-form on all of P,_;, which 
agrees with the 2-form on U mentioned above. We shall see this differential 
form again when we study Kahler metrics in Chap. V. 

Returning to the general case of U,., — G,.,, we have seen in Lemma 2.3 
that, by a proper choice of holomorphic frame for U,,,, and a proper choice 
of local holomorphic coordinates near some fixed point, we can find a very 
simple expression for the curvature. We shall now see an example of this. 


Let 7 
Fie ‘| 


be a frame for U,., at the point xo € G,,, defined by 


If dg Adk, — > Bgjaé, a dé, 
(2.10) @(f) = ist : 


where () denotes the span of the columns of the frame matrix inside, which 
is a subspace of C” and thus a point in G,.,,. Letting 


Be = {Z € Mrs = Cer : |Z| < €}, 


the mapping 


given by 
I, 
Z— ( z) 
is a coordinate system for G,,, near xo, with the property that x9 corre- 
sponds to Z = 0. There is a natural action of GL(n,C) on G,,, given 


by left multiplication of frames (i.e., left multiplication of homogeneous 
coordinates). Namely, if f € M,,,x = (f), and u € GL(n, ©), then set 


u(x) = (uf). 


84 Differential Geometry Chap. III 


Moreover, U(n), the unitary group, is transitive on G,.,, under this action 
(a well-known fact of linear algebra). 

Therefore if yo is any point in G,,, and yo = u(xo) for a unitary matrix 
u, then the mapping 


Z— u Zz 


gives local coordinates at yo € G,,. The metric at yo has the form, with 
respect to the frame 
I 
r@=«l 9), 


h(Z) = h(f (Z)) = (« By (« |) 


=/+Z*Z 


=1+0(|Z)), 
which is the form occurring in Lemma 2.3(a) (note that the dependence on 
u disappears completely). Thus we see that 
O(y) = O(0) = 49 + Z *Z)(0) 


(2.11) O(y) =dZ* AdZ(0) 

which is the same for all points of G,,, with respect to these particular 
systems of local coordinates. We shall use this expression for the curvature 
to compute certain Chern classes of this vector bundle in the next section. 


3. Chern Classes of Differentiable Vector Bundles 


Our object in this section is to give a differential-geometric derivation of 
the Chern classes of a differentiable C-vector bundle E — X. The Chern 
classes will turn out to be the primary obstruction to admitting global 
frames, or, more generally, admitting k global sections &,...,&,1<k < 
rank cE, such that &} A ...A& 40, at each point of E (ie. they are 
to be obstructions to E or some nonzero subbundle of E being trivial). 
Classically, the Chern classes are related to the Euler characteristic of a 
compact manifold X, which for oriented 2-manifolds, for instance, decides 
completely whether or not there are nonvanishing vector fields on X. More 
specifically, if E is a C-vector bundle of rank r, then the Chern classes 
cj(E),j = 1,...,r, will be elements of the de Rham group H*i(X,R) 
having certain functorial properties. As we shall see, they can be defined in 
terms of the curvature of E with respect to a connection. Our approach 
here follows the exposition of Bott and Chern [1], based on the original 
ideas of Chern and Weil. 

To begin, we need some multilinear algebra. Recall that 90,, is the set 
of r x r matrices with complex entries. A k-linear form 


QO: M,., X--+ x M. > C 
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is said to be invariant if 


P(BAIS |, --+5 BAR”) = G(AL,--- Ae) 
for g € GL(r, C), A; € M,. Let I,(M,) be the C-vector space of all invariant 
k-linear forms on St... 
Suppose that g € 7,(M,). Then @ induces 
g: M,C 
by setting 
y(A) = 9(A,..., A). 
It is clear then that gy is a homogeneous polynomial of degree k in the 
entries of A. Moreover, for g € GL(r, C), 
y(gAg ') = 9A), 
and we say then that ¢ is invariant. Let [,(0t,) be the set of invariant 
homogeneous polynomials of degree k as above. Since the isomorphism of 
the symmetric tensor algebra S(SJt*) and the polynomials on 9, preserves 
degrees (see Sternberg [1]), one obtainst from g € /,(9N,) an element 
@ € [,(9M,) such that 
Q(A,..., A) = QA). 


We shall omit the tilde and use the same symbol for the multilinear form 
and its restriction to the diagonal. 
Example 3.1: The usual determinant of an r x r matrix is a mapping 
det : MN. —> C, 


which is clearly a member of /,(9I,). Moreover, for A € Nt, and J, the 
identity in t,., we see that 


det(J + A) = y ®,(A), 


where each ®, € [,(90,). Note that ®,,k = 0,...,r, so defined is a real 
mapping; i.e., if M has real entries, then ®,(M) is real. 


We would like to extend the action of y € i,(M,) to €*(Hom(E, E)). 
First, we define the extension to MN, @¢E”. If U is open in X and A;-w; € 
M,.(U) Sew) E?(U), then set 


gu (Ay: wWy,..., Ags We) = Wi A+++ A U@(Al,..., Ax). 


By linearity g becomes a well-defined k-linear form on Mt, @e €”. If &} € 
€?(U, Hom(£, £)), j =1,...,k, then set 


pu (1, +++») = Gui(f), »-- &e(P))- 


+ This process is called polarization and a specific formula for @ is 


1 
PAL... Porctely Yo (Di e(Ai, +++ + Ai,). 


j=l <-<ij 


This shows that the invariance of @ follows from that of ¢. 
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We can check that this definition is independent of the choice of frame. 
Namely, if g is a change of frame, then by (1.13) 


gu (Ei(F8), --- (£8) = Gulg Ei(f)g,--- BEA D8) 
= gu (Ei(f), -- +5 ECP), 


by the invariance of g and the induced invariance of g when acting on 
matrices with differential form coefficients. Thus we get an extension of g 
to all of X, 

gy, : €?(X, Hom(E£, E)) x --- x E€?(X, Hom(E, E)) > E?*(X), 
which when restricted to the diagonal induces the action of the invariant 
polynomial g € J, (9N,) on E?(X, Hom(E, F)), which we denote by 

gy : &?(X, Hom(E, E)) — €?*(X). 
Now suppose that we have a connection 
Di 60OC: FOOD) 

defined on E — X. Then we have the curvature @;(D), as defined in 
Definition 1.8. So ifg € 1, (90,), ¢,(Oz(D)) is a global 2k-form on X. We can 
now state the following basic result due to A. Weil (cf. Bott and Chern [1]). 


Theorem 3.2: Let E > X be a differentiable C-vector bundle, let D be a 
connection on £, and suppose that g € J, (20,). Then 


(a) @¢xy(O-(D)) is closed. 
(b) The image of gy(@;z(D)) in the de Rham group H*(X,C) is 
independent of the connection D. 


Proof: To prove (a), we shall show that for g € I, (9%,), the associated 
invariant k-linear form ¢ satisfying 


g(gAig ',...,gAcg”') = 9(Al,.-., Ax) 
for all g € GL(r, ©) satisfies 
(3.1) SY g(Al,.... [Aj Bl... Ax) = 0 


J 
for all A;, B € M.. 
Assuming (3.1), we shall first see that (a) holds. Recalling the definition 
of the Lie product on SW, @ E* preceding Proposition 1.10, equation (3.1) 
gives, for U open in X,f 


(3.2) SOD! u (Ai... [Aas Bl... Ax) = 0 


for all A, € I. @ E’*(U) and B Ee Mt, ® E4(U), where f(a) = degB 
do p<a degAg. Moreover, it follows from the definition of a k-linear form 
that 


(3.3) dgy(Ai,---, An) = Yo(-V8 gu (Ai, «+ dA as +++ Ab) 


+We have previously defined the action of g only on Mt, @ €?, but this clearly extends 
to an action on IM, @ E*. 
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for A, € WM, @ E'*(U), where g(a) = oie degA,. We want to show that 
dg,.(@) = 0, and it suffices to show that for a frame f over U, 


dgy (O(f)) = 0. 
But from equation (3.3) we have [letting O(f) = O] 
doy (®) = dgy(@,...,@) = } gu(@,...,dO,..., ©), 
noting that deg © is even. From Proposition 1.10 we have that 


dgy(®) = > gu(O,..., [0,4], ..., ), 


but this vanishes by equation (3.2), and thus gy(@,) is a closed form. 

Now all that remains is to show that the invariance of gy implies equa- 
tion (3.1). First, if f(t) and g(t) are power series with matrix coefficients 
which converge for all t € C, ie, 


fO=> 0 Anat" and g(t) =) Bt", 


then 5 
fMg@) = Ao Bo + (Ai Bo + Ao Bi)t + O([t}/), 


and if g is a linear functional on 9t,, then 


of) = D5 oA," 


Now for A, B € MN, it follows from the above remarks that 
(3.4) e® Ae'® — A =1[A, B] + O((t|*). 


We now want to show that (3.1) holds. We consider, for simplicity, the 
case k = 2, the general case being an immediate generalization. Thus, if 
gy € 1,(90,.), by the invariance of the associated bilinear form we obtain 


ple BAe"? e' Are") — p(Aj, Ar) = 0 


for all t € C and Aj, Ax, B € M,, since e'? - e'? = IT. By adding and 
subtracting g(e~'8 A,e’8, A>) to/from the above identity, we obtain 


ple Aye, e' Aze"®) — ple Ajel®, Ar) + (eo Aye", Aa) 
— 9(A, A) = 0. 
Applying (3.4) to each of the differences above, we find that 
gle"? Aje"®, t[Aa, B]) + O(|¢|”) + @(@LA1, B] + O((t|”), Ao) 

= t{y(A1, [A2, B]) + g([A1, BJ, A2)} + O(|t|’) = 0. 
Thus the coefficient of t must also vanish identically, and this proves (3.1) 
in the case k = 2. It is now clear that the general case is obtained in the 
same way by adding and subtracting the appropriate k — 1 terms to/from 
the difference 

gle Aye”, a) eB A,e'®) ~ g(Al, se Ax), 


and we omit further details. 
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Now that gy(@,(D)) is closed, it makes sense to consider its image in 
the de Rham group H**(X,C). To prove part (b), we shall show that for 
two connections D,;, D, on E —> X there is a differential form a so that 


(3.5) ~(Oz(D1)) — g(Ox(D2)) = da. 


To do this, we need to consider one-parameter families of differential forms 
on X and one-parameter families of connections on E > X, and to point 
out some of their properties. 

Let a(t) be a C~ one-parameter family of differential forms on X,t € R; 
1.e., a has the local representation 


a(t) = Sai; t)dx, 
for t€ R and a; is C™ in x and ¢ (cf. Sec. 2 in Chap. I). Define locally 


b b 
/ a(t)dt = 3 ( / ay (x, nt) dx; 


It is easy to check that these definitions are independent of the local coor- 
dinates used and that a(t) and I ‘ a(t)dt are well-defined global differential 
forms. Also, 


) _ da ap 
a A B(t)) = ae A B(t) -a(t) A ar) 


and F 
/ a(t)dt = a(t)|> = a(b) — a(a). 


For a differentiable vector bundle E > X, we define a C~ one-parameter 
family of connections on E to be a family of connections {D,},<er such that 
for a C™ frame f over U open in X the connection matrix 6,(f) := 6(D,, f) 
has coefficients which are C® one-parameter families of differential forms 
on E.t Suppose that D, is such a family of connections. Then for a C® 
frame f over U and é € E(U, E) we have 


0 0 
9p DEP) = 37 HE) + (PEF) 


a 
=| —6, ; 
(+ (f )) &(f) 
Moveover, since a change of frame is independent of t, this clearly defines 
for each fo € R a mapping 
Dj 1 €(X, E) — E'(X, E) 


+We shall need only C! families of connections in the applications, which have the 
analogous definition. 
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by ; 9 
Dio (&) == ay Dib lio. 


Moreover, this mapping is €y-linear. Therefore D, defines an element of 
€'(X, Hom(E, E)) which we also call Dy. As we pointed out above, D,o 
has a local representation 


7 $ 0 
Go(f) = Dio(f) = ap tod) le0- 


We can now reduce the proof of part (b) to the following lemma, which 
will be proved below. 


Lemma 3.3: Let D, be a C® one-parameter family of connections, and 
for each t € R, let ©, be the induced curvature. Then for any g € /,(2M,), 


b 
x(Op) — ox (O.) =d (/ ¢ (;; Doar) ; 


where 


g'(Esm) =) 96.8... BBB) 
(a) denotes the ath argument, and €,9 € €*(X, Hom(E£, £)). 


Namely, if D, and D, are two given connections, for E —> X, then let 
D,=tD,+ ad —t)Dy, 
which is clearly a C® one-parameter family of connections on E. Thus, by 
Lemma 3.3, we see that 


0x(Oxz(D1)) — Gx(Oz(D2)) = Yx(O1) — Gx(O2) = da, 


where 


1 
a= | y'(@,; D,) dt. 
0 Q.E.D. 


Proof of Lemma 3.3: It suffices to show that, for a frame f over U, we 
have 


(3.6) gu (®) = dy, (@; 6), 


where © = ©;(D,, f), 6 = 0(D,, f), and the dot denotes differentiation 
with respect to the parameter t, as above. Here we use the simple fact 
that exterior differentiation commutes with integration with respect to the 
parameter t. We proceed by computing 


dy, (®; 6) = d(Y u(O,--.5 8s .- 0)) 


= Dd w(@---d0.--. 6,...,) 


+ gu(O,.-.,d0,...,@) 
— Di gu(@,---+9,...,d0,...,0)}. 


i>a 
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By adding and subtracting 
S90 0... [8 Fhe) 


to/from the above equation and noting ee 
© = dé + [6,6] (differentiation of (1.14)) 
dO = [O, @] (Bianchi identity, Proposition 1.10), 
we obtain the equation 


dpy(®; 6) = ¥/ gu(®, ...,0,...,8) 


FLAT OL gh G8) 


i<a@ 


pea ae 


— Digu(@,-...8,..-,[0,4],---.@)}. 


i>a@ 


By (3.2), we see that the second sum over a ak and we are left with 
dg\,(®; 6) = Deu? .., 0) 


= gy (9), 
which is (3.6). 
Q.E.D. 


We are now in a position to define Chern classes of a differentiable 
vector bundle. From Example 3.1 we consider the invariant polynomials 
®, € T,(N,) defined by the equation 

det(J + A) = y ®,(A), Ae M,. 


Definition 3.4: Let E —> X be a differentiable vector bundle equipped 
with a connection D. Then the kth Chern form of E relative to the connection 
D is defined to be . 
l 
cx(E, D) = (®x)x(5—@x(D)) € E*(X). 
The (total) Chern form of E relative to D is defined to be 


c(E,D) =) °¢(E,D), r=rank E. 


k=0 
The kth Chern class of the vector bundle EF, denoted by cj(E), is the 
cohomology class of c,(E, D) in the de Rham group H**(X,C), and the 
total Chern class of E, denoted by c(E), is the cohomology class of c(E, D) 
in H*(X,C); ie, c(E) = 4-9 cx(E). 


It follows from Theorem 3.2 that the Chern classes are well defined and 
independent of the connection D used to define them. Thus the Chern classes 
are topological cohomology classes in the base space of the vector bundle 
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E. We shall see shortly that they are indeed obstructions to finding, e.g., 
global frames. First we want to show that the Chern classes are real 
cohomology classes. 


Proposition 3.5: Let D be a connection on a Hermitian vector bundle EF 
compatible with the Hermitian metric 4. Then the Chern form c(E, D) is 
a real differential form, and it follows that c(E) € H*(X,R), under the 
canonical inclusion H*(X,R) C H*(X,C). 


Proof: It suffices to show that for a local frame f the matrix rep- 
resentation for the Chern form is a real differential form. Therefore let 
h=h(f)® = O(D, f), as usual, and recall that D being compatible with 
the metric 4 was equivalent to the condition (1.22), 


dh = ho +'6h, 
whose exterior derivative is given by 
0=dhad+hdé +d'6-h—'6 Adh. 
By substituting the above expression for dh, we obtain 
(3.7) 0=hO+'Oh. 
In particular, if f is a unitary frame, we note that © is skew-Hermitian. 
Using (3.7) we can show that if 


¢:=c(E, D, f) = det (1 ah a) ; 
Qn 
then c = Cc; ie. c is a real differential form. Namely, 
det (i + =n) = det (1 + ~<e) -det h 
20 20 
Il 


det h—-—h'® = det h- det 1-—'e ; 
20 20 
where the vertical equality is given by (3.7). Now it follows that 


I 1 ox 
— IT — — f= 
Cc det ( +30) det ( = 6) 
i= Z 
= det (1 “S5 6) =. 


We want to prove some functorial properties of the Chern classes. In 
doing so we shall see that it is often convenient to choose a particular 
connection to find a useful representative for the Chern classes. We remark 
that the de Rham group H* (X,R) on a differentiable manifold X carries 
a ring structure induced by wedge products; i.e., if 


c,c’ € H*(X,R) 


Q.E.D. 
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and c = [g] and c’ = [g’], then 
c-C=[pA¢), 
which is easily checked to be well defined.t 


Theorem 3.6: Suppose that E and E”’ are differentiable C-vector bundles 
over a differentiable manifold X. Then 


(a) Ifg: ¥Y —> X isa differentiable mapping where Y is a differentiable 

manifold, then 
c(y"E) = g'c(E), 

where g*E is the pullback vector bundle and g*c(£) is the pullback of the 
cohomology class c(E£). 

(b) c(E @ E’) = c(E) - c(E’), where the product is in the de Rham 
cohomology ring H*(X,R). 

(c) c(E) depends only on the isomorphism class of the vector bundle EF. 

(d) If £* is the dual vector bundle to E, then 


c(E*) = (-1)/c;(E). 
Proof: 


(a) Let D be any connection on E —> X. To prove part (a), it will 
suffice to define a connection D* on g*E so that 


gy (O(D)) = OD"), 


where ¢g* is the induced map on curvature. We proceed as follows. Suppose 
that f = (e1,...,¢,) is a frame over U in X. Then f* = (ef, ..., e*), where 


e* = ¢,0@, is a frame for y*E over y'(U), and frames of the form f* cover 
Y. Also, if g : U —> GL(r, C) is a change of frame over U, then g* = gog 
is a change of frame in y*E over y~!(U). Now define a connection matrix 


8°(f) = G'O(f) = [o"% pol, 
where ¢*6,, is the induced map on forms. Moreover, it is easy to see that 
gO" (f* 9") =O" (f*)g* + dg* 
so that 6* defines a global connection on h*E. And, finally, we have 
O(D*, f*) = dof) + OP) AO (F*) 
= dp" O(fy+ PO fyrv— af) 
= 9 (d0(f) + O(f) AA(f)) 
= ¢ O(D, f), 
which completes the proof of part (a). 


+This is a representation for the cup product of algebraic topology; see, e.g., Bredon [1] 
and Greenberg [1]. 
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(b) Given D and D’, connections on E and E’, respectively, it suffices to 
find a connection D® on E @ E’ so that 


cC(E @ E', D®) = c(E, D) Ac(E’, D’). 


Also, as in part (a), it suffices to consider a local argument. Therefore for 
6 and 6’ connection matrices over U on E and E’, respectively, it is easy 


to see that 6 0b 
eB _ 
vl o| 


is a connection matrix defining a global connection on E @ E’ (the details 
are left to the reader). The associated curvature matrix is given by 


© 0 
eB __ 
ig Lb al 
Thus 
aa:) 0 
c(E @ E’, D®)|y = det 20 ; 
0 ’+—o 
Qn 


= det 1+—@ det | 7’ + | 9 
20 20 
= c(E, D)|\y A c(E’, D)\v. 


(c) Suppose that a : E —> E”’ is a vector bundle isomorphism. Then we 
want to show that c(E) = c(E’). This is simple, and similar to the argument 
in part (a). Let D be a connection on £, and define a connection D’ on 
E’ by defining the connection matrix for D’ by the relation 


O'(f') = af), 


where f is a frame for E and f’ = (a(e,),..., @(e,)) is a frame for E’. As 
in (a), this is a connection for E’, and it follows that O'(f’) = O(f), and 
hence c(£) = c(E’). 

(d) Suppose that the duality between E and E* is represented by (,) 
(not to be confused with a metric) and that D is a connection on E. If 
f and f* are dual frames over an open set U, ie., (ec, €%) = Sop, then we 
can define a connection D* in E* by setting 


(3.8) 6* = 6(D", f*) = —'(D, f). 


We can check that 6* defined by (3.8) is indeed a connection on E*. Suppose 
that g is a change of frame f —> fg on E. Then the induced change 
of frame for the dual frame f* is given by f* —> f*'(g7'), as is easy to 
verify. Thus, if we let g* = (‘g)~', we have to check that 


(3.9) O*(f*a*) = (g*)'dg* + (9*) 'O*(F*)8" 
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to see that 6* is a well-defined connection on E*. But (3.9) holds if and 
only if 

—'0(fg) ='gd'(g"') —‘s'O(f)'(g"'), 
which simplifies to, after taking transposes and using the fact that dg-! = 


O(fg)=g 'dgt+g 'O(f)g, 
which holds, since 6(f) is a connection matrix. Therefore the curvature for 
E* is 
O* = d0* +07 A 

=-d'0+'0A'O 

= —d'9 —*(0 A6) 

= —'(d0+6A0) 

=—'@O. 
Thus the Chern forms restricted to U are related by 


i 
c.(E*, D*) = ®, (-<2) 


ee ee ae 
= p'o, (5-0) 


= (—1)',(E, D), 


where we note that the invariant polynomial ®; is homogeneous of degree 
k and is invariant with respect to transpose (since det is). 
Q.E.D. 


Remark: In the case where E —> X is a holomorphic vector bundle 
and h is a Hermitian matrix on E, h*, the induced metric on E*, is given by 


EE) = ap), 
where f and f* are dual holomorphic frames. From this we see that 
0” = (h*) ah" 
='ha'(h"') 
= —(0'h)'(h“') 
=—'(h"'dh) = —'0 


and 7 
O* = —d'0 = —'O. 
We now use the above functorial properties to derive the obstruction- 
theoretic properties of Chern classes, i.e., the obstructions to finding global 
sections. 


Theorem 3.7: Let E —~> X bea differentiable vector bundle of rank r. Then 
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(a) c(E)=1. 
(b) If E= xX xC’ is trivial, then c)(E) =0, j =1,..., 7; Le, c(Z) = 1. 
(c) If E = E’ @T,, where T, is a trivial vector bundle of rank s, then 


c(£)=0, gor-stl,....r 

Proof: 

(a) This is obvious from the definition of Chern classes. 

(b) If E=XxC’, then E(X, E) = (E(X))’, and a connection 

D: &(X, E) — &'(X, E) 
can be defined by 
&1 
D&E=dE=d\- |, 


&, 
where &; € €(X). In this case the connection matrix 6 is identically zero. 
Then the curvature vanishes, and we have 


c(E, D) = det(7 +0) = 1, 
which implies that cj(E, D) = 0, j > 0. 
(c) We compute 
c(E) =c(E’ @T,) 

= c(E’) - c(T,) 

=c(E’)-1 
by Theorem 3.6 and part (b). Moreover, E” is of rank r—s, and so we have 

c(E)=1+c (EE) +++ +¢(E) =1+e(E') +++) +¢-s(E), 
from which it follows that 
cj(E)=0, jgor-stl,...yr. 
Q.E.D. 


We shall now use Theorem 3.7 to show that some of our examples of 
vector bundles discussed in Chap. I are indeed nontrivial vector bundles by 
showing that they have nonvanishing Chern classes. 


Example 3.8: Consider T(P;(C)), which is R-linear isomorphic to T(S’), 
the real tangent bundle to the 2-sphere S*, and we shall show that it has 
a nonzero first Chern class. The natural metric on T(P,(C)) is the chordal 
metric defined by 


a 9 1 
i a (>. ~) ~ d+ (z2)2 
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in the z-plane; if w = 1/z is the coordinate system at infinity (from the 
classical point of view), h(d/dw, d/dw) has the same form. We compute 


6(z) = A(z)! dh(z) 


| 
= 1 2\2 
TNs. (aaa) 
2z 


6(z) = “aa ap” 
@ = 300 = eee 
Ch lz|2)? 
Therefore 
GE ae Kaz 
2dx A dy 
~ (1 $ [z)2)2" 
Now 


2 © 7" pdpdo 
[oem== | i (+ py? 
1 0 JO p 
af oe, 

o (+ 7)? 


8 

1 Ww 

=) 

Thus the closed differential form c;(£, h) cannot be exact, since its integral 
over the 2-cycle P; is nonzero. Therefore T(P,(C)) is a nontrivial complex 
line bundle. Note that the integral of the Chern class over P, was in fact 2, 
which is the Euler characteristic of P;. This is true in much greater generality. 
Namely, the classical Gauss-Bonnet theorem asserts that the integral of the 


Gaussian curvature over a compact 2-manifold is the Euler characteristic 
(see e.g. Eisenhart [1]). More generally, 


i, en(T(X)) = XX) 
xX 


for a compact n-dimensional complex manifold X (see Chern [2]). We shall 
see the above computation on the 2-sphere in a different context in the next 
section. 


Example 3.9: Consider the universal bundle E = Ux3 —> G23, which 
is a vector bundle with fibres isomorphic to C*. In Example 2.4 we 
have computed the curvature in an appropriate coordinate system, and 
we obtained 

O(y0) = dZ* A dZ(0), 
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using the notation of Example 2.4. Thus we find that Z = (Z,,, Zy2), Z1; € C, 
and we have the 2 x 2 curvature matrix 


dZ AdZ\, dZi A a 


Goa ae dZ\ A dZ\> 


from which we compute 


cx(E, h)(y) = det (saz A iz) 
20 


2n? 


I ay 
(-s3) : (=) dX\; A aY\, A dX 12 A dY\ 


1 - - 
= (-=5) dZ\, AdZ\,; AdZ\. AdZ iy 


2 
= dX A dY\; AN dX 12 A aYjp, 
as 


which shows that c.(E, h) is a volume form for G23 and, consequently, that 


/ C(E,h) > 0. 
G23 


This shows that c)(E,h) 4 0. Thus E has no trivial subbundles and is itself 
not trivial. 


4. Complex Line Bundles 


In this section we are going to continue our study of Chern classes of vector 
bundles by restricting attention to complex line bundles, 1.¢., differentiable or 
holomorphic C-vector bundles of rank 1. In particular, we shall characterize 
which cohomology classes in H?(X, R) (for a given differentiable manifold X) 
are the first Chern class of a complex line bundle over X, a result which has 
an important application in Chap. VI when we prove Kodaira’s fundamental 
theorem characterizing which abstract compact complex manifolds admit 
an embedding into complex projective space. 

We start with the following two propositions, which are true for vector 
bundles of any rank. 


Proposition 4.1: Let E —> X be a differentiable vector bundle. Then there 
is a finite open covering {U,},a@=1,...,N, of X such that Ely, is trivial. 


Proof: If X is compact, then the result is obvious. By definition we are 
assuming that X is paracompact (see Chap. I). Now let {Vg} be an open 
covering of X such that E|,, is trivial. By a standard result in topology, X 
has topological dimension n implies that there is a refinement {U,} of {Vg} 
with the property that the intersection of any (n+2) elements of the covering 
{U,} is empty, which, in particular means that {U,} is a locally finite covering 
of X. Let {g.} be a partition of unity subordinate to the covering {U,}. 
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Let A; be the set of unordered (i + 1)-tuples of distinct elements of the 
index set of {y,}. Given a € A;,a = {ay,..., a;}, let 


Wia = {x € X : Gy(x) < min[ Gg, (xX), .--, Go; ()] for all a A ao,..., aj}. 
Then it follows that each W;, is open, and W;,,0W;, = @ if a € b. Moreover, 
Wig C SUPP Pay N+ + A SUPP Gy; C Ua 
for some a, where supp ¢; = support of ¢,j;. Then we see that if we let 


X;=U Wi, i=0,...,n, 


then (a) E|x; is trivial and (b) U X; = X. Assertion (a) follows from the 
fact that E|y,, is trivial, since W,, C U, and W;,NW;, = @,a #b. If x € X, 
then x is contained in at most n+1 of the sets {U,}, and so at most n+1 of 
the functions {g,} are positive at x. Let a = {a,..., a;}, where Qu, ---, Pa; 
are the only functions in {g,} which are positive at x,0 <i <n. Then it 
follows that 
0 = g(x) < miN{ga0(X), ---, Pai (X)} 

for any a #a,...,a@;, and hence x € W;, C X;. Thus {X;} is a finite open 
covering of X such that Ely, is trivial. 

Q.E.D. 


Proposition 4.2: Let E > X bea differentiable C-vector bundle of rank r. 
Then there is an integer N > 0 and a differentiable mapping ® : X > 
G,.vy(C) such that ®*(U,.y) = E, where U,.y — G,,y is the universal bundle. 


Remark: This is one-half of the classification theorem for vector bundles, 
theorem I.2.17, discussed in Sec. 2. of Chap. I. 


Proof: Consider the dual vector bundle E* — X. By Proposition 4.1, 
there exists a finite open cover of X, {U,}, and a finite number of frames 
fu = (ef,...,e%),a = 1,...,k, for the vector bundle E*. By a simple 
partition of unity argument, we see that there exists a finite number of 
global sections of the vector bundle E*, &,...,&y € €(X, E*), such that 


at any point x € X there are r sections {&,,...,&,} which are linearly 
independent at x (and hence in a neighborhood of x). We want to use the 
sections &,...,&y, to define a mapping 

®:X — G,y. 


Suppose that f* is a frame for E* near xo € X. Then 
(4.1) M(f*) = [8 (P)@),---, wf] 


is an r x N matrix of maximal rank, whose coefficients are C~ functions 
defined near xj. The rows of M span an r-dimensional subspace of C’, and 
we denote this subspace by ®(x). A priori, ®(x) depends on the choice of 
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frame, but we see that if g is a change of frame, then 
M(f*g) = l&i(f"8),---.€v(f"3)] 
= [3 '81(F7),-- 8 Ev (PI 
= g'M(f*). 


Thus the rows of M(f*) and M(f*g) span the same subspace, and therefore 
the mapping 

®: X —G,y 
is well defined at every point. It follows from the construction, by looking at 
local coordinates in G,.x, that ®; is a differentiable mapping. We now claim 
that ®*U,., = E. To see this, it suffices to define a bundle morphism ® 


E ze U.N 


} + 


xX — Gn 


which commutes with the mapping ® and which is injective on each fibre. 
We define ®(x, v),x € X,u € E,, by setting 


O(x, v) = ((v, &1(x)), ..., (v, Ew(X))), 


where (,) denotes the bilinear pairing between E and E*. Thus ®|,;, is a 
C-linear mapping into C’, and we claim that (a) ®|,, is injective and (b) 
©(E,) = 2~'(®(x)), where z is the projection in the universal bundle. Let 
f be a frame for E near x € X and let f* be a dual frame for E*; 1e., 


if f =(e,...,e,) and f* = (ej,..., e*), then (e,, e*) = 5,,. Then we see 
that the mapping ® can be represented at x by the matrix product 
(4.2) O(x,v) ='v(f)- M(f*), 


where M(f*) is defined by (4.1) and is of maximal rank. Thus © is injective 
on fibres. But (4.2) shows that the image of ®(E£,) is contained in the 
subspace of C” spanned by the rows of M(f*), which implies that ®(£,) = 
m~!(@(x)). 

Q.E.D. 


It follows from Proposition 4.2 and Theorem 3.6(a) that c(F) = 
®*(c(U,.y)). In particular, one can show easily from this that line bundles 
have integral Chern classes. Let H1(X, Z) denote the image of H4(X, Z) in 
H‘4(X,R) under the natural homomorphism induced by the inclusion of the 
constant sheaves Z C R [this means that H4(X, Z) is integral cohomology 
modulo torision]. 


Proposition 4.3: Let E > X be a complex line bundle, Then c,(E) € 
H?(X,Z). 
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Proof: Since c\(E) = ©®*(c,(U;.y)), where ® is the mapping in 
Proposition 4.2, we see that it suffices to show that 
c\(U;,y € H?(Py-1, Z) 


[H?(Py_;, Z) has no torsion; see the discussion below]. In Sec. 2 we have 
computed the curvature for the canonical connection D(h) associated with 
the natural metric A on the universal bundle U;,y, and thus, by (2.10), we 
see that 


2 ; Fa z. . = 
(43) c(Uiw, D(h)) = = ele ELE = aa Seals 


where f = (&,...,&y) is a frame for U\,y. Now, it is well known that 
H4(P,(C),Z) =Z, qeven, g<2n 
H4(P,(C),Z) =0, g odd, org >2n, 


which can be shown easily using singular cohomology (see Greenberg [1]). 
In fact there is a cell decomposition 


Po CP, C--- C Py-1 


where P;_; C P; isa linear hyperplane, and P;—Pj_; = C’. The submanifold 
P; C Py-1 is a generator for Hy;(Py, Z), and there are no torsion elements. 
A closed differential form gy of degree 27 will be a representative of an 
integral cohomology class in H*/(Py_;, Z) if and only if 


[vez 
P. 


d 


Thus, to see that c\(U.vy) € H*(Py_1, Z), it suffices to compute 


i: = 
Py 


where a is defined by (4.3). We can take P; C Py_, to be defined by the 
subspace in homogeneous coordinates 


{(Z1,...,%y) 12; =0, 7 =3,..., N}. 


Consider the frame f for U;,y > Py_1, defined over W = {z: z, 4 0}, 
given by 
fC, &,.-.,€v)) = C, &,.--, &y), 
where (&,...,&y) are coordinates for Py in the open set W. Then f|wap, 
is given by 
FU So 0 i, OD Co 05) 
and we can think of € as coordinates in WNP, for P;. Thus the differential 
form a|p, is given by (letting z = &) 
1 dzaAdz 
Ca ae 
Qi (1 + |z\|?)? 
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and therefore we obtain 


_ _ 1 ff dzadz 

[ = eg 0 Oni i (+122 
1 dx \ dy 
Se i (+ [z2? 


©  rdr 
ekepay) * siete 
i (+r? 
—l. 


This shows that c;(U;,y) € H*(Py_;, Z) and hence that c,(E) € H?(X, Z). 
Q.E.D. 


Remark: This approach generalizes to vector bundles. In fact, G,.y(C) 
has a cell decomposition similar to that given above for G,,y(C) and has 
non-vanishing cohomology only in even degrees and has no torsion. The 
generalization of the cycles {P; C Py} generating the homology are called 
Schubert varieties. Moreover, one can show that the Chern classes of the 
universal bundle U,.y, appropriately normalized, are integral cohomology 
classes, and thus a version of Proposition 4.3 is valid for vector bundles 
(see Chern [2]). In algebraic topology, one defines the Chern classes as the 
pullbacks under the classifying map of the Chern classes of the universal 
bundle, thus admitting torsion elements. However, the proof of Theorem 3.6 
in that context is considerably different and perhaps not quite so simple. 


So far we have encountered two different approaches to Chern class the- 
ory: the differential-geometric definition in Sec. 3 and the classifying space 
approach discussed in the above remark. A third approach is to define Chern 
classes only for line bundles, extend the definition to direct sums of line 
bundles by using the required behavior on direct sums, and show that any 
vector bundle can be decomposed as a direct sum of line bundles by mod- 
ifying the base space appropriately (see Hirzebruch [1]). For a comparison 
of almost all definitions possible, see Appendix I in Borel and Hirzebruch 
[1]. We shall present a simple sheaf-theoretic definition of Chern class for 
a complex line bundle and show that it is compatible with the differential- 
geometric (and consequently classifying space) definition. We shall assume 
a knowledge of Cech cohomology as presented in Sec. 4 in Chap. II. 

Consider, first, holomorphic line bundles over a complex manifold xX. 
Let © be the structure sheaf of X and let O* be the sheaf of nonvanishing 
holomorphic functions on X. 


Lemma 4.4: There is a one-to-one correspondence between the equiva- 
lence classes of holomorphic line bundles on X and the elements of the 
cohomology group H!(X, 0*). 
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Proof: We shall represent H'(X,0*) by means of Cech cohomology. 
Suppose that E — X is a holomorphic line bundle. There is an open 
covering {U,} = & and holomorphic functions 


(4.4) Bop 2 Uy 1Ug —> GLU, C) = C — {0} 
such that 
(4.5) Bap Spy 8ya= 1 on U,NUBZNU,. 


Zu =1 on Uy. 


Namely, the {gg} are the transition functions of the line bundle with respect 

to a suitable covering (see Sec. 2 of Chap. I). But the data {g,,} satisfying 

(4.5) define a cocycle g € Z'(i,0*) and hence a cohomology class in 

the direct limit H'(X,0*). Moreover, any line bundle E’ > X which is 

isomorphic to E — X will correspond to the same class in H!(X, 0*). 

This is easy to see by combining (via the isomorphism) the two sets of 

transition functions to get a single set of transition functions on a suitable 

refinement of the given {U,} and {U/}. Thus they will correspond to the same 

cohomology class. Conversely, given any cohomology class — € H!(X, 0*), 

it can be represented by a cocycle g = {g,g} on some covering Ll = {U,}. By 

means of the functions {gg} one can construct a holomorphic line bundle 

having these transition functions. Namely, let 

E=UU,xC (disjoint union) 
and identify 
(x,z)€U,xC with (y,w)eUgxC 
if and only if 
y=x and z= gyg(x)w. 

This identification (or equivalence relation on E) gives rise to a holomorphic 

line bundle. Again, appealing to a common refinement argument, it is easy 

to check that one does obtain the desired one-to-one correspondence. 
Q.E.D. 


As we know from the differential-geometric definition, the Chern class of 
a line bundle depends only on its equivalence class, and this is most easily 
represented by a cocycle in Z'(i, O*) for a particular covering. Recall the 
exact sequence of sheaves in Example II.2.6, 


C2 7=3 6 eS G, 
and consider the induced cohomology sequence 


5 
H'(X, 0) —>H1(X, 0*) —> H?(X, Z) —> H’(X, 0) 


ees 
H?(X,R), 


where the vertical mapping is the natural homomorphism j induced by the 
inclusion of the constant sheaves Z C R and 6 is the Bockstein operator. 
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Note that the first Chern class, as defined in Sec. 3, gives a mapping (see 
the dashed arrow above) 


cy. H'(X, O*) —> H?(X,R). 


The following theorem tells us that we can compute Chern classes of line 
bundles by using the Bockstein operator 64. 


Theorem 4.5: The diagram 
H'(X,0*) +> H?(X,Z) 


a |. 
H?(X,R) 


is commutative. 


Proof: The basic element of the proof is to represent de Rham coho- 
mology by Cech cohomology and then compute explicitly the Bockstein 
operator in this context. Suppose that £(= {U,} is a locally finite covering 
of X, and consider & = {&,g,} € Z>(U, R). We want to associate with & a 
closed 2-form gy on X. Since & also is an element of Z7(L, €) and € is fine, 
there exists a t € C!(U, €) so that 5t = &, for instance, 


Thy = ae Pakapy » 
Qa 


where 9, is a partition of unity subordinate to UU. Exterior differentiation is 
well defined on cochains in C4(U, E”) and commutes with the coboundary 
operator, and so we obtain 

ddt = dit = dé = 0. 
Then dt € Z'(U, €'), but €! is also fine, so do the same thing once more, 


writing 
Lp = se Pad Tap 


Then pw € C°(U, €!) and du = dt, and thus du € C°(u, €7). But 

ddu = ddu =d°t=0, 
and so g = —du € Z°(U, €?) = €7(X) is a well-defined global differential 
form which is clearly d-closed. Thus to a cocycle € € Z7(U,R) we have 
associated a closed differential form g(&). This induces a mapping at the 
cohomology level, 
(4.6) H?(X,R) —> H°(X,R), 

(Cech) (de Rham) 

which one can show is well defined and is an isomorphism (cf. the proof of 
Theorem II. 3.13). Note that the mapping at the cocycle level depends on 
the choices made (t and jz) but that the induced mapping on cohomology 
is independent of the choices made. This is thus an explicit representation 
for the isomorphism between de Rham cohomology and Cech cohomology. 
The choice of sign in this isomorphism was made so that the concept 
of “positivity” for Chern classes is compatible for the sheaf-theoretic and 
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differential-geometric definitions of Chern classes (cf. Chap. VI; Kodaira [1]; 
Hirzebruch [1]; Borel-Hirzebruch [1; [l-Appendix]). 

Suppose now that & is a covering of X, with the property that any 
intersection of elements of the covering is a cell (in particular is simply 
connected).+ We want to use Lt to describe the Bockstein operator 6: 


6: H'(X, 0*) — H?(X,Z). 
Suppose that g = {g,,} € Z'(U, O*). Then o = {oy}, defined by 


1 =, 
Cup = 57 log gag = exp (Sug), 


defines an element of C'({, ©) (here we use the simply connectedness and 
any particular branch of the logarithm). Thus do € C?(M, 0), and since 
5° = 0, we see that do € Z7(U, 0). But 


1 
(80 apy = Fj 18 Spy — log Say + log Sug), 
and this is integer-valued, since 


Sop * &By = Say; 
i.e., {Gag} is acocycle in Z'(X, O*). Thus da € Z7(L, Z) and is a representative 
for 6(g) € H?(X, Z). 

Now let g = {gyg} be the transition functions of a holomorphic line 
bundle E — X and let h be a Hermitian metric on E. Since {U,} is a 
trivializing cover for E, we have frames f, for E over U,, and we set 
h, = h(fy). Note that hy, is a positive C® function defined in U,. Thus 


c(E,h) = —d(hz'ah,) in Us, 
20 
which we rewrite as 15 es 
c\(E, h) = —~d4 log hy. 
2Qri 
Note that the functions h, satisfy 


hg = Igeal"he 
on U, 1 Us, which follows from the change of frame transformation (1.7) 


for the Hermitian metric h. We want to use the functions {h,} in the 
transformation from Cech to de Rham representatives. As above, let 


1 
bo €Z7(U,Z), Gag = ~—~ log gag, 
o (U,Z), ag np OF ub 
be the Bockstein image of {g,,} in H?(X, Z). We now want to associate to 
do a closed 2-form via the construction giving (4.6), which will turn out to 


+Such a covering always exists and will be a Leray covering for the constant sheaf; 
ie, H4(\o|,R) = 0 for any simplex o of the covering U. If X is equipped with a 
Riemannian metric (considered as a real differentiable manifold), then every point x € X 
has a fundamental neighborhood system of convex normal balis (Helgason [1], p. 54), and 
the intersection of any finite number of such convex sets is again convex. Moreover, these 
convex sets are cells. 
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be the Chern form of FE, concluding the proof of the theorem. Choose 
t and yw in the construction of the mapping (4.6) by letting t = o and 
= {Mo}, where 


1 
Ly = =I log hy. 
: ; 220i ; 

Then we see that this choice of uw = {,} satisfies 


1 h 
dMag = 1=~——dlog 
(6)agp = Lp — Ii Te Tyg 


as dlo g 
= Set & Sap Sap 


1 é. 
= ere log Sap oh d log Sap) 


aye dlo 
= Sa & Sup 
= doug = dap 


(here dlog gg. = 0, since ggy is holomorphic). Thus the closed 2-form 
associated with the cocycle 5a is given by 


g=-—du=d (50108, ) 
20 


= ~ 58 log hy =c(E,h). 
20 
QED. 


A modification of the above proof shows that Theorem 4.5 is also true 
in the C® category. Namely, there is an exact sequence 


0—> ZZ E—- &* — 0 


on a differentiable manifold X, where €* is the sheaf of nonvanishing C® 
functions. The induced sequence in cohomology reads 


SS Oa ee ee 
but H*(X, €) =0,q > 0, since € is fine, and hence there is an isomorphism 


H!(X, €*)—> H?(X, Z), 


which asserts that all differentiable complex line bundles are determined 
by their Chern class in H?(X, Z) [but not necessarily by their real Chern 
class in H?(X, Z), as there may be some torsion lost]. For holomorphic line 
bundles, the situation is more complicated. Let X be a complex manifold 
and consider the corresponding sequence 


(4.7) HAl(X,0) — H'(X,0*) 2+ H2(xX,Z) — H?(X,0) 
ewe |i 


H?(X, Z). 
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Here we may have H'(X, 0) or H?(X, 0) nonvanishing, and line bundles 
would not be determined by their Chern class in H?(X, Z). We want to 
characterize the image of c; in the above diagram. Let HP ,(X, Z) be the 


cohomology classes in H?(X,Z) which admit a d-closed differential form 
of type (1, 1) as a representative, and let 


AD =7 Gye ZycHr GZ). 


Proposition 4.6: In (4.7), 
eH (X; O*)) = A XZ). 


Proof: It suffices to show that 
8(H'(X, O*)) = H/(X,Z) in (4.7). 


To see this, it suffices to show that the image of H7?,(X, Z) in H*(X, 0) is 
zero. Consider the following commutative diagram of sheaves (all natural 


inclusions), 
C 
Z—— 0, 


and the induced diagram on cohomology, 
H*(X,C) 


H?(X, Z) > H?(X, 0). 

Now FE, Z) Cc H?(X,C) and is the image of H?,(X, Z) in the above 
diagram. Therefore it suffices to show that the image of HP ,(X, C) (defined 
as before) in H*(X, ©) is zero. Consider the homomorphism of resolutions 
of sheaves 


d d d 


> @? Se A ece 


0 >C > ¢0 > el 


\i \' \ro. |ro2 
(2G —s 00 Bs pan te poe, 28 2s 
where 71,4 : €7 > E°4 is the projection on the submodule of forms of type 
(0,q). Therefore the mapping 


H?(X, C) — H?(X, 0) 


is represented by mapping a d-closed differential form y onto the d-closed 
form 7,29. It is then clear that the image of H?,(X, C) in H?(X, 0) is zero, 
since a class in H? |(X, C) is represented by a d-closed form of type (1, 1), 
and thus mo.g = 0. 

Q.E.D. 


Closely related to holomorphic line bundles is the concept of a divisor 
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on a complex manifold X. Consider the exact sequence of multiplicative 
sheaves 


(4.8) 0 — O* — mt — /0* — 0 


where 0* was defined above and 9t* is the sheaf of non-trivial meromorphic 
functions on X; ie., the stalk 9% is the group of non-zero elements of the 
quotient field of the integral domain ©, at a point x € X (see Gunning and 
Rossi [1], for the proofs of the algebraic structure of O,; i.e, O, is a Noether- 
ian local ring; moreover, ©, is an integral domain, with unique factorization). 
We let D = M*/O*, and this is called the sheaf of divisors on X. A section 
of D is called a divisor. If D € H°(X,D), then there is a covering 2 = {U,} 
and meromorphic functions (sections of 2%") f, defined in U, such that 


(4.9) 2 = gap € "(Us Us). 
Moreover, 
Sap * Spy * 8yx = 1 on UN UZNU,. 


Thus a divisor gives rise to an equivalence class of line bundles represented 
by the cocycle {gy}. This is seen more easily by looking at the exact sequence 
in cohomology induced by (4.8), namely 


(4.10) H°(X, Wt) —> H°(X,D) — H'(X, 0*) 


{s 


H?(X, Z), 


where we have added the vertical map coming from (4.7). From the sequence 
(4.8) we see that a divisor determines an equivalence class of holomorphic 
line bundles and that two different divisors give the same class if they “differ 
by” (multiplicatively) a global meromorphic function (this is called linear 
equivalence in algebraic geometry). Divisors occur in various ways, but very 
often as the divisor determined by a subvariety V C X of codimension 1. 
Namely, such a sub-variety V can be defined by the following data: a covering 
{U,} of X, holomorphic functions f, in Uy, and fs/fu = Sag nonvanishing 
and holomorphic on U,M Us. The subvariety V is then defined to be the 
zeros of the functions f, in U,. This then clearly gives rise to a divisor (see 
Gunning and Rossi [1] or Narasimhan [2] for a more detailed discussion of 
divisors and subvarieties). We shall need to use this concept later on only 
in the case of a nonsingular hypersurface V C X, which then gives rise to 
an equivalence class of holomorphic line bundles. 


CHAPTER IV 


ELLIPTIC 
OPERATOR THEORY 


In this chapter we shall describe the general theory of elliptic differential 
operators on compact differentiable manifolds, leading up to a presentation 
of a general Hodge theory. In Sec. 1 we shall develop the relevant theory of 
the function spaces on which we shall do analysis, namely the Sobolev spaces 
of sections of vector bundles, with proofs of the fundamental Sobolev and 
Rellich lemmas. In Sec. 2 we shall discuss the basic structure of differential 
operators and their symbols, and in Sec. 3 this same structure is generalized 
to the context of pseudodifferential operators. Using the results in the 
first three sections, we shall present in Sec. 4 the fundamental theorems 
concerning homogeneous solutions of elliptic differential equations on a 
manifold. The pseudodifferential operators in Sec. 3 are used to construct 
a parametrix (pseudoinverse) for a given operator L. Using the parametrix 
we shall show that the kernel (null space) of L is finite dimensional and 
contains only C™ sections (regularity). In the case of self-adjoint operators, 
we shall obtain the decomposition theorem of Hodge, which asserts that the 
vector space of sections of a bundle is the (orthogonal) direct sum of the 
(finite dimensional) kernel and the range of the operator. In Sec. 5 we shall 
introduce elliptic complexes (a generalization of the basic model, the de 
Rham complex) and show that the Hodge decomposition in Sec. 4 carries 
over to this context, thus obtaining as a corollary Hodge’s representation 
of de Rham cohomology by harmonic forms. 


1. Sobolev Spaces 


In this section we shall restrict ourselves to compact differentiable mani- 
folds, for simplicity, although many of the topics that we shall discuss are 
certainly more general. Let X be a compact differentiable manifold with a 
strictly positive smooth measure j. 

We mean by this that du is a volume element (or density) which can be 
expressed in local coordinates (x),..., Xn) by 


dp = p(x)dx = p(x)dx, +++ dx, 
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where the coefficients transform by 


det 


dy(x) 
Ox 


p(x)dx = p(y(x)) 


ax, 


where ((y)dy is the representation with respect to the coordinates y = 
(Y1,-++;¥n), Where x — y(x) and dy/dx is the corresponding Jacobian 
matrix of the change of coordinates. Such measures always exist; take, for 
instance, 
p(x) =|det gij(x)|', 

where ds? = )° g;;(x)dx; ®)dx; is a Riemannian metric for X expressed 
in terms of the local coordinates (x;,...,x,).t If X is orientable, then the 
volume element du can be chosen to be a positive differential form of 
degree n (which can be taken as a definition of orientability). 

Let E be a Hermitian (differentiable) vector bundle over X. Let €,(X, E) 
be the kth order differentiable sections of E over X,0 < k < ov, where 
€4(X, E) = E(X, E). As usual, we shall denote the compactly supported 
sectionst by D(X, E) c E(X, E) and the compactly supported functions by 
D(X) c E(X). Define an inner product ( , ) on E(X, E) by setting 


Gm = [ (€0). nore du. 
XxX 
where (,)z 1s the Hermitian metric on E. Let 


[IE llo = (8)? 
be the L?-norm and let W°(X, E) be the completion of €(X, E). Let {Uy, Ge} 
be a finite trivializing cover, where, in the diagram 


Elu, a Ue x C” 


@ is a bundle map isomorphism and ¢,: U, > U,, C R" are local coordinate 
systems for the manifold X. Then let 


ge: EU, E) — [EC.)1" 
be the induced map. Let {p,} be a partition of unity subordinate to {U4}, 
and define, for € € E(X, E), 


Elle = D> We 08 Ilse, 


where || __ ||;.p 1s the Sobolev norm for a compactly supported differentiable 


function 
7 R* > Cc, 


+See any elementary text dealing with calculus on manifolds, e.g., Lang [1]. 
tA section € € €(X, E) has compact support on a (not necessarily compact) manifold 
X if {x € X: E(x) £0} is relatively compact in X. 
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defined (for a scalar-valued function) by 


(1.1) If leer = / FOP + ba" ay, 


where ss 
fo) =n)" / eFax) dx 


is the Fourier transform in R". We extend this to a vector-valued function 
by taking the s-norm of the Euclidean norm of the vector, for instance. 
Note that || ||, is defined for all s € R, but we shall deal only with integral 
values in our applications. Intuitively, ||E||, < oo, for s a positive integer, 
means that € has s derivatives in L*. This follows from the fact that in R”, 


the norm || ||s,.Rx 18 equivalent [on D(R")] to the norm 
1/2 
b insta] < feOR 
laj<sR" 


(see, e.g., H6rmander [1], Chap. 1). This follows essentially from the basic 
facts about Fourier transforms that 

De f(y) = y*fQ) 
where y® = yj!--- y@, D® = (—i)!! Df... D%, D; = 0/dx;, and || f Ilo = 
II Fllo- 

The norm || __ ||; defined on E depends on the choice of partition of unity 
and the local trivialization. We let W°(X, E) be the completion of E(X, EF) 
with respect to the norm || ||,. Then it is a fact, which we shall not verify 
here, that the topology on W*(X, E) is independent of the choices made; i.e., 
any two such norms are equivalent. Note that for s = 0 we have made two dif- 
ferent choices of norms, one using the local trivializations and one using the 
Hermitian structure on E, and that these two L?-norms are also equivalent. 

We have a sequence of inclusions of the Hilbert spaces W*(X, E), 

OW d wt! Dieta. 2) wet Bee 

If we let H* denote the antidual of a topological vector space over C 

(the conjugate-linear continuous functionals), then it can be shown that 
(Ws) >We (s>0). 

In fact, we could have defined W~ in this manner, using the definition 

involving the norms || ||, for the nonnegative values of s. Locally this is 

easy to see, since we have for f € W*(R”), g € W *(R") the duality (ignoring 

the conjugation problem by assuming that f and g are real-valued) 


(fe = i FO e@de= i Fe) 8(E) dé, 


and this exists, since 


Kf sls i FENG FIP BEN + EP 7E < If llsllgll-s < 00. 


The growth is the important thing here, and the patching process (being a 
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C® process with compact supports) does not affect the growth conditions 
and hence the existence of the integrals. Thus the global result stated above 
is easily obtained. We have the following two important results concerning 
this sequence of Hilbert spaces. 


Proposition 1.1 (Sobolev): Let n = dimpX, and suppose that s > [n/2] + 
k+1. Then 
W(X, E) C Ex (X, E). 


Proposition 1.2 (Rellich): The natural inclusion 
ji W°(E) C W'(E) 
for t < s is a completely continuous linear map. 


Recall that completely continuous means that the image of a closed ball 
is relatively compact, ie, j 1s a compact operator. In Proposition 1.2 
the compactness of X is strongly used, whereas it is inessential for Pro- 
position 1.1. 

To give the reader some appreciation of these propositions, we shall give 
proofs of them in special cases to show what is involved. The general results 
for vector bundles are essentially formalism and the piecing together of these 
special cases. 


Proposition 1.3 (Sobolev): Let f be a measurable L? function in R” with 
fll; < 00, for s > [n/2]+k +1, a nonnegative integer. Then f ¢ C*(R") 
(after a possible change on a set of measure zero). 


Proof: Our assumption || f||,; < oo means that 
[fered + gy as < 00, 
R1 


Let 
$6) [ els) FG) ab 


be the inverse Fourier transform, if it exists. We know that if the inverse 
Fourier transform exists, then f (x) agrees with f(x) almost everywhere, and 
we agree to say that f € C°(R") if this integral exists, making the appropriate 
change on a set of measure zero. Similarly, for some constant c, 


D°f(x) =e i, elle FE) dé 


will be continuous derivatives of f if the integral converges. Therefore we 
need to show that for |a| <k, the integrals 


/ elle" F(t) dé 
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converge, and it will follow that f ¢ C*(R"). But, indeed, we have 


Ae 
la| = ANS [di = NT 
[ifensieas= fif@ia +r? Pads 


|g |2@! e 


Now s has been chosen so that this last integral exists (which is easy to 
see by using polar coordinates), and so we have 


[fener de 266: 


and the proposition is proved. 
Q.E.D. 


Similarly, we can prove a simple version of Rellich’s lemma. 


Proposition 1.4 (Rellich): Suppose that f, €¢ W*(R”) and that all f, have 
compact support in K CC R”. Assume that || f,||, < 1. Then for any t <s 


there exists a subsequence f,; which converges in || _ |l,. 


Proof: We observe first that for &,y € R",s € Z*, 
(1.2) (1+ (§P)? < 2°70 + 18 — 9?) + [a l?)°?. 
To see this we write, using the Schwarz inequality, 
1+ 1o +m)? <14+ (le) + lm)? < 142067 + In?) 


< 20+ 1c) + InP). 
Now let = ¢+ 7, and we obtain (1.2) easily. 
Let gy € D(R") be chosen so that g =1 near K. Then from a standard 
relation between the Fourier transform and convolution we have that 


fo = of 


implies 

(1.3) fAe= / o& — fda. 
Therefore we obtain from (1.2) and (1.3) that 

d+1éPy7 AG 


aoe / (+18 — oP)? 16E — M1 + MP)? LAGI dn 


S Ksgll fills < Ks.g, 


where K,,, is a constant depending on s and g. Therefore | AI is uniformly 
bounded on compact subsets of R”. Similarly, by differentiating (1.3) we 
obtain that all derivatives of f, are uniformly bounded on compact subsets 
in the same manner. Therefore, there is, by Ascoli’s theorem, a subsequence 
fj Such that f,; converges in the C® topology to a C™ function on R”. 
Let us call {/,} this new sequence. 
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Let « > 0 be given. Suppose that t < s. Then there is a ball B, such that 
1 
—_.—__ < € 
(LEE)? )e* 
for € outside the ball B.. Then consider 


pie cf | ATO a. teas 
I fo fal = f Se seer a + le) § 


< [Wh ~ fowra + ery ag 
Be 
+e If, — FERC + IEP) de 
R"—-Be 


< fh - foe@ra + iey as +26 
Be 


where we have used the fact that || f,||, < 1. Since we know that fe converges 
on compact sets, we can choose v, z large enough so that the first integral 
is <e¢, and thus f, is a Cauchy sequence in the || ||, norm. 


Q.E.D. 


We now need to discuss briefly the concept of a formal adjoint operator 
in this setting. 


Definition 1.5: Let 
aye : is (Fy PY 


be a C-linear map. Then a C-linear map 

S: &(X, F) — &(X, E) 
is called an adjoint of L if 
(1.4) (Lf, 8) = (f, Sg) 
for all f € E(X, E), g € E(X, F). 


It is an easy exercise, using the density of €(X, E) in W°(X, E), to see 
that an adjoint of an operator L is unique, if it exists. We denote this 
transpose by L*. In later sections we shall discuss adjoints of various types 
of operators. This definition extends to Hilbert spaces over noncompact 
manifolds (e.g., R”) by using (1.4) as the defining relation for sections with 
compact support. This is then the formal adjoint in that context. 


2. Differential Operators 


Let E and F be differentiable C-vector bundles over a differentiable 


ifold X.+ L 
mantiold X.f Let LE: £(%,£E) > &(%,F) 


+The case of R-vector bundles is exactly the same. For simplicity we restrict ourselves 
to the case of complex coefficients. 
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be a C-linear map. We say that L is a differential operator if for any choice 
of local coordinates and local trivializations there exists a linear partial 
differential operator L such that the diagram (for such a trivialization) 


[equ > [ey 
I I 
E(U,U x C?) —+ E(U,U x C4) 


U U 
E(X, E)ly > E(X, Fylu 


commutes. That is, for f = (fi,..., fp) € [E(U)]? 


Pp 
LOSS aD i. FS Laas 


j=l 
jal<k 


A differential operator is said to be of order k if there are no derivatives of 
order > k+1 appearing in a local representation. (For an intrinsic definition 
involving jet-bundles, see Palais [1], Chap. IV.) Let Diff,(£, F) denote the 
vector space of all differential operators of order k mapping €(X, E) to 
C(X, F). 

Suppose X is a compact differentiable manifold. We define OP; (E, F’) as 
the vector space of C-linear mappings 

T: E(X, E) — E(X, F) 
such that there is a continuous extension of T 
T,: W(X, E) — W'*(X, F) 

for all s. These are the operators of order k mapping E to F. 


Proposition 2.1: Let L € OP,(£, F). Then L* exists, and moreover L* € 
OP, (F, E), and the extension 


(L"),: W°(X, F) —> W°-*(X, E) 
is given by the adjoint map 
(Ly_-s)*: W°(X, F) —> W°*(X, E). 
This proposition is easy to prove since one has a candidate (L,_,)* (for 


each s) which gives the desired adjoint when restricted to E(X, F) in a 
suitable manner. One uses the uniqueness of adjoints and Proposition 1.1. 


Proposition 2.2: Diff,(£, F) C OP, (E, F). 


The proof of this proposition is not hard. Locally it involves, again, 
D¢ f (€) = &*f (&), and the definition of the s-norm. 

We now want to define the symbol of a differential operator. The symbol 
will be used for the classification of differential operators into various types. 
First we have to define the set of all admissible symbols. Let T*(X) be the 
real cotangent bundle to a differentiable manifold X, let T’(X) denote T*(X) 
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with the zero cross section deleted (the bundle of nonzero cotangent vectors), 
and let T’(X) xX denote the projection mapping. Then z*E and 2*F 
denote the pullbacks of E and F over T’(X). We set, for any k € Z, 


Smbl,(£, F) :={o € Hom(x*E,2*F): o(x, pv) 
= p*a(x, v), (x, v) € T’(X), p > O}. 
We now define a linear map 
(2.1) on: Diff,(E, F) —> Smbl;,(E, F), 


where o;(L) is called the k-symbol of the differential operator L. To define 
o,(L), we first note that o;,(L)(x, v) is to be a linear mapping from E, to F,, 
where (x, v) € T’(X). Therefore let (x, v) € T’(X) and e € E, be given. Find 
g € €(X) and f € E(X, E) such that dg, = v, and f(x) = e. Then we definet 


+k 
o%(L)(x, ve=L (Fe = e's) (x) € Fy. 


This defines a linear mapping 
o,(L)(x, v): E, — F,, 
which then defines an element of Smbl;,(£, F), as is easily checked. It is 


also easy to see that the o,(L), so defined, is independent of the choices 
made. We call o,(L) the k-symbol of L. 


Proposition 2.3: The symbol map o, gives rise to an exact sequence 
(2.2) 0—>Diff,_\(E, F) > Diff,(E, F) > Symbl,(E, F), 


where j is the natural inclusion. 


Proof: One must show that the k-symbol of a differential operator of 
order k has a certain form in local coordinates. Let L be a linear partial 


differential operator L: [€(U)!? — [e)]2 


where U is open in R”. Then it is easy to see that if 


Ls ye A,D”, 


visk 
where {A,} are g x p matrices of C® functions on U, then 
(2.3) ox (L)(x,v) = ) > Ay (x)8", 
|vl=k 


where v = dx; +---+&,dx,. For each fixed (x, v), o,(L)(x, v) is a linear 
mapping from x x C? > x x C/, given by the usual multiplication of a 
vector in C? by the matrix 

SAE". 


\vl=k 


+We include the factor i* so that the symbol of a differential operator is compatible 
with the symbol of a pseudodifferential operator defined in Sec. 3 by means of the Fourier 
transform. 
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What one observes is that if o,(L) = 0, then the differential operator L 
has kth order terms equal to zero, and thus L is a differential operator 
of order k — 1. Let us show that (2.3) is true. Choose g € E€(U) such that 
v =dg =) éj;dx;; i.e., Djg(x) = &;. Let e ¢ C’. Then we have 


ik 
ox(L)(x, ve =) AyD" (Fe - swe) (x). 
lvi<k 
Clearly, the evaluation at x of derivatives of order <k —1 will give zero, 
since there will be a factor of [g — g(x)]|, = 0 remaining. The only nonzero 
term is the one of the form (recalling that D’ = (—i)’ Dj! --- D?") 


k! 
Do Av@)G (Dig@ay)"" + (Dag) 


lvl=k 


= 0 AEE = DO AL (aDE", 
|vl=k |vl=k 
which gives us (2.3). The mapping o;, in (2.2) is well defined, and to see 
that the kernel is contained in Diff,_\(E£, F), it suffices to see that this is 
true for a local representation of the operator. This then follows from the 
local representation for the symbol given by (2.3). 
Q.E.D. 


We observe that the following property is true: If L; € Diff,(£, F) and 
L, € Diff,,(F, G), then L,L,; = L2 0 L; € Diff;,,,(E, G), and, moreover, 
(2.4) Oxim(L2Lh1) = Om(L2)* ox (L1), 
where the right-hand product is the product of the linear mappings involved. 
The relation (2.4) is easily checked for local differential operators on trivial 
bundles (the chain rule for composition) and the general case is reduced to 
this one in a straightforward manner. 

We now look at some examples. 


Example 2.4: If L: [E(R”)]? > [E(R”)]4 is an element of Diff,(R” x C?, 


R" x C’), then 
ox(L)(x, v) = > Ay(x)E", 
|vl=k 
where n 
L=) AD’, v=) &)dx;, 
lvisk j=l 


the {A,} being g x p matrices of differentiable functions in R” (cf. the proof 
of Proposition 2.3). 
Example 2.5: Consider the de Rham complex 
OO 8 er), 
given by exterior differentiation of differential forms. Written somewhat 
differently, we have, for T* = T*(X) @C, 


BX OT) Ss ERPS ee 
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and we want to compute the associated 1-symbol mappings, 
01 (d)(x,v) 01 (d)(x,v) 
(2.5) OEE AE 
We claim that for e € A?T;**, we have 
o\(d)(x, ve =ivAe. 
Moreover, the sequence of linear mappings in (2.5) is an exact sequence of 
vector spaces. These are easy computations and will be omitted. 


Example 2.6: Consider the Dolbeault complex on a complex manifold X, 
er cx) 2s eptcxy— s ... 2s ern(x) —> 0. 
Then this has an associated symbol sequence 


01 (8)(x,v) 1 (8)(x,v) 
——> APINT*(X) > AP4IT A(X) — > nPat!T*(X) — >> 


where the vector bundles A?“T*(X) are defined in Chap. I, Sec. 3. We 
have that v € T,*(X), considered as a real cotangent bundle. Consequently, 
v= v!+4 v%!, given by the injection 

0 — T*(X) —> T7(X) @RC = T*(X)' OT*(X)™! 


= A'°T*(X) @ A*'T*(X). 
Then we claim that bs a4 
o\(0)(x, Ve =iv" Ae, 
and the above symbol sequence is exact. Once again we omit the simple 
computations. 


Example 2.7: Let E —» X be a holomorphic vector bundle over a 
complex manifold X. Then consider the differentiable (p,q)-forms with 
coefficients in E, €?4(X, E), defined in (II.3.9), and we have the complex 
(1.3.10) ‘ 

ss EP4(X, EF) > C2441 (XK, FE) S, 
which gives rise to the symbol sequence 


01 (Og)(x,v) 
> A’T* ® E, 


Apatl T*@ Ey 
x 


We let u =v!" +v%!, as before, and we have for f @e € AP4T* @E 
o1(d)(x, v) f @e = (iv A f) Be, 
and the symbol sequence is again exact. 
We shall introduce the concept of elliptic complex in Sec. 5, which gener- 
alizes these four examples. 


The last basic property of differential operators which we shall need is 
the existence of a formal adjoint. 


Proposition 2.8: Let L ¢ Diff,(E, F). Then L* exists and L* € Diff,(F, E). 
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Moreover, o;(L*) = o,(L)*, where o;,(L)* is the adjoint of the linear map 
o,(L)(x, v): E, — F,. 


Proof: Let L € Diff,(£, F), and suppose that wp is a strictly positive 
smooth measure on X and that hg and h,g are Hermitian metrics on E 
and F. Then the inner product for any &, 9 € D(X, E) is given by 

n= ft. ne du, 


Xx 
and if €,7 have compact support in a neighborhood where EF admits a 
local frame f, we have 


.m) = i ‘I(x)he(x)& (x) p(x) dx, 


where (x) is a density, 


m' (f(x) 
n(x) = n(f)(x) = : : 
n(f)@) 


etc. Similarly, for o, tr € D(X, F), we have 
(0, o=/ 'T(x)hp(x)o (x) p(x) dx. 
Rn 


Suppose thatL: D(X, E) > D(X, F) isa linear differential operator of order 
k, and assume that the sections have support in a trivializing neighborhood 
U which gives local coordinates for X near some point. Then we may write 


wen) = | 'T(x)hr(x)(M (x, D)E(x)) p(x) dx, 
R” 


where 
M(x, D) = s C(x) D® 

lal<k 
is an s x r matrix of partial differential operators; i.e, Cy(x) is an s xr 
matrix of C® functions in R”. Note that € and t have compact support 
here. We can then write 


(Lé, Tt) = So 'E(x)p(a)hp(X)Cy (x) D*E (x) dx, 
lal<k 
and we can integrate by parts, obtaining 


(LE,t) = J Yo (-D!'D* CE (x) p(w) (®)Ca(x))E(a) dx 


RY lalsk 


2 ‘i OD) Cae) D*r he @)EC)oC) dx, 


la|<k 
where C,(x) are r x s matrices of smooth functions defined by the formula 
(2.6) CD) Cat) = D-DD" (Tph pCbg! p, 


lalsk la|sk 
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and hence the C, involve various derivatives of both metrics on E and F and 
of the density function p(x) on X. This formula suffices to define a linear 
differential operator L*: D(X, F) > D(X, E), which has automatically the 
property of being the adjoint of L. Moreover, we see that the symbol o;(L*) 
is given by the terms in (2.6) which only differentiate t, since all other terms 
give lower-order terms in the expression > ape C,,(x). One checks that the 
symbol of L* as defined above is the adjoint of the symbol of the operator 
L by representing o;,(L) with respect to these local frames and computing 
its adjoint as a linear mapping. 

Q.E.D. 


We have given a brief discussion of the basic elements of partial differential 
operators in a setting appropriate for our purposes. For more details on the 
subject, see H6rmander [1] for the basic theory of modern partial differential 
equations (principally in R”). Palais [1] has a formal presentation of partial 
differential operators in the context of manifolds and vector bundles, with a 
viewpoint similar to ours. In the next sections we shall generalize the concept 
of differential operators in order to find a class of operators which will serve 
as “inverses” for elliptic partial differential operators, to be studied in Sec. 4. 


3. Pseudodifferential Operators 


In this section we want to introduce an important generalization of differ- 
ential operators called, appropriately enough, pseudodifferential operators. 
This type of operator developed from the study of the (singular) integral 
operators used in inverting differential operators (solving differential equa- 
tions). On compact Riemannian manifolds a natural differential operator 
is the Laplacian operator, and our purpose here will be to give a sufficient 
amount of the recent theory of pseudodifferential operators in order to be 
able to “invert” such Laplacian operators, which will be introduced later 
in this chapter. This leads to the theory of harmonic differential forms 
introduced by Hodge in his study of algebraic geometry. 

In defining differential operators on manifolds, we specified that they 
should locally look like the differential operators in Euclidean space with 
which we are all familiar. We shall proceed in the same manner with 
pseudo-differential operators, but we must spend more time developing the 
(relatively unknown) local theory. Once we have done this, we shall be able 
to obtain a general class of pseudodifferential operators mapping sections 
of vector bundles to sections of vector bundles on a differentiable manifold, 
in which class we can invert appropriate elliptic operators. 

Recall that if U is an open set in R” and if p(x, €) is a polynomial in of 
degree m, with coefficients being C~® functions in the variable x € U, then 
we can obtain the most general linear partial differential operators in U by 
letting P = p(x, D) be the differential operator obtained by replacing the 
vector € = (&,...,&,) by (-iD,,...,—iD,), where we set D; = (0/0x;) 


120 Elliptic Operator Theory Chap. IV 


(j = 1,...,n) and D® = (-i)!*'DY!.--D% replaces &'--. €” in the 
polynomial p(x,é). By using the Fourier transform we may write, for 
ue DU), 


(3.1) Pu(x) = p(x, D)u(x) = fox. E)a(E)e**) dé, 


where (x,&) = pe x,;&; 1s the usual Euclidean inner product, and w(é) = 
(27)-" f u(xye*) dx is the Fourier transform of uw. 

Thus (3.1) is an equivalent way (via Fourier transforms) to define the 
action of a differential operator p(x, D) defined by a polynomial p(x, &) 
on functions in the domain U. We use compact supports here so that there 
is no trouble with the integral existing near dU, and since D(U) is dense in 
most interesting spaces, it certainly suffices to know how the operator acts 
on such functions. Of course, P(x, D): D(U) ~ D(U), since differential 
operators preserve supports. 

To define the generalization of differential operators we are interested in, 
we can consider (3.1) as the definition of differential operator and generalize 
the nature of the function p(x, €) which appears in the integrand. 

To do this, we shall define classes of functions which possess, axiomatically, 
several important properties of the polynomials considered above. 


Definition 3.1: Let U be an open set in R” and let m be any integer. 


(a) Let S”(U) be the class of C® functions p(x, €) defined on U x R", 
satisfying the following properties. For any compact set K in U, and for 
any multiindices a, 6, there exists a constant Cy.,.x, depending on a, B, K, 
and p so that 


(3.2) | DE Dz p(x, 6)| < Cupn( +l", xe K,€ eR". 


(b) Let S”(U) denote the set of pe S™(U) such that 


Xr 
(3.3) The limit o,,(p)(x, €) = Jim pee) exists for € £0, 


and, moreover, 


p(x, €) — W(E)on(p)(x, €) € S”-"(U), 
where w € C™(R") is a cut-off function with w(€é) = 0 near € = 0 and 
w(&) =1 outside the unit ball. 
(c) Let seu ) denote the class of p € S”(U) such that there is a compact 
set K CU, so that for any € € R", the function p(x, é), considered as a 
function of x € U, has compact support in K [i.e., p(x,&) has uniform 


compact support in the x-variable]. Let Sf’(U) = S"(U) 1 Sj’). 


We notice that if p(x, €) is a polynomial of degree m (as before), then both 
properties (a) and (b) in Definition 3.1 above are satisfied. If the coefficients 
of p have compact support in U, then p € Sj'(U). Property (a) expresses 
the growth in the € variable near oo, whereas o,,(p)(x, €) is the mth order 
homogeneous part of the polynomial p, the lower-order terms having gone 
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to zero in the limit. We shall also be interested in negative homogeneity, 
and the cut-off function in (b) is introduced to get rid of the singularity 
near € = 0, which occurs in this case. 

A second example is given by an integral transform with a smooth kernel. 
Let K(x, y) be a C™ function in U x U with compact support in the second 
variable. Then the operator 


Lu(x) = / K(x, y)u(y) dy 
R” 


can be written in the form (3.1) for an appropriate function p(x, &); Le., 
for ue DU), 


LG i p(x, Ea(el™ ae, 


where p € S”(U) for all m. To see this, we write, by the Fourier inversion 
formula, 


eae / K(x,y) i eae) dy 


= / ei / eo“ K (x, »ay| i(e)dé 


p(x, &) = feo Ke, vay, 


and we let 


which we rewrite as 
p(x, §) = tee ff KG, 9) dy. 


Thus p(x, &) is (except for the factor e~'**)) for each fixed x the Fourier 
transform of a compactly supported function, and then it is easy to see (by 
integrating by parts) that p(x,é), as a function of &, is rapidly decreasing 
at infinity; i.e., 
(1+ |&))"|p@, €)| — 0 

as |E| — oo for all powers of N (this is the class S introduced by Schwartz [1]). 
It then follows immediately that p € S”(U) for all m. Such an operator 
is often referred to as a smoothing operator with C® kernel. The term 
smoothing operator refers to the fact that it is an operator of order —oo, 
1.e., takes elements of any Sobolev space to C™ functions, which is a simple 
consequence of Theorem 3.4 below and Sobolev’s lemma (Proposition 1.1). 


Lemma 3.2: Suppose that p € S”(U). Then o,,(p)(x, &) is a C® function 
on U x (R" — {0}) and is homogeneous of degree m in &. 


Proof: It suffices (by the Arzela-Ascoli theorem) to show that for any 
compact subset of the form K x L, where K is compact in U and L is compact 
in R” — {0}, we have the limit in (3.3) converging uniformly and that all 
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derivatives in x and & of p(x, 4&)/A” are uniformly bounded on K x L for 
A € (1, co). But this follows immediately from the estimates in (3.2) since 


|| 
Dé Ds () = D*D! p(x, 08) +7 


ym &§ am?’ 
and hence, for all multiindices a, B, 
a p(x, r€) m—|a Alel 
DED: (ao sige la alelyr el 7 


< Ca,p.K (A + é)" 


< Ca,p,.x sup(1 + |&|)"""! < 00. 
€eL 


Therefore all derivatives are uniformly bounded, and in particular the limit 
in (3.3) is uniform. Showing homogeneity is even simpler. We write, for 
p>9, 
p(x, Apé) 
am 


in POE) oe 

Aco (px) 

= p(x, Vé) ent 
doo (X/)" e 


= On (x, &)*p". 


On(x, p§) = lim: 


(A’ = pr) 


Q.E.D. 


We now define the prototype (local form) of our pseudodifferential 
operator by using (3.1). Namely, we set, for any p € S”(U) and u € D(U), 


(3,4) Lipu(x) = f poe. syateye™ dé, 


and we call L(p) a canonical pseudodifferential operator of order m. 
Lemma 3.3: L(p) is a linear operator mapping D(U) into E(U). 


Proof: Since u € D(U), we have, for any multiindex a, 
é“a() = (2m) / Deu(xye™ dx, 


and hence, since u has compact support, |&*||a(&)| is bounded for any a, 
which implies that for any large N, 
#1 < CA+ 1), 
i.e., u(E) goes to zero at oo faster than any polynomial. Then we have the 
estimate for any derivatives of the integrand in (3.4), 
[DE p(x, £)4@)| < CA +/EN"A + IED, 

which implies that the integral in (3.4) converges nicely enough to differenti- 
ate under the integral sign as much as we please, and hence L(p)(u) € E(U). 
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It is clear from the same estimates that L(p) is indeed a continuous linear 
mapping from D(U) > E(U). 
Q.E.D. 


Our next theorem tells us that the operators L(p) behave very much like 
differential operators. 


Theorem 3.4: Suppose that pe€ sm (U). Then L(p) is an operator of order m. 


Remark: We introduce functions with compact support to simplify things 
somewhat. Our future interest is compact manifolds and the functions p 
which will arise will be of this form due to the use of a partition of unity. 


Proof: We must show that if u ¢ D(U), then, for some C > 0, 


(3.5) |L(p)ulls < Cllullstm, 
where || * ||; = || * |lsr7, as in (1.1), First we note that 
(3.6) Eopug) = f PE -n win dn, 


where p(§—7, n) denotes the Fourier transform of p(x, 7) in the first variable 
evaluated at the point  — 7. Since p has compact support in the x-variable 
and because of the estimate (3.2), we have (as before) the estimate, for any 
large N, 

(3.7) IPE —9,m)| < Cy + |€ — a?) + Ia?” 


for (&, ») € R" x R”. We have to estimate 

|| Lull; = / IL(p)u(E)PC + [EP ydé 
in terms of 

leon = f \a@PO + gas. 


We shall need Young’s inequality, which asserts that if f *« g is the convolution 
of an f € L'(R") and g € L?(R’), then 


If * Siler < fille lice 


(see Zygmund [1]). 

Proceeding with the proof of (3.5) we obtain immediately from (3.6) and 
the estimate (3.7), letting C denote a sufficiently large constant in each 
estimate, 


IL(pyu(é)| < cfa +E — P+ IP"? |@)| dg 


Oral sea Jig a 


= (1+ In |?)s?2 + iP? )"*? |i) dy. 
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Now, using (1.2), we easily obtain 
Iepns)| = CA + Pye” fd ee = Py 


x (1+ I Pye? |i) | dy. 


Assume now that N is chosen large enough so that f(€) = (1 + |é|?)-"*° 
is integrable, and we see that 


IECpucey|dl + 1g Py? = Cf d+ ie = aye? 


x (+ [a Pye"? |i) da. 
By Young’s inequality we obtain immediately 
IL (pulls < Cl filo * leells+m 


< Cllulls+m- 


Q.E.D. 


We now want to define pseudodifferential operators in general. First we 
consider the case of operators on a differentiable manifold X mapping 
functions to functions. 


Definition 3.6: Let L be a linear mapping L: D(X) > €(X). Then we say 
that L is a pseudodifferential operator on X if and only if for any coordinate 
chart U c X and any open set U’ Cc C U there exists a p € Sj'(U) 
(considering U as an open subset of R") so that if u ¢ D(U’), then [extending 
u by zero to be in D(X)] 
Lu = L(p)u; 

Le., by restricting to the coordinate patch U, there is a function p € Sj'(U) 
so that the operator is a canonical pseudodifferential operator of the type 
introduced above. 


More generally, if E and F are vector bundles over the differentiable 
manifold X, we make the natural definition. 


Definition 3.7: Let L be a linear mapping L: D(X, E) > E€(X, F). Then L 
is a pseudodifferential operator on X if and only if for any coordinate chart 
U with trivializations of E and F over U and for any open set U’c CU 
there exists a r x p matrix (p’/), p! € S*"(U), so that the induced map 


Ly: D(U')? —> E(UY 
Lu 
with u € D(U’)? —> Lu, extending u by zero to be an element of D(X, F) 


[where p = rank E,r =rank F, and we identify €(U)? with E(U, E) and 
E(U)’ with E(U, F)], is a matrix of canonical pseudodifferential operators 
L(p),i=1,...,7,7 =1,..., p, defined by (3.4). 
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We see that this definition coincides (except for the restriction to the 
relatively compact subset U’) with the definition of a differential operator 
given in Sec. 2, where all the corresponding functions p/ are polynomials 
in S"(U). 


Remark: The additional restriction in the definition of restricting the 
action of Ly to functions supported in U’ c C U is due to the fact that in 
general a pseudodifferential operator is not a Jocal operator; 1.¢., it does not 
preserve supports in the sense that supp Lu C supp u (which is easy to see for 
the case of a smoothing operator, for instance). In fact, differential operators 
can be characterized by the property of localness (a result of Peetre [1]). Thus 
the symbol of a pseudodifferential operator will depend on the choice of U’ 
which can be considered as a choice of a cutoff function. The difference of 
two such local representations for pseudodifferential operators on U’ C C U 
and U” Cc Cc U will be an operator of order —oo acting on smooth functions 
supported in U'NU". 


Definition 3.8: The local m-symbol of a pseudodifferential operator 
L: D(X, E) > E(X, F) is, with respect to a coordinates chart U and 
trivializations of E and F over U, the matrixt 


Om(L)u (x, &) = [on(p")@, 8), i=l... fly... p. 


Note that in all these definitions the integer m may depend on the 
coordinate chart U. If X is not compact, then the integer m may be 
unbounded on X. We shall see that the smallest possible integer m in 
some sense will be the order of the pseudodifferential operator on X. But 
first we need to investigate the behavior of the local m-symbol under local 
diffeomorphisms in order to obtain a global m-symbol of a global operator L. 

The basic principle is the same as for differential operators. If a differential 
operator is locally expressed as L = ))))<, Ca(x)D¢ and we make a change 
of coordinates y = F(x), then we can express the same operator in terms of 
these new coordinates using the chain rule and obtain 

ba SED: 


la|<m 


LU(F(x)) = > Ca(F (x)) DY u(F (x). 
|a|<m 

Under this process, the order is the same, and, in particular, we still have 
a differential operator. Moreover, the mth order homogeneous part of the 
polynomial, >? ),,-, Caé“, transforms by the Jacobian of the transformation 
y = F(x) ina precise manner. We want to carry out this process for pseudo- 
differential operators, and this will allow us to generalize the symbol map 
given by Proposition 2.3 for differential operators. For simplicity we shall 
carry out this program here only for trivial line bundles over X, i.e., for 


and 


tom (L)y will also depend on U’ c CU, which we have suppressed here. 
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pseudodifferential operators mapping functions to functions, leaving the 
more general case of vector bundles to the reader. 
The basic result we need can be stated as follows. 


Theorem 3.9: Let U be open and relatively compact in R” and let p € 

So'(U). Suppose that F is a diffeomorphism of U onto itself [in coordinates 

x = F(y),x, y € R"]. Suppose that U’ c C U and define the linear mapping 
L: DU’) — E(U) 

by setting s oo 

Lu(y) = L(p)(F )"u(F(y)). 

Then there is a function g € Sj'(U), so that L = L(g), and, moreover, 


((/OF\]! 
Om(G)(¥, 1) = On(P) Fon] (F)] n |}. 
y 


Here (F~!)*: E(U) > E(U) is given by (F~!)*v = vo F~!, and the basic 
content of the theorem is that pseudodifferential operators are invariant 
under local changes of coordinates and that the local symbols transform 
in a precise manner, depending on the Jacobian (dF/dy) of the change 
of variables. Before we prove this theorem, we shall introduce a seemingly 
larger class of Fourier transform operators, which will arise naturally when 
we make a change of coordinates. Then we shall see that this class is no 
larger than the one we started with. 

Let p € Sj'\(U) for U open in R". Then we see easily that from (3.4) we 
obtain the representation 


(3.8) L(p)u(x) = (20) i; / 2) n(x, E)u(z) dz dé, 


using the Fourier expression for 7. We want to generalize this representation 
somewhat by allowing the function p above to also depend on z. Suppose 
that we consider functions g(x, &, z) defined and C® on U x R" x U, with 
compact support in the x- and z-variables and satisfying the following two 
conditions (similar to those in Definition 3.1): 


(a) |DPD?Dq(x, &2)| < Capy( t+ lg)". 


zy 
(3.9) (b)_ The limit lim 115) 


On(q)(x,§,x), &€ £0, 


exists and W(&)om(q)(x, &, x) — q(x, &,x) € Sl), 


Proposition 3.10: Let q(x, é,z) satisfy the conditions in (3.9) and let the 
operator Q be defined by 


3.10) Qu(x) = Qn) / elt g(x, &, zyu(e) dzdé 
for u € D(U). Then there exists a p € Sj’(U) such that Q = L(p). Moreover, 


gta, 
on(p)(x,8) = tim L$") g 20, 
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This proposition tells us that this “more general” type of operator is in 
fact one of our original class of operators, and we can compute its symbol. 


Proof: Let q(x,&,¢) denote the Fourier transform of q(x, &,z) with 
respect to the z-variable. Then we obtain, from (3.10), 


bea // el9(x, £,& — a(n) dy dé 


= few { [esac §,§ — nas | a(n) dy. 


Thus, if we set 


poem = fel" G, 8.8 — mds 
(3.11) 
= fea: +0, 6) dé, 
we have the operator Q represented in the form (3.4). First we have to 
check that p(x, 7) € S”(U), but this follows easily by differentiating under 
the integral sign in (3.11), noting that g(x, ¢ +7, y) decreases very fast at 


co due to the compact support of q(x, &, z) in the z-variable. We now use 
the mean-value theorem for the integrand: 


3.12) GQ. 640.0) =x. 9.0) + D> DEG. +H. OE" 
ja|=1 


for a suitable ¢ lying on the segment in R” joining 0 to ¢. We have the 
estimate 


[D°g(x. n+ fo, 0)1< Cw + la + Gol)” 1d + lop 


for sufficiently large N, and since |fo(¢)| < |¢|, we see that we obtain, with 
a different constant, 


[D2g(x. 0+ 6.0) < Cw + lm" 1 + [ep 


By inserting (3.12) in (3.11), choosing N sufficiently large, and integrating 
the resulting two terms we obtain 


P(x, 9) = q(x, 9, x) + E(x, 9), 


where 
(3.13) |E(x,m)| < CU + |n))"". 
Therefore 
_ P(x,Am) g(x, Am,x) 4. E(x, An) 
oe oe ee ee oe 
It follows that the limit on the left exists and that 
q(x, An, x) 


Om(p)(%, 9) = lim —— 9 #0, 


since the last term above has limit zero because of the estimate (3.13). 
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The fact that p(x, £) — W(&)on(p)(x, €) € S”-'(U) follows easily from the 
hypothesis on g(x, 9, x) and the growth of E(x, 7). 
Q.E.D. 


We shall need one additional fact before we can proceed to our proof of 
Theorem 3.9. Namely, suppose that we rewrite (3.8) formally as 


L(p)u(x) = 0) {/ See pas} u(z) dz 


and let 
K(x,x-2Z = [ewe E)dé. 


Then we have the following proposition. 


Proposition 3.11: K(x, w) is a C® function of x and w provided that 
w £0. 


Proof: Suppose first that m < —n, then we have the estimate 
Ip(x,€)1< CU + 1g)! 
from (3.2), and thus the integral 
K(x, w) = fel pox, 8) de 


converges. Integrating repeatedly by parts, and assuming that, for instance, 
w, #0, we obtain 


i(€,w) 
K(x, w) = (-" f Ds pts, 8) a8 
1 


for any positive integer N. Hence 
EB eilé. 


N 
WwW) 


w) 
D* DEK (x, w) = yy f D? DN p(x, &) dé. 


Using the estimates (3.2) we see that the integral on the right converges for 
N sufficiently large. Thus K(x, w) is C® for w #0, provided that m < —n. 
Suppose now that m is arbitrary; then we write, choosing p > m+n, 


Kew / el” 4 JEP?) PCL + IEP)? px, &) dé 


and we see that we have (letting A,, = )~ D; be the usual Laplacian in the 
w variable) 


ReDe / [d — A, Pe] pox, (1 + [EPP 
which is the same as 


d—A,) i; ef") p(x, EYL + [EPP 
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if the integral converges. But this then follows from the case considered 
above, since 
p(x, €)(L+ |&P)-? € SFP). 
So, for w 4 0, the above integral is C®, and thus K(x, w) is C® for w 4 0. 
Q.E.D. 


We shall now use these propositions to continue our study of the behavior 
of a pseudodifferential operator under a change of coordinates. 


Proof of Theorem 3.9: Now _p(x,&) has compact support in U (in the 
x-variable) by hypothesis. Let y(x) € D(U) be chosen so that w = 1 on 
supp pUU’ and set w(y) = W(F(y)). We have, as in (3.8), 


L(p)u(x) = x)" | it e'F*2) n(x, E)u(z) dz dé, 
for u € D(U’) C D(U). We write z = F(w) and v(w) = u(F(w)) and obtain 


u(w) dw dé, 


: : OF 
L(p)u(F()) = 0)" ‘| i ell FO-FOM pC F(y), £) = 


where |dF/dw| is the determinant of the Jacobian matrix 0F/dw. By the 
mean-value theorem we see that 


F(y)- Fw) = AV, w)*(y — w), 


where H(y, w) is a nonsingular matrix for w close to y and H(w, w) = 
(OF /dw)(w). Let x;(y, w) be a smooth nonnegative function = | near the 
diagonal A in U x U and with support on a neighborhood of A where 
H(y, w) is invertible. Let x. = 1 — x,;. Thus we have 


v(w)dwdé, 


. OF 
L(p)u(F(y)) = Qa)" // BE PEO) se) a 


which we may rewrite, setting ¢ =‘H(y, w)é, 
L(p)u(F(y)) = Qa)" If ef) D(F(y), [HG w)] 6) 


x10, w) 
|H(y, w)| 


«| cw rT erT) vu) dwde + Eu(F)| 


= (20) | / eg (y, C, w)v(w) dwde + Eu(Fo)| 


Here E is the term corresponding to x, and 


x1, w) 
|H(y, w)| 
while y € D(U) as chosen above is ee 1 on a neighborhood of supp 
v(y). Thus q\(y, ¢, w) has compact support in the y and w variables, and 
it follows readily that conditions (a) and (b) of (3.9) are satisfied. Namely, 


qi(y,¢,w) = p(F(y), [HG, w) re — W(w), 
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(a) will follow from the estimates for p by the chain rule, whereas for (b) 
we have 


t —1 
q(y,A8,y) _ lim P(F(y), [OF /dy)]-"A€) 


nm Aro xm 


: “4 
5p) (ro (=) ) 6 £0: 


moreover the desired growth of 
WE)o(qy.é.y) — ay, & y) 
follows easily from the hypothesized growth of 
W (E)o (p)(x, €) — p(x, &). 


We still have to worry about the term £, which we claim is a smoothing 
operator of infinite order (see the example following Definition 3.1) and 
will give no contribution to the symbol. In fact, we have 


nig = / el p(x, B) xox, zu(e) dz dé 


o(g)(y,§,y) = Jim, 


= i | / fF) n(x, E)y0(x, 2) at wade 
= f xo. K (6.x — Duta) dz 


= / W(x, z)u(z) dz, 


where 


K(x, w) = fel pcx, gy de. 


But we have seen earlier that K(x, w) is a C~ function of x and w for 
w #0.} Also, x2(x, z) vanishes identically near x — z = 0, so the product 
Xo(x, z)K (x, x — z) = W(x, z) is a smooth function on U x R", and Eu(x) 
is then a smoothing operator with C® kernel, which we can write in terms 
of the new coordinates y = F~!(x), w = F7!(z), 


OF 
Eu(F(y)) = / W(FQ), F(w))u(F(w)) ~ dw 


= f mo. w)F*u(w)dw, 
where W, is a C® function on U x U, which we rewrite as 


= / Wily, w)V(w) F*u(w) dw, 


+Note that K(x, w) has compact support in the first variable, since p(x, €) = g(x) p(x, &) 
for an appropriate g € D(U). 
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where we note that y% = 1 on supp F*u. Then we have 


Eu(FG)) = i Waly wuQn) an, 


where v(w) = F*u(w), as before, and 
OF 
Waly, w) = W(F(y), F(w)) = w(w), 


which is a smoothing operator of order —oo with C® kernel with compact 
support in both variables, as discussed following Definition 3.1, Thus, by 
Proposition 3.11, 


Eu(F(y)) = fe aacy. 206) a8, 


where 
Cree / el") Wo(y, w) dw, 


and q) € Si (U) for all r. This implies easily that o,,(q2)(y, €) = 0. Thus we 
can let g = g; +q, and we have 


Lu(y) = L@q), 


and the symbols behave correctly [here we let q,(y,&, w) be replaced by 
qi(y, €), as given by Proposition 3.10]. 
Q.E.D. 


We are now in a position to define the global symbol of a pseudodiffer- 
ential operator on a differentiable manifold X. Again we treat the case of 
functions first, and we begin with the following definition. 


Definition 3.12: Let X be a differentiable manifold and let L: D(X) —> 
€(X) be a pseudodifferential operator. Then L is said to be a pseudodiffer- 
ential operator of order m on X if, for any choice of local coordinates 
chart U Cc X, the corresponding canonical pseudodifferential operator 
Ly is of order m; ie, Ly = L(p), where p € S”(U). The class of all 
pseudodifferential operators on X of order m is denoted by PDiff,,(X). 


Proposition 3.13: Suppose that X is a compact differentiable manifold. If 
L € PDiff,,(X), then L € OP, (X). 


Proof: This is immediate from Theorem 3.4 and the definition of Sobolev 
norms on a compact manifold, using a finite covering of X by coordinate 
charts. 

Q.E.D. 


This proposition tells us that the two definitions of “order” of a pseudo- 
differential operator are compatible. We remark that if p € S”(U), for some 
U CR’, then p € S”**(U) for any positive k; moreover, in this case, On+4:(p) 
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= 0,k > 0. Thus we have the natural inclusion PDiff,,(X) C PDiff,,4,(X), 
k => 0. Denote Smbl,,(X x C, X x C) by Smbl,,(X) for simplicity. 


Proposition 3.14: There exists a canonical linear map 
Om: PDiff,(X) —> Smbl,, (X), 
which is defined locally in a coordinate chart U C X by 


Om (Ly (x, €) = Om (Pp), &)s 


where Ly = L(p) and where (x,é) € U x (R" — {0}) is a point in T’(U) 
expressed in the local coordinates of U. 


Proof: We merely need to verify that the local representation of o,,(L) 
defined above transforms correctly so that it is indeed globally a homomor- 
phism of T’(X) x C into T’(X) x C, which is homogeneous in the cotangent 
vector variable of order m (see the definition in Sec. 2). But this follows eas- 
ily from the transformation formula for o,,(p) given in Theorem 3.9, under 
a local change of variables. The linearity of o,, is not difficult to verify. 

Q.E.D. 


This procedure generalizes to pseudodifferential operators mapping 
sections of vector bundles to sections of vector bundles, and we shall leave 
the formal details to the reader. We shall denote by PDiff,,(E, F) the space 
of pseudodifferential operators of order m mapping D(X, E) into E(X, F). 
Moreover, there is an analogue to Proposition 3.14, whose proof we omit. 


Proposition 3.15: Let E and F be vector bundles over a differentiable 
manifold X. There exists a canonical linear map 
oO»: PDiff,,(£, F) —> Smbl,,(E, F), 
which is defined locally in a coordinate chart U C X by 
Om(Ly)(x, €) = [Om(p") (x, €)], 


where Ly = [L(p‘/)] is a matrix of canonical pseudodifferential operators, 
and where (x, €) € U x (R” — {0}) is a point in 7’(U) expressed in the local 
coordinates of U. 


One of the fundamental results in the theory of pseudodifferential 
operators on manifolds is contained in the following theorem. 


Theorem 3.16: Let E and F be vector bundles over a differentiable manifold 
X. Then the following sequence is exact, 


(3.15) O-—> K,,(E, F) > PDiff,,(E, F) 2%» Smbl,,(E, F) — 0, 


where o,, is the canonical symbol map given by Proposition 3.15, K,,(E, F) 
is the kernel of o,,, and j is the natural injection. Moreover, K,,(E, F) C 
OP, (E, F) if X is compact. 
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Proof: We need to show that o,, is surjective and that o,,(L) = 0 implies 
that LZ is an operator of order m — 1. Doing the latter first, we note that 
On(L) = 0 for some L € PDiff,,(E, F) means that in a local trivializing 
coordinate chart, L has the representation Ly = [L(p’/)], pi € S™(U). 
Since on(L)|\y = Om(Lu) = [on(p'/)] = 0, by hypothesis, it follows that 
pi € S"-'(U), by hypothesis on the class S”. Hence Ly is an operator of 
order m —1, and thus L will be an operator of order m — 1. To prove that 
Om 18 Surjective, we proceed as follows. Let {U,,} be a locally finite cover of 
X by coordinate charts U, over which E and F are both trivializable. Let 
{@,} be a partition of unity subordinate to the cover {U,,} and let {y,,} be 
a family of functions y, ¢€ D(U,,), where y, = 1 on supp ¢,,. We then let 
x be a C™ function on R" with x =0 near 0 € R" and x =1 outside the 
unit ball. Let s ¢ Smbl,,(E, F) be given, and write s =), $5 = D0, Sys 
supp s, C supp ¢, C U,. Then with respect to a trivialization of E and 
F over U, we see that s, = [s¥ |; a matrix of homogeneous functions 
sui U, x R" — {0} — C, and BY (x)p&) =p" sa, €), for p > 0. We let 
Pi (x, &) = x si (x, &). It follows from the homogeneity that Pi € SoU) 
and that Om (ii) = si). We now let 

Ly: DU)? — Ez)" 
be defined by L,,u = [L( pil )]u, with the usual matrix action of the matrix of 
operators on the vector u. If u € D(X, £), then we let u = )° ou = Yo up, 
considering each u, as a vector in D(U,,)? by the trivializations. We then 


define 
Lu = 0 vy, (Lyty), 
(aa 


and it is clear that 
L: D(X, E) — E(X, F) 


is an element of PDiff,,(£, F), since locally it is represented by a matrix of 
canonical pseudodifferential operators of order m. Note that it is necessary 
to multiply by y,, in order to sum, since L,,u,, is C°, where we consider L,,u,, 
as an element of €(U,,, F) in U,, but that it does not necessarily extend in 
a C® manner to a C™ section of F over X. Thus we have constructed from 
s a pseudodifferential operator L in a noncanonical manner; it remains to 
show that o,,(L) = s. But this is simple, since (y,,L,,) € PDiff,,(E, F) and 


On Wulwu(X, §) = Om (Wy (x) pil (x, &)) = wy(x) tim pis r§)/" 
= Wu (a)si! (x, s)= oI, é), 
since y, = 1 on supp s,. It follows that 


On Wp Ly) = Sus 
and by linearity of the symbol map 


One, Vly) — per = 5S. 


bh 


Q.E.D. 


134 Elliptic Operator Theory Chap. IV 


We need to show now that the direct sum PDiff(£, F) = >°,, PDiff,, (E, F) 
forms an algebra under composition, which is closed under transposition. 
We formulate this in the following manner. 


Theorem 3.17: Let E,F, and G be vector bundles over a compact 
differentiable manifold X. Then 


(a) If Q € PDiff,(£, F) and P ¢€ PDiff,(F, G), then the composition 
as operators Po Q € PDiff,,,(E, G), and, moreover, 


Or+s(P o Q) = 90;(P)*0,(Q), 
where the latter product is the composition product of the linear vector 
bundle maps 
ET wpe mG. 

(b) If P € PDiff,,(£, F), then P*, the adjoint of P, exists, where P* € 
PDiff,,(F, E), and, moreover, 

Om(P*) = On(P)*, 
where o,,(P)* denotes the adjoint of the linear map 
mE OS nF. 

Proof: To prove these facts it will suffice to consider local representations 
by canonical pseudodifferential operators, since this is how the action of 
the operator on functions is defined. First we consider the scalar case; i.e., 
E, F, and G are trivial line bundles, and we have the operators acting on 
C® functions on X. 

We begin by proving the existence of an adjoint in PDiff,,(X) and note 
that by Proposition 3.13 and Proposition 2.1, P* € OP,,(X) exists. Let U 
be a coordinate chart (considered as an open subset of R”) for X, and for 
any open set U' CC U, let u, v €e D(U’). If p € SU) such that Py = L(p), 
then by (3.4) 


(u, P*v) = (Pyu, v) = // p(x, €)e) (v(x) dé dx 


= / / / p(x, €)e*) (22) ey) v(x) dy dé dx 


= / u(y)(20) i i DO, jell’) u(x) dx dé dy. 


Let r(y, €,x) = p(x, &), and we have 


(u, P*v) = fore f fro.g.ne0- 009 dx dé dy. 


By Proposition 3.10, there exists g € S¢'(U) such that 


Lv) = xy" / / ry, &, xe") y(x) dx dé. 
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Therefore, 


(u, P*v) = | ur E@rOrdy = (u, L(q)v) 
and we have P;; = L(q). Hence P* € PDiff,,(X). Moreover, 


r(x, A&, x) _ P(x,r&) —§. —____. 
=" am Jim at cae On(p)(x, &), 
and conjugation is the adjoint for trivial line bundles. 

The composition formula now follows by a simple reduction to the adjoint 
problem. Note that (Q*)* = Q. For U,U’ as above, let Py = L(p), Qu = 
L(q), and Q;, = L(q’) be representations in U. Then for u € D(U’), the 
proof of the adjoint property shows that 


L(q)u(z) = (2) i] / 70. Bel) u(y) dy dé 


on(g)(x, 8) = lim 


= fe any" [FO Bet uc) dyads. 
Thus, 


L(p)o L(qjuQx) = [ v. E)L(qyu(éyel dé 


= (20) / / p(x, Eq Bel u(y) dy dé. 


Let s(x, €, y) = p(x, &)q'(y, €). Then Proposition 3.10 shows that there exists 
at € Si**(U) such that P o Q|y = L(t). Therefore P o Q € PDiff,.,(X). 
Furthermore, 

s(x, A, x) aa 2a) qe (x, As) 


Or+s(t) (x, &) — Jim arts ees rs A000 xr" 


= 0,(p)(x, €)a, (q(x, €) 


= 0,(p)(x, §)o,(q)(x, €) 

from the proof for the adjoint. Hence, o,,(P0Q) = 0,(P) *0,(Q) as desired. 
The proofs for vector-valued functions (sections of bundles) are essentially 
the same as for scalar functions, with the added complication that we are 
dealing with matrices. Then the order of the terms in the integrals is crucial, 
since the matrix-valued entries will not, in general, commute. We shall omit 

any further details here. 
Q.E.D. 


For more detailed information about pseudodifferential operators on man- 
ifolds, consult the original papers of Seeley [1], Kohn and Nirenberg [1], and 
H6rmander [3, 4]. The expository article by Nirenberg [1] is an excellent 
reference.} Palais [1] has a development of the theory presented here along 
the lines of the Kohn and Nirenberg paper. 


+Our presentation is simplified somewhat by the fact that we avoid the asymptotic expan- 
sion of a pseudodifferential operator (corresponding to the lower-order terms of a differential 
operator), since it is unnecessary for the applications to elliptic differential equations. 
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4. A Parametrix for Elliptic Differential Operators 


In this section we want to restrict our attention to operators which 
generalize the classic Laplacian operator in Euclidean space and its inverse. 
These will be called elliptic operators. We start with a definition, using the 
same notation as in the preceding sections. Let E and F be vector bundles 
over a differentiable manifold X. 


Definition 4.1: Let s ¢ Smbl,(£, F). Then s is said to be elliptic if and 
only if for any (x, &) € T’(X), the linear map 
s(x, &): E, — F, 


is an isomorphism. 


Note that, in particular, both E and F must have the same fibre dimension. 
We shall be most interested in the case where E = F. 


Definition 4.2: Let L ¢ PDiff,(£, F). Then L is said to be elliptic (of 
order k) if and only if o,(L) is an elliptic symbol. 


Note that if Z is an elliptic operator of order k, then L is also an operator 
of order k +1, but clearly not an elliptic operator of order k + 1 since 
0;.41(L) = 0. For convenience, we shall call any operator L € OP_)(E£, F) 
a smoothing operator. We shall later see why this terminology is justified. 


Definition 4.3: Let L € PDiff(E, F). Then L € PDiff(F, E) is called a 
parametrix (or pseudoinverse) for L if it has the following properties, 


LoL -—I, € OP_;(F) 
LéE=Jp € OP 4h), 


where /; and J, denote the identity operators on F and E, respectively. 


The basic existence theorem for elliptic operators on a compact manifold 
X can be formulated as follows. 


Theorem 4.4: Let & be any integer and let L € PDiff,(E, F) be elliptic. 
Then there exists a parametrix for L. 


Proof: Let s = o,(L). Then s~! exists as a linear transformation, since 
s is invertible, 
s-'(x,&): FE, — E,, 


and s~! € Smbl_,(F,£). Let L be any pseudodifferential operator in 


PDiff_,(F, E) such that o_,(L) = s~!, whose existence is guaranteed by 
Theorem 3.16. We have then that 


oo(Lo L — Ip) = 09(L 0 L) — ap(Ip), 
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and letting oo(/-) = |, the identity in Smbly(F, F), we obtain 
o(LoL — Ip) =o,(L) * oy(L) — |p 


=1l--1-=0. 
Thus, by Theorem 3.16, we see that 
LoL — Ip € OP_\(F, F). 
Similarly, L o L — Ig is seen to be in OP_|(E, E). 
Q.E.D. 


This theorem tells us that modulo smoothing operators we have an inverse 
for a given elliptic operator. On compact manifolds, this turns out to be only 
a finite dimensional obstruction, as will be deduced later from the following 
proposition. First we need a definition. Let X be a compact differentiable 
manifold and suppose that L € OP,,(E, F). Then we say that L is compact 
(or completely continuous) if for every s the extension L,: W*(E) > W°""(F) 
is a compact operator as a mapping of Banach spaces. 


Proposition 4.5: Let X be a compact manifold and let S$ ¢ OP_\(£, E). 
Then S is a compact operator of order 0. 


Proof: We have for any s the following commutative diagram, 


Ss 


W*(E) W°(E) 


Ss j 


wet (E), 


where S, is the extension of S to a mapping W* > W’°*!, given since 
S € OP_,(E, E), and S, is the extension of S, asa mapping W* —> W’, given 
by the fact that OP_\(E, E) C OP (E, E). Since j is a compact operator 
(by Rellich’s lemma, Proposition 1.2), then S$, must also be compact. 
Q.E.D. 


In the remainder of this section we shall let E and F be fixed Hermitian 
vector bundles over a compact differentiable manifold X. Assume that X 
is equipped with a smooth positive measure yw (such as would be induced 
by a Riemannian metric, for example) and let W°(X, E) = W°(E), W°(F) 
denote the Hilbert spaces equipped with L?-inner products 


(§,Me = [ Go.2e eau, &,9 € €(X, E) 


xX 
(Ey = [ (oc, ro) rdu. ot EXP), 


XxX 
as in Sec. 1. We shall also consider the Sobolev spaces W*(E), W*(F), defined 
for all integral s, as before, and shall make use of these without further men- 
tion. If L € OP,,(E, F), denote by L,: W*(E) — W*"(F) the continuous 
extension of L as a continuous mapping of Banach spaces. We want to study 
the homogeneous and inhomogeneous solutions of the differential equation 
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Lé =o, for — € E(X, E),o € E(X, F), where L ¢€ Diff,,(£, F), and L* is 
the adjoint of L defined with respect to the inner products in W°(E) and 
W°(F); ie., 

(LE, t)rp = (&, L*t)e, 


as given in Proposition 2.8. If L € Diff,,(E, F), we set 
H, = {& € E(X, E): LE = 0}, 


and we let 
Hy ={n € W°(E): (E, mz =0,€ € Hy} 


denote the orthogonal complement in W°(£) of H,. It follows immediately 
that the space Hy} is a closed subspace of the Hilbert space W°(E). As 
we shall see, under the assumption that L is elliptic H, turns out to be 
finite dimensional [and hence a closed subspace of W°(E)]. Before we get 
to this, we need to recall some standard facts from functional analysis, due 
to F. Riesz (see Rudin [1]). 


Proposition 4.6: Let B be a Banach space and let S be a compact operator, 
S:B — B. Then letting T = J — S, one has: 


(a) Ker T = T~!(0) is finite dimensional. 
(b) T(B) is closed in B, and Coker T = B/T(B) is finite dimensional. 


In our applications the Banach spaces are the Sobolev spaces W*(E£) which 
are in fact Hilbert spaces. Proposition 4.6(a) is then particularly easy in this 
case, and we shall sketch the proof for B, a Hilbert space. Namely, if the unit 
ball in a Hilbert space h is compact, then it follows that there can be only 
a finite number of orthonormal vectors, since the distance between any two 
orthonormal vectors is uniformly bounded away from zero (by the distance 
/2). Thus 6 must be finite dimensional. Proposition 4.6(a), for instance, 
then follows immediately from the fact that the unit ball in the Hilbert 
space h = Ker T must be compact (essentially the definition of a compact 
operator). The proof that T(B) is closed is more difficult and again uses the 
compactness of S. Since S* is also compact, Ker 7* is finite dimensional, and 
the finite dimensionality of Coker T follows. More generally, the proof of 
Proposition 4.6 depends on the fundamental finiteness criterion in functional 
analysis which asserts that a locally compact topological vector space is 
necessarily finite dimensional. See Riesz and Nagy [1], Rudin [1], or any 
other standard reference on functional analysis for a discussion of this as 
well as a proof of the above proposition. (A good survey of this general 
topic can be found in Palais [1].) 

An operator T on a Banach space is called a Fredholm operator if T 
has finite-dimensional kernel and cokernel. Then we immediately obtain the 
following from Theorem 4.4 and Propositions 4.5 and 4.6. 
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Theorem 4.7: Let L € PDiff,,(£, F) be an elliptic pseudodifferential oper- 
ator. Then there exists a parametrix P for L so that Lo P and PoL 
have continuous extensions as Fredholm operators: W*(F) > W*(F) and 
W‘(E) > W*‘(E), respectively, for each integer s. 


We now have the important finiteness theorem for elliptic differential 
operators. 


Theorem 4.8: Let L € Diff, (£, F) be elliptic. Then, letting H{,, = Ker L,: 
W°(E) > W°-*(F), one has 


(a) H,, c E(X, E) and hence H,, = H, all s. 
(b) dim#H,, = dim H, < oo and dim W**(F)/L,(W*(E)) < 00. 


Proof: First we shall show that, for any s, dim H,, < oo. Let P be a 
parametrix for L, and then by Theorem 4.7, it follows that 
(Po L),: W°(E) — W*(F) 


has finite dimensional kernel, and obviously KerL, Cc Ker(PoL),, since we 
have the following commutative diagram of Banach spaces: 


(PoL) 
W*(E) W*(E) 
Ls Ps_k 
wet (E), 


Hence 3{,, is finite dimensional for all s. By a similar argument, we see 
that L, has a finite dimensional cokernel. Once we show that H,, contains 
only C® sections of £, then it will follow that (,, = H, and that all 
dimensions are the same and, of course, finite. 

To show that H,, Cc E(X, E) is known as the regularity of the homo- 
geneous solutions of an elliptic differential equation. We formulate this as 
a theorem stated somewhat more generally, which will then complete the 
proof of Theorem 4.8. 


Theorem 4.9: Suppose that L € Diff,,(£, F) is elliptic, and € € W*(E£) has 
the property that L,g =o € E(X, F). Then & € E(X, E). 


Proof: If P is a parametrix for L, then PoL—I = S € OP_,(E). Now 
Lé € E(X, F) implies that (P o L)é € E(X, E), and hence 


&=(PoL—S)é. 


Since we assumed that € € W*(E) and since (Po L)&é € E(X, E) and 
SE € W**'(E), it follows that € ¢ W*t'(E). Repeating this process, we see 
that € ¢ W°**(E) for all k > 0. But by Sobolev’s lemma (Proposition 1.1) it 
follows that € € €)(X, E), for all/ > 0, and hence € € E(X, E)(= €,.(X, E)). 

Q.E.D. 
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We note that S is called a smoothing operator precisely because of the 
role it plays in the proof of the above lemma. It smooths out the weak 
solution € € W°(E). 


Remark: The above theorem did not need the compactness of X which 
is being assumed throughout this section for convenience. Regularity of the 
solution of a differential equation is clearly a local property, and the above 
proof can be modified to prove the above theorem for noncompact manifolds. 


We have finiteness and regularity theorems for elliptic operators. The one 
remaining basic result is the existence theorem. First we note the following 
elementary but important fact, which follows immediately from the 
definition. 


Proposition 4.10: Let L ¢ Diff,,(£, F). Then L is elliptic if and only if L* 
is elliptic. 


We can now formulate the following. 


Theorem 4.11: Let L ¢€ Diff,,(£, F) be elliptic, and suppose that t € 
Hy. M E(X, F). Then there exists a unique € € €(X, E) such that LE = 1 
and such that € is orthogonal to H, in W°(E). 


Proof: First we shall solve the equation LE = t, where & € W°(E), 
and then it will follow from the regularity (Theorem 4.9) of the solution 
& that € is C® since t is C®, and we shall have our desired solution. This 
reduces the problem to functional analysis. Consider the following diagram 
of Banach spaces, 

W"(E) > W(F) 


W-"(E) <= WF), 

where we note that (L,,)* = (L*)o, by the uniqueness of the adjoint, and 
denote same by L*,. The vertical arrows indicate the duality relation between 
the Banach spaces indicated. A well-known and elementary functional analy- 
sis result asserts that the closure of the range is perpendicular to the kernel 
of the transpose. Thus L,,(W”(E)) is dense in Hye. Moreover, since Ly, 
has finite dimensional cokernel, it follows that L,, has closed range, and 
hence the equation L,,€ = t has a solution € € W”(E). By orthogonally 
projecting € along the closed subspace Ker L,, (= H, by Theorem 4.8), 
we obtain a unique solution. 

Q.E.D. 


Let L e€ Diff,,(£) = Diff,,(£, E). Then we say that L is self-adjoint if 
L = L*. Using the above results we deduce easily the following fundamental 
decomposition theorem for self-adjoint elliptic operators. 
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Theorem 4.12: Let L € Diff,,(£) be self-adjoint and elliptic. Then there 
exist linear mappings H; and G; 


H,: E(X, E) — E(X, E) 
Gi: &(X, E) — €(X, E) 
so that 


(a) A, (E(X, E)) =H, (E£) and dim,H,(E£) < co. 

(b) LoG,+H, =G,oL+ Hy, = Iz, where Iz = identity on E(X, E). 

(c) H, and Gz, € OP)(E), and, in particular, extend to bounded 
operators on W°(E)(= L?(X, E)). 

(d) €(X%,E) = HilX,E) ® Gro L(E(X, BEB) = HX E) OL o 
G,(E(X, E)), and this decomposition is orthogonal with respect to the 
inner product in W°(E). 


Proof: Let H, be the orthogonal projection [in W°(E)] onto the closed 
subspace H,(E), which we know by Theorem 4.8 is finite dimensional. As 
we saw in the proof of Theorem 4.11, there is a bijective continuous mapping 


Lint W"(E) Hy — W°(E)N Hz. 


By the Banach open mapping theorem, L,, has a continuous linear inverse 
which we denote by Go: 


Go: W(E)N HE —> W"(E) NH. 


We extend Gy to all of W°(E) by letting Go(é) = 0 if € € H,, and noting 
that W"(E) C W°(E), we see that 


Go: W°(E) — W°(E). 
Moreover, 
Lim 0 Go = Ip — Hz, 
since L,, o Go = identity on H;. Similarly, 
GooL, = Ip — Ay 


for the same reason. Since Go(E(X, E)) C E(X, E), by elliptic regularity 
(Theorem 4.9), we see that we can restrict the linear Banach space mappings 
above to €(X, E). Let G_ = Golecx.z), and it becomes clear that all of the 
conditions (a)-(d) are satisfied. 

Q.E.D. 


The above theorem was first proved by Hodge for the case where E = 
A?T*(X) and where L = dd* + d*d is the Laplacian operator, defined with 
respect to a Riemannian metric on X (see Hodge [1] and de Rham [1)). 
Hodge called the homogeneous solutions of the equation Ly = 0 harmonic 
p-forms, since the operator L is a true generalization of the Laplacian in the 
plane. Following this pattern, we shall call the sections in +, for L a self- 
adjoint elliptic operator, L-harmonic sections, and when there is no chance of 
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confusion, simply harmonic sections. For convenience we shall refer to the 
operator G, given by Theorem 4.12 as the Green’s operator associated to 
L, also classical terminology.t The harmonic forms of Hodge and their 
generalizations will be used in our study of Kahler manifolds and algebraic 
geometry. We shall refine the above theorem in the next section dealing with 
elliptic complexes and at the same time give some examples of its usefulness. 

Suppose that E > X is a differentiable vector bundle and L: €(X, E) > 
€(X, E) is an elliptic operator. Then the index of L is defined by 

i(L) = dim Ker L — dim Ker L*, 

which is a well-defined integer (Theorem 4.8). The Atiyah-Singer index 
theorem asserts that i(L) is a topological invariant, depending only on (a) 
the Chern classes of E and (b) a cohomology class in H*(X,C) defined 
by the top-order symbol of the differential operator L. Moreover, there is 
an explicit formula for i(L) in terms of these invariants (see Atiyah and 
Singer [1, 2]). We shall see a special case of this in Sec. 5 when we discuss 
the Hirzebruch-Riemann-Roch theorem for compact complex manifolds. 

We would like to give another application of the existence of the para- 
metrix to prove a semicontinuity theorem for a family of elliptic operators. 
Suppose that E —> X is a differentiable vector bundle over a compact 
manifold X, and let {L;} be a continuous family of elliptic operators, 
(4.1) Ly: E(X, E) — E(X, E), 
where f is a parameter varying over an open set U C R”. By this we mean 
that for a fixed t € U, L, is an elliptic operator and that the coefficients of 
L, in a local representation for the operator should be jointly continuous 
inxeX andteU. 


Theorem 4.13: Let {L;} be a continuous family of elliptic differential oper- 
ators of order m as in (4.1). Then dim Ker L, is an upper semicontinuous 
function of the parameter t; moreover if tf) € U, then for € > 0 sufficiently 


small, ; 
dim Ker L, < dim Ker L,, 


for |t — to| <. 


Proof: Suppose that t = 0, let B} = W°(X, E) and B, = W~"(X, E), 
and let P be a parametrix for the operator L = Ly. Denoting the extensions 
of the operators L, and P by the same symbols, we have 

L,;: Bj — Bo, teU 
P: Bo SS By. 


We shall continue the proof later, but first in this context we have the 
following lemma concerning the single operator L = Lo, whose proof uses 


+Note that the Green’s operator G, is a parametrix for L, but such that Gp,oL—J = —Hy, 
is a smoothing operator of infinite order which is orthogonal to G,, a much stronger 
parametrix than that obtained from Theorem 4.4. 
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the existence of the parametrix P at t = 0. Let H, = Ker L,,t € U, and 
ll Ili, Il lz denote the norms in B, and B). 


Lemma 4.14: There exists a constant C > 0 such that 
luli < Cl|Lowlls 
if u € Hy C B, (orthogonal complement in the Hilbert space B)). 


Proof: Suppose the contrary. Then there exists a sequence u; € Hy 
such that 
Il ill; = 1 
(4.2) 1 
| Lujll2 < -. 
J 


Consider 
PLu; => Uj + Tu,;, 
where T is compact, Then 
|Pujlh < PLujlh + lleghh 


< C||Luj|lo + lluylh 


1 
<c(7) +1 
J 


26; 
where C, C are constants which depend on the operator P (recall that P is 
a continuous operator from B, to B,). Since ||u;|| = 1, it follows that {Tu} 
is a sequence of points in a compact subset of B,, and as such, there is 
a convergent subsequence y;, = Tuj, > yo € Bi. Moreover, yo # 0, since 
lim, Lu jn = 0, by (4.2), and thus 

0 fim Paty = fim ty 
which implies that uj, — —yo and 
Ilyol] = lim Juv j,l] = 1. 
noo 
However, Ly) = — limy_,.. Luj, = 0, as above, and this contradicts the fact 
that yo (which is the limit of wjn) € Hy. 
Q.E.D. 


Proof of Theorem 4.13 continued: Let C be the constant in Lemma 4.14. 
We claim that for 6 sufficiently small there exists a somewhat larger constant 
C such that, for u € Hy, 

(4.4) lulls < Cl Liulla, 
provided that |t| < 5, where C is independent of t. To see this, we write 
Lo =L,+ Lo —- Li, 
and therefore (using the operator norm) 
Lol < WLel + Lo — Lr. 
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For any € > 0, there is a 6 > 0 so that 
|Z; — Loll < €, 


for |t| < 6, since the coefficients of L, are continuous functions of the 
parameter r. Using Lemma 4.13, we have, for u € Hy, 


lull < Cl Loulle 
< C(|Lrull2 + €llull), 
which gives 
(1 — Ce)llull; < CllLiull2 
for |t| < 5. By choosing e < C™', we see that 
lll; < CU — Ce) | Lyulls 
< C|L,ulle, 


which gives (4.4). But wu €¢ Hy by assumption, and it follows from the 
inequality (4.4) that Hy NH, = 0 for |r| < 6. Consequently, we obtain 
dim H, < dim Ho. 

Q.E.D. 


5. Elliptic Complexes 


We now want to study a generalization of elliptic operators to be called 
elliptic complexes. The basic fact of generalization is that instead of con- 
sidering a pair of vector bundles we now want to study a finite sequence of 
vector bundles connected by differential operators. Thus, let Fo, F),..., En 
be a sequence of differentiable vector bundles defined over a compact 
differentiable manifold X. Suppose that there is a sequence of differen- 
tial operators, of some fixed order k, Lo, L1,..., Ly; mapping as in the 
following sequencet: 


(5.1) Sih) ee Ee es 2 ee. 


Associated with the sequence (5.1) is the associated symbol sequence (using 
the notation of Sec. 2) 


o(Lo) o(L}) o(Ln-1) 


(5.2) 0 — n*Eo qw*E, —>+n*E, —-:-- > Tw*Ey — 0. 


Here we denote by o(L;) the k-symbol of the operator L;. In most of our 
examples we shall have first-order operators. 


Definition 5.1: The sequence of operators and vector bundles E (5.1) is 
called a complex if L;o L;_; =0,i=1,...,N—1. Such a complex is called 
an elliptic complex if the associated symbol sequence (5.2) is exact. 


+For simplicity we denote in this section €(X, E;) by €(£;), not to be confused with 
the sheaf of sections of Ej. 
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Suppose that E is a complex as defined above. Then we let 

Ker(L,: E(Eg) — E(Eqii)) — Z4(E) 

Im(Ly-1: €(E,_-1) — €(E,)) B1(E) 

be the cohomology groups (vector spaces) of the complex F,g =0,...,N 
[where Z4(E) and B¢(F) denote the numerator and denominator, respec- 
tively]. For this definition to make sense, we make the convention that 
L_, = Ly = E_, = Ey+, = 0 (.e., we make a trivial extension to a complex 
larger at both ends). 

A single elliptic operator L: €(Ey)) > E(E) is a simple example of 
an elliptic complex. Further examples are given in Sec. 2, namely, the de 
Rham complex (Example 2.5), the Dolbeault complex (Example 2.6), and 
the Dolbeault complex with vector bundle coefficients (Example 2.7). Elliptic 
complexes were introduced by Atiyah and Bott [1] and we refer the reader 
to this paper for further examples. 

Let E denote an elliptic complex of the form (5.1). Then we can equip 
each vector bundle £; in E with a Hermitian metric and the corresponding 
Sobolev space structures as in Sec. 1. In particular W°(E;) will denote the 
L? space with inner product 


§. Me; = [ ee. ee, du, 
Xx 


for an appropriate strictly positive smooth measure jz. Associated with each 
operator L;: E(E;) > E(Ej41), we have the adjoint operator L*: €(Ej41) 
— €(E;), and we define the Laplacian operators of the elliptic complex E by 


(5.3) H4(E) = 


It follows easily from the fact that the complex FE is elliptic that the oper- 
ators A; are well-defined elliptic operators of order 2k. Moreover, each A; 
is self-adjoint. Namely, 


o (Aj) = o(L))o(L;) + o(Lj-1)0(L5_) 
= [o(L;)*o(L,;) + o(Lj-1)o(L;-1)"], 
which is an isomorphism and, in fact, either positive or negative definite. 
The fact that o(A;) is an isomorphism follows easily from the following 


linear algebra argument. If we have a diagram of finite dimensional Hilbert 
spaces and linear mappings, 


which is exact at V, where the vertical maps are the duality pairings in U, V, 
and W, then we see that V = Im(A) @Im(B*). Moreover, A A* is injective on 
Im(A) and vanishes on Im(B*), while B*B is injective on Im(B*) and van- 
ishes on Im(A). Thus AA* + B*B is an isomorphism on V and in fact is 
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positive definite. The self-adjointness of A; follows easily from the fact that 
(L*)* = L; and that the adjoint operation is linear. 

Since each A, is self-adjoint and elliptic, we can, by Theorem 4.12, 
associate to each Laplacian operator a Green’s operator Gaj;, which we 
shall denote by G;. Moreover, we let 


H(E;) = Haj(Ej) = Ker Aj: €(E)) — €(E)) 
be the Aj-harmonic sections, and let 
H;: €(E;) — €(E;) 
be the orthogonal projection onto the closed subspace H(E);). 
To simplify the notation somewhat, we proceed as follows. Denote by 


€(E) = ® E(E;) 
j=0 


the graded vector space so obtained with the natural grading. We define 
operators L, L*, A, G, H on €(£), by letting 


LE) = Lp +--+: + &v) = Logo +--+ + Ly én, 


where € = &)+---+&y is the decomposition of € € E(E) into homogeneous 
components corresponding to the above grading. The other operators are 
defined similarly. We then have the formal relations still holding, 


A=LL*+L*L 
I=H+GA=H+AG, 


which follow from the identities in each of the graded components, coming 
from Theorem 4.12. We note that these operators, so defined, respect the 
grading, that L is of degree +1, that L* is of degree —1, and that A, G, and H 
are all of degree 0 (1.e., they increase or decrease the grading by that amount). 
This formalism corresponds to that of the d or 0 operator in the de Rham 
and Dolbeault complexes, these operators also being graded operators on 
graded vector spaces. Our purpose is to drop the somewhat useless subscripts 
when operating on a particular subspace €(E;). We also extend the inner 
product on €(E£;) to €(£) in the usual Euclidean manner, i.e., 


N 
Eme= > Esme; 
j=0 
a consequence of which is that elements of different homogeneity are 
orthogonal in €(£). Let us denote by H(E) = ®H(E;) the total space 
of A-harmonic sections. 

Using this notation we shall denote a given elliptic complex by the pair 
(E(E), L), and we shall say that the elliptic complex has an inner product if 
it has an inner product in the manner described above, induced by L?-inner 
products on each component. Examples would then be (€*(X),d) for X 
a differentiable manifold and (€?*(X), 4) for p fixed and X a complex 
manifold (see Examples 2.5 and 2.6). 
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We now have the following fundamental theorem concerning elliptic 
complexes (due to Hodge for the case of the de Rham complex). 


Theorem 5.2: Let (€(£), L) be an elliptic complex equipped with an inner 
product. Then 


(a) There is an orthogonal decomposition 
€(E) = H(E) © LL*GE(E) @ L*LGE(E), 
(b) The following commutation relations are valid: 
(1) T=H+AG=H+GA. 
(2) HG=GH=HA=AH=0. 
(3) LA=AL, L*A=AL*. 
(4) LG=GL,L*G=GL*. 
(c) dimcH(E) < oo, and there is a canonical isomorphism 
H(E;) = H/(E). 


Proof: From Theorem 4.12 we obtain immediately the orthogonal 

decomposition 

E(E) = H(E) @ (LL* + L*L)GE(E). 
If we show that the two subspaces of E(F), 

LL*GE(E) and L*LGE(E), 

are orthogonal, then we shall have part (a). But this is quite simple. Suppose 
that &, 4 € €(£). Then consider the inner product (dropping the subscript 
E on the inner product symbol) 

(LL*GE, L*LGy) = (L°L*Gé, LGy), 
and the latter inner product vanishes since L? = 0. 

Part (b), (1) and (2), follow from the corresponding statements in 
Theorem 4.12 and its proof. Part (b), (3) follows immediately from the 
definition of L and A. In part (b), (4), we shall show that LG = GL, leav- 
ing the other commutation relation to the reader. First we have a simple 
proposition of independent interest, whose proof we shall give later. 


Proposition 5.3: Let € € €(£). Then Aé = 0 if and only if LE = L*é = 0; 
moreover, LH = HL = L*H = HL* = 0. 


Using this proposition and the construction of G, we observe that both 
L and G vanish on (£). Therefore it suffices to show that LG = GL on 
H(E)*, and it follows immediately from the decomposition in Theorem 4.12 
that any smooth € € H(E)* is of the form € = Ag for some g in E(E). 
Therefore we must show that LGAg = GLAg for all g € E(E). To do this, 
we write, using / = H+GA, 


Lo = H(Lg)+ GALg@ 
= HLg+GLig, 
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since LA = AL. We also have 
g = Ho+GAg, 
and applying L to this, we obtain 
Lg = LHg+ LGAg. 
Setting the two expressions above for Lg equal to each other, we obtain 
GLAg — LGAg = LHg —- HL¢, 
and by Proposition 5.3 we see that the right-hand side is zero. 

In part (c), it is clear that the finiteness assertion is again a part of 
Theorem 4.12. To prove the desired isomorphism, we recall that H4(£) = 
Z1(E)/B4(E), as defined in (5.3), and let 

®: Z1(E) — H(E,) 
be defined by ®(€) = H(é). It then follows from Proposition 5.3 that ® is a 
surjective linear mapping. We must then show that Ker ® = B4(E). Suppose 
that € € Z7(E) and H(é) = 0. Then we obtain, by the decomposition in 


&= HE+LL*GE4+ L*LGE. 


Since HE = 0 and since LG = GL, we obtain € = LL*G&, and hence 
£ © BYE). 
Q.E.D. 


Proof of Proposition 5.3: It is trivial that if LE = L*é = 0 for — € E(E), 
then Aé = 0. Therefore we consider the converse, and suppose that Aé = 0 
for some & € €(E). We then have 

(A€, €) = (LL*E + L*LE, &) 

= (LL*§, &) + (L*LE, &) 

= (L*§, L*&) + (Lé, Lé) 

= ||L*E | + LE ||? = 0. 
It now follows that L*§ = LE = 0, and, consequently, LH = L*H = 0. 
To show that HL = 0, it suffices to show that (HLE,y) = 0 for all 
—&,n € E(E). But A is an orthogonal projection in Hilbert space, and as 
such it is self-adjoint. Therefore we have, for any &, € E(E), 

(HLE,n) = (Lé, Hn) = (&, L*Hn) = 0, 
and hence HL = 0. That HL* = 0 is proved in a similar manner. 
Q.E.D. 


Remark: We could easily have defined an elliptic complex to have differ- 
ential operators of various orders, and Theorem 5.2 would still be valid, in a 
slightly modified form (see Atiyah and Bott [1]). We avoid this complication, 
as we do not need the more general result later on in our applications. 

We now want to indicate some applications of the above theorem. 
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Example 5.4: Let (€*(X),d) be the de Rham complex on a compact 
differentiable manifold X. As we saw in our proof of de Rham’s theorem 
(Theorem IT.3.15) 

A'(X, ©) =,’ (Xx, ©) = A’ (E*(X)) 
(using complex coefficients). The first group is abstract sheaf cohomology, 
which is defined for any topological space; the second is singular coho- 
mology; and the first isomorphism holds when we assume that X has the 
structure of a topological manifold (for example). When X has a differ- 
entiable structure, as we are assuming, then differential forms are defined 
and the de Rham group on the right makes sense. Thus we can use differ- 
ential forms to represent singular cohomology. For convenience, we shall 
let H’(X,C) denote the de Rham group when we are working on a dif- 
ferentiable manifold, which will almost always be the case, making the 
isomorphisms above an identification. One further step in this direction of 
more specialized information about the homological topology of a mani- 
fold comes about when we assume that X is compact and that there is a 
Riemannian metric on X. This induces an inner product on A?7T*(X) for 
each p, and hence (€*(X), d) becomes an elliptic complex with an inner 
product. We denote the associated Laplacian by A = A, = dd* + d*d. Let 
H'(X) = Ha(A'T*(X)) 
be the vector space of A-harmonic r-forms on X. We shall call them simply 
harmonic forms, a metric and hence a Laplacian being understood. We thus 
obtain by Theorem 5.2.(c) that 
H’(X, C) = "(X). 
This means that for each cohomology class c € H’(X,C) there exists a 
unique harmonic form g representing this class c, which is, by Proposi- 
tion 5.3, d-closed. If we change the metric, we change the representation, but, 
nevertheless, for a given metric we have a distinguished r-form to represent 
a given class. It will turn out that this representative has more specialized 
information about the original manifold than an arbitrary representative 
might, in particular when the metric is chosen carefully (to be Kahler, for 
example, as we shall see in the next chapter). Thus we have continued the 
chain of representations of the sheaf cohomology on X with coefficients in 
C, but for the first time we have a specific vector space representation; there 
are no equivalence classes to deal with, as in the previous representations. 
A consequence of Theorem 5.2 is that 
dimc H1(X, C) = dimcH!(X) = bg < Ow. 

This finiteness is not obvious from the other representations, and, in fact, the 
harmonic theory we are developing here is one of the basic ways of obtaining 
finiteness theorems in general.t The numbers b,,q = 0,1,...,dime(X), 


+Of course, we could represent the de Rham groups by singular cohomology and prove 
that a compact topological manifold has a finite cell decomposition. This is the point of 
view of algebraic topology. 
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are the celebrated Betti numbers of the compact manifold X. By our results 
above the Betti numbers are topological invariants of X; 1.¢., (a) they depend 
only on the topological structure of X, and (b) they are invariant under 
homeomorphisms. 

In the study of manifolds these numbers play an important role in their 
classification, and this is no less so if the manifold happens to be complex, 
as we shall see. We define 

dimX 


x(X) = D0 (-1)%,, 
q=0 


the Euler characteristic of X, also a topological invariant. 


Example 5.5: Let X be a compact complex manifold of complex 
dimension n, and consider the elliptic complex 


4% evacxy & erattexy & grax) 3... , 


for a fixed p, 0 < p <n. As we saw in our previous study of this example 
(Example 2.6), this is elliptic, and in Chap. II (Theorem 3.17) we saw that 


H4(X, 2?) ~ H1(A",*T*(X), 0) 


(Dolbeault’s theorem), where Q? is the sheaf of germs of holomorphic 
p-forms. We want to represent these cohomology groups by means of 
harmonic forms. Let A?4T*(X) be equipped with a Hermitian metric, 0 < 
P,4;< n [induced by a Hermitian metric on T(X), for example]. Then 
the complex above becomes an elliptic complex with an inner product 
(parametrized by the integer p). Denote the Laplacian by 


and let 
HX) = Hy(a?4T*(X)) 
be the D-harmonic (p, q)-forms, which we shall call simply harmonic (p, q)- 
forms when there is no confusion about which Laplacian is meant in a given 
context. 
Similar to the de Rham situation, we have the following canonical 
isomorphism (using Theorem 5.2 along with Dolbeault’s theorem): 


H1(X, Q”) = H?-4(X). 


We define, for 0 < p, g <n, 
h?? = dimcH4(X, 2”) = dimcH?4(X), 


which are called the Hodge numbers of the compact complex manifold X. 
Note that these numbers are invariants of the complex structure of X and do 
not depend on the choice of metric. The finite dimensionality again comes 
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from Theorem 5.2.+ The following theorem shows us how the Hodge num- 
bers and the Betti numbers are related, in general (on Kahler manifolds, 
more will be true). 


Theorem 5.6: Let X be a compact complex manifold. Then 


x(X) = S0(-1)"b-(X) = DO (HPP ht (X). 


The proof of this theorem is a simple consequence of the fact that there 
is a spectral sequence (Fréhlicher [1]) 


E?4 = H4(X, 2”) => H"(X,©) 
relating the Dolbeault and de Rham groups, and we omit the details as we 


do not need this result in later chapters. For Kahler manifolds this results 
from the Hodge theory developed in Chapter V. 


Example 5.7: Let E be a holomorphic vector bundle over a compact 
complex manifold X and let (€?*(X, E), 4) be the elliptic complex of (p, q)- 
forms with coefficients in E. By the generalization of Dolbeault’s theorem 
given in Theorem II.3.20 the cohomology groups H4(X, 2?(E£)) represent 
the cohomology of the above complex, where Q?(E) = O(A?T*(X) ® E) 
is the sheaf of germs of E-valued holomorphic p-forms. The bundles in 
the complex are of the form A?4T*(X) @ E, and equipping them with a 
Hermitian metric [induced from a Hermitian metric on T(X) and E, for 
instance], we can then define a Laplacian 


O = 00* + 0*0: €?4(X, E) —> E?4(X, E), 

as before. Letting H?4(X, E) = Ha(A?4T*(X) @ E) be the O-harmonic 
E-valued (p, q)-forms in €?4(X, E) we have, by Theorem 5.2, the isomor- 
phism (and harmonic representation) 

H4(X, Q?(E£)) = H?4(X, E), 
a generalization of the previous example to vector bundle coefficients. We let 
h?4(E) = h’4(X, E) = dimcH"(X, E), 

where we drop the notational dependence on X unless there are different 
manifolds involved. As before, it follows from Theorem 5.2 that h?4(E) < oo, 


and we can define the Euler characteristic of the holomorphic vector bundle 
E to be 


X(E) = x(X, E) = (- 11h). 

q=0 
As before, the generalized Hodge numbers h?“(E) depend only on the complex 
structures of X and E, since the dimensions are independent of the particular 
metric used. However, it is a remarkable fact that the Euler characteristic of 


+A general theorem of Cartan and Serre asserts that the cohomology groups of any 
coherent analytic sheaf on a compact complex manifold are finite dimensional. This and 
the next example are special cases of this more general result, which is proved by different 
methods, involving Cech cohomology (cf. Gunning and Rossi [1]). 
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a holomophic vector bundle can be expressed in terms of topological invari- 
ants of the vector bundle EF (its Chern classes) and of the complex manifold 
X itself (the Chern classes of the tangent bundle to X). This is the celebrated 
Riemann-Roch theorem of Hirzebruch, which we formulate below. 


Let E be a complex (differentiable) vector bundle over X, where r = 
rank E and X is a differentiable manifold of real dimension m. Let 


c(E) =1+c(E)+---+¢,(E) 


be the total Chern class of E, which is an element of the cohomology ring 
H*(X,C), as we saw in Chap. III. Recall that the multiplication in this 
ring is induced by the exterior product of differential forms, using the de 
Rham groups as a representation of cohomology.t We introduce a formal 
factorization 


r 


c(E) =] Jd +4). 


i=l 


where the x; € H*(X,C). Then any formal power series in x;,..., x, which 
is symmetric in x,,...,x, 1s also a power series in c\(E),...,c,(E). This 
follows from the fact that the c;(£) are the elementary symmetric functions 
of the (x;,..., x,) (analogous to the case of the coefficients of a polynomial). 
Therefore we define 
r x) 
T(E) = ——_ 
(é) I] 1—e7i 
ch(E) =) e™, 
i=l 
which are formal power series, symmetric in x;,...,x,, and hence define a 


(more complicated-looking) formal power series in the Chern classes of E. 
We call T(E) the Todd class of E and ch(E) is called the Chern character 
of E. Of course, there are only a finite number of terms in the expansion 
of the above formal power series since H4(X,C) = 0 for g > dimrX. 

We now recall that X is assumed to be compact, and then we let, for 


c € H*(X,O), 
lxI= f om. 
X 


where ¢,, 1s a closed differential form of degree m representing the homo- 
geneous component in c of degree m; 1.e., from the viewpoint of algebraic 
topology we evaluate the cohomology class on the fundamental cycle. By 
Stokes’ theorem the above definition is a sensible one. We are now in a 
position to state the following theorem due to Hirzebruch for projective 
algebraic manifolds. 


+Of course, the characteristic class theory is valid in a more general topological category, 
and the cohomology ring has the cup product of algebraic topology for multiplication, but 
on a differentiable manifold, the two theories are isomorphic. 
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Theorem 5.8 (Riemann-Roch-Hirzebruch): Let X be a compact complex 
manifold, and let E be a holomorphic vector bundle over X. Then 


X(E) = {ch(E) * T(T(X))}LX]. 


Note that the left-hand side of the equality depends a priori on the 
complex structure of X and E, whereas the right-hand side is a priori a 
complex number (we could have made it a rational number had we worked 
with integral coefficients for our cohomology). Therefore two immediate 
consequences of the above formula is that these dependences are superfluous; 
1.e., the left-hand side depends only on the underlying topological structure, 
and the right-hand side is an integer. 

This theorem is a special case of the Atiyah-Singer index theorem, dis- 
cussed in Sec. 4, and was formulated and proved for projective algebraic 
manifolds by Hirzebruch in a famous monograph (Hirzebruch [1]) in 1956. 
The special case of a Kahler surface had been proved earlier by Kodaira. 
For n = 1 and E a line bundle, the above theorem is essentially the classic 
theorem of Riemann-Roch for Riemann surfaces (in the form proved by 
Serre [1]). This case is discussed thoroughly by Gunning [1]. For applica- 
tions of the Riemann-Roch Theorem in this form to the study of compact 
complex surfaces (complex dimension 2), see Kodaira [5]. 


CHAPTER V 


COMPACT 
COMPLEX MANIFOLDS 


In this chapter we shall apply the differential equations and differential 
geometry of the previous two chapters to the study of compact complex 
manifolds. In Sec. 1 we shall present a discussion of the exterior algebra on a 
Hermitian vector space, introducing the fundamental 2-form and the Hodge 
*-operator associated with the Hermitian metric. In Sec. 2 we shall discuss 
and prove the principal results concerning harmonic forms on compact 
manifolds (real or complex), in particular, Hodge’s harmonic representation 
for the de Rham groups, and special cases of Poincaré and Serre duality. 
In Sec. 3 we present the finite-dimensional representation theory for the Lie 
algebra sl(2, C), from which we derive the Lefschetz decomposition theorem 
for a Hermitian exterior algebra. In Sec. 4 we shall introduce the concept of 
a Kahler metric and give various examples of Kahler manifolds (manifolds 
equipped with a Kahler metric). In terms of a Hermitian metric we define 
the Laplacian operators associated with the operators d, 0, and @ and show 
that when the metric is Kahler that the Laplacians are related in a simple 
way. We shall use this relationship in Sec. 5 to prove the Hodge decomposi- 
tion theorem expressing the de Rham group as a direct sum of the Dolbeault 
groups (of the same total degree). In Sec. 6 we shall state and prove Hodge’s 
generalization of the Riemann period relations for integrals of harmonic 
forms on a Kahler manifold. We shall then use the period relations and the 
Hodge decomposition to formulate the period mapping of Griffiths. In par- 
ticular, we shall prove the Kodaira-Spencer upper semicontinuity theorem 
for the Hodge numbers on complex-analytic families of compact manifolds. 


1. Hermitian Exterior Algebra on a Hermitian Vector Space 


Let V be a real finite-dimensional vector space of dimension d which is 
equipped with an inner product (,), a Euclidean vector space, and suppose 
that AV denotes the exterior algebra of V. Then for each degree p, the 
vector space A? V has an inner product induced from the inner product of V. 
Namely, if {e1, ..., eg} is an orthonormal basis for V, then {e;, A---Ae,: 1 < 
i) <iy <-+- <i, <d} is an orthonormal basis for A?V. An orientation on 


154 
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V is a choice of ordering of a basis such as {e;,...,e 7} up to an even 
permutation, which is equivalent to a choice of sign for a particular d-form, 
€.8., Cp A+++ A eg. 

We now define the Hodge «-operator. Choosing an orthonormal basis 
{e,,..., ea} for V as above, fix an orientation of V by specifying the d form 
e; A-+-Aeq which we will denote by vol (for volume element). The Hodge 
*-operator is a mapping 


aD APV > ahry 


defined by setting 


*(E;, A+++ Gin) = rej, [eves A Cjg_y? 


where {j1,..., ja—p} is the complement of {i,,...,7,} in {1,...,d}, and we 
assign the plus sign if {i,,...,i,, j1,-.-, ja-p} 18 am even permutation of 
{1,...,d}, and the minus sign otherwise. In other words x is defined so that 


(1.1) ej Avs A Cin A #(Ei, Av A Gi) = C1 A+++ A €g = VOL. 


1 
Extending x by linearity to all of A’V we find that if a, B € A’V, then 
(1.2) a A *B = (a, B) vol, 


where (a, 6) is the inner product induced on A?V from V. Let us check 
that (1.2) is valid. Namely, if 


a= ) ayes, 


=p 


p= y_ bues, 


\Jl=p 


and 


using multi-index notation, then 


, 
aA *B = Ss arb je, A *é7. 


[|=p 
\Jl=p 


We see that the wedge product in each term of the sum vanishes unless 
I = {i,,...,i,} coincides with J = {ji,...,j,}, and then it follows 
immediately from (1.1) that 


aA xB = LS a,b, vol 
=p 
= (a, B) vol. 


It is easily checked that the definition of the Hodge x-operator is independent 
of the choice of the orthonormal basis, and depends only on the inner 
product structure of V as well as a choice of orientation. 


+The classical references for the *-operator are Hodge [1], de Rham [1], and Weil [1]. 
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We can extend (1.2) easily to complex-valued p-forms. Namely, if a, B € 
APV @C, then B is well defined (cf. Sec. 1.3). We write 


/ 
a= ) aye;, a, EC, 


l=p 
B=) Bier, Br EC, 
l=p 
then we define an Hermitian inner product on A’?V @C by 
(a, B) = Do arf. 
=p 


If a, 8 are real, then we have the original inner product, so we use the same 
symbol (,) for this complex extension. It follows then immediately that if 
* Is extended to A*V @C by complex linearity, we obtain the relation 


(1.3) a A *B = (a, B) vol. 
Let I, denote the projection onto homogeneous vectors of degree r, 
Il.: AV —A'V, 
and define the linear mapping w: A V > AV by setting 
w = X(-1)""'Nl,. 
It is easy to see that ** = w, and we remark that if d is even, then we have 
(1.4) w = X(-1)’TI,. 
Let E be a complex vector space of complex dimension n. Let E’ be the 
real dual space to the underlying real vector space of E, and let 
F = E' @aC 


be the complex vector space of complex-valued real-linear mappings of E 
to C. Then F has complex dimension 2n, and we let 


2n 
AF =) APF 
p=0 


be the C-linear exterior algebra of F. We will refer to an w € A?F asa 
p-form or as a p-covector (on E). Now, as before, AF is equipped with a 
natural conjugation obtained by setting, if w € A’F, 
O(V,.-.,Up) = @(VY,..., Up), vj, EE. 

We say that w € A’F is real if @ =, and we will let Ap F denote the real 
elements of A’F (noting that A’ E’ = ARF). 

Let A!°F be the subspace of A!F consisting of complex-linear 1-forms 
on E, and let \°'F be the subspace of conjugate-linear 1-forms on E. Then 
we see that A!F = A°'F and moreover 


AMF =A!°F @A°'F, 
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and this induces (as in Sec. 1.3) a bigrading on AF, 

2n 

nea dD Ate 

r=0 p+q=r 

and we see that if we A’? F, then @ € AY’ F. 
Now we suppose than our complex vector space is equipped with a 

Hermitian inner product (,). This inner product is a Hermitian symmetric 
sesquilineary positive definite form, and can be represented in the following 


manner. If {z,,..., Zn} is a basis for A!°F, then {Z;,...,Z,} is a basis for 
A°!F, and we can write, for u,v € E, 

(u,v) =hlu, v), 
where 


h= wore ® Zu 
[Lv 
and (hag) is a positive definite Hermitian symmetric matrix. Now h is a 
complex-valued sesquilinear form acting on E x E, and we can write 


h=S-+iA, 


where S and A are real bilinear forms acting on FE. One finds that S is a 
symmetric positive definite bilinear form, which represents the Euclidean 
inner product induced on the underlying real vector space of E by the 
Hermitian metric on E. Moreover one can calculate easily that 


1 thy 
A= Bae eee! 


SiS Nate Bs 
Lv 
Let us define 
i 3 
(1.5) Q=5 Zee A2v, 


the fundamental 2-form associated to the hermitian metric h. One sees 
immediately that 


and thus 


(1.6) h=S—2iQ. 


Moreover & € ARF , Le., @ is a real 2-form of type (1, 1). We can always 
choose a basis {z,} of A!°F so that h has the form 


(1.7) k= G.@ay 
a 


+We recall that a mapping f: E x E > C is sesquilinear if f is real bilinear, and 
moreover, f(Au,v) =Af(u,v), and f(u,Av) =Af(u,v),rA EC. 
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It then follows that, if we let 


_ fut Zu he ea 
Xu = 7” yu = oF, 
be the real and imaginary parts of {z,}, then 
(1.8) h= YG p Bp t+ Yu @ Yu) — 2! DAY): 
Me Mb 


and thus from (1.5), with respect to this basis, 


S= 0x, OX, t+ YOM 


2= Anas Duta 


It follows from this that 


(1.9) 


(1.10) Q" = n'xy A yp Avs? A Xn A Yne 


Thus the fundamental 2-form associated to a Hermitian metric is a real form 
of type (1, 1) whose coefficient matrix is positive definite, and moreover, Q” 
is a nonzero volume element of E£’. Thus &” determines an orientation on 
E’, and we see from (1.9) that {x,, y,} is an orthonormal basis for E’ in 
the induced Euclidean metric of E’. Thus we see that there is a naturally 
defined Hodge +-operator 


(1.11) APE’ —> 2? E’ 


coming from the Hermitian structure of E. Namely, E’ has the dual metric 
to the real underlying vector space of E, while E’ is equipped with the 
orientation induced by the 2n-form &” coming from the Hermitian structure 
of E. We define 


1 
(1.12) vol = —Q’, 
n! 


which, with respect to the orthonormal basis used above, becomes 
vol = x1 A yp A+++ A Xn A Yn- 


Note that the definition (1.12) does not depend on the choice of the basis, 
and is an intrinsic definition of a volume element on E’. 

We are now interested in defining various linear operators mapping 
AF -—> AF in terms of the above structure. Recall that we already defined 
w for an even dimensional vector space by (1.4), and this therefore defines 

w: AE! —> AE’ 
which we extend by complex-linearity to 
w: AF — AF 


where 
Il.: AF — AF 
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is the natural projection. Similarly, since E has a Hermitian structure, as 
we saw above, there is a natural +-operator 


x: APE! —> A? E! 

which we also extend as a complex-linear isomorphism to 
* APF —> A7? F, 

Both w and x are real operators. Now we let 


II A F —> APTF 


P.4* 
be the natural projection, and we define 
J: AF — AF 


by 
Pa Gg: 


Recall that the real operator J which represents the complex structure of 
the vector space F has the property that if v ¢ A!°F, then Jv = iv, and if 
v € A°'F, then Jv = —iv. Thus we see immediately that J defined above 
is the natural multilinear extension of the complex structure operator J to 
the exterior algebra of F. We note also that J* = w as linear operators. 

We now define a linear mapping L in terms of &, the fundamental form 
associated to the Hermitian structure of FE, namely, let 


L: AF —- AF 
be defined by L(v) = 2 A v. We see that 
L: APF —> A? F 
so it is homogeneous and of degree 2. Moreover, 
L: APOF —> aPthatl Bp 


and L is bihomogeneous of bidegree (1, 1), and it is apparent that L is a 
real operator since Q is a real 2-form. Recall from (1.3) that A’F has a 
natural Hermitian inner product defined by 


(a, B)vol = a A xB, 


where vol = (1/n!)Q" as before. With respect to this inner product L has 
a Hermitian adjoint 


Lx: A? F — A? ?F, 2< p <2n, 
and one finds that 


(1.13) L* = wxLx. 
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To see that (1.13) holds we compute, for a € A’ F, B € A?#7F, 
(La, B)vol = @ Aa A (xp) 

=a A QA (xB) 

=an LxB 

=anr *xw*L*B 

=an *xw*L*B 

= (a, wx L*B)vol 

= (a, L*xB)vol 
using the fact that *w*« = id, and x, L, and w are real operators. It follows 
from (1.13) that L* is a real operator, homogeneous of degree —2. It 
will follow from the next proposition that L* is bihomogeneous of degree 

—1,-1). 

If M a N are two endomorphisms of a vector space, then we will 
denote by [M, N] = MN—NM the commutator of the two endomorphisms. 


We now have a basic proposition giving fundamental relationships between 
the above operators. 


Proposition 1.1: Let £ be a Hermitian vector space of complex dimension 
n with fundamental form @ and associated operators w, J, L, and Lx. Then 


(a) “Tyg = TT eieactes 


(b) [L,w] =[L, J] =[L*, w] =[L*, J] =9, 


() [Lt L] = 290 — p)M. 


To prove Proposition 1.1, it is necessary to introduce some notation which 
will allow us to effectively work with the convectors in AF. Let N = 
{1,2,...,m}, and let us consider multi-indices J = (j1,...,)), where 
}41,.--, Mp are distinct elements of N, and set |J| = p. Let {z1,..., zn} be 
a basis for A!°F such that the Hermitian metric h on E has the form 
h =), 2 @Z, as in (1.7), with @ given by (1.9), and with (1/n!)Q2” = 
vol = x) Ay) A+++ AX, AY, Where z, =X, +iy,, as in (1.10). The operator 
* is now well-defined in terms of the orthonormal basis {x1, y1,..., Xn; Yn}. 
If I = (W1,..., &p), then we let 
Zr = Zp A Zp N07 A Zap 


tp Ag A eR 


If M is a multiindex, we let 
wu = I] ighig= ea I] Xp A Yu: 
weM “eM 
In this last product it is clear that the ordering of the factors is irrelevant, 
since the terms commute with one another, and we shall use the same symbol 
M to denote the ordered p-tuple and its underlying set of elements, provided 
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that this leads to no confusion. Any element of AF can be written in the 
form ' 
So Ca,B.MZA A Zp A Wm, 
A,B,M 
where c4.3.v € C, and A, B, and M are (for a given term) mutually disjoint 
multiindices, and, as before, the prime on the summation sign indicates that 
the sum is taken over multiindices whose elements are strictly increasing 
sequences (what we shall call an increasing multiindex). 

We have the following fundamental and elementary lemma which shows 
the interaction between the «-operator (defined in terms of the real structure) 
and the bigrading on AF (defined in terms of the complex structure). 


Lemma 1.2: Suppose that A, B, and M are mutually disjoint increasing 
multiindices. Then 
*(Za A Zep A Wu) = YG, b,m)Z4 A ZB A Wm 


for a nonvanishing constant y(a,b,m), where a = |A|,b = |B|,m = |M|, 
and M’= N—(AUBUM). Moreover, 


v(a, b, m) = i9-(—1)P@t+D/2+m (_a;yP—" 


where p =a+b+ 2m is the total degree of z4 A Zz A wy. 


Proof: Let v=z4AZg A wy. If A = A, UA: for some multiindex A, let 
0 if ANA, AD 
ae ao if A,;A> is an even permutation of A 
-l if A,A, is an odd permutation of A. 
Using this notation it is easy to see that 
= Se ina, A Vays 
A=A1UA 


where the sum runs over all decompositions of A into increasing multiindices 
A; U Ao, and a; = |Aj|, etc. Thus we obtain 


/ 
= “\m Aj Aq By Bo -ay—b 
v = (-2i) ) oa Sagas cs 2x4, A Yay A XB, A Yay A | [Xu A Yu 
A=A,UA ueM 
B=B,UB> 


We now want to compute «xv, having expressed v in terms of a real basis, 
and we shall do this term by term and then sum the result. To simplify the 
notation, consider the case where B = @. We obtain 


(1.1) *(z4 A wy) = (-2i)” > Eg ieee, A Ya, A I] Xp A Yu}: 
A=A UA) ueM 
It is clear that the result of x acting on the bracketed expression is of the form 
(1.2) £X4, A Ya, A I] Xp A Vs 
pweM’ 
where M’ = N—(AUM). The only problem left is to determine the sign. 
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To do this it suffices (because of the commutativity of ] Jucwen A y,) to 
consider the product (setting a) = |A2|) 
a 2 

Xa, A Vay AXAy A Ya, = (-1)® Xa, A Ya, AXAy A Vane 
Now, in general, 
Xe A ye = (HMI DP x A ug Ave A Xuicy A Yule» 
and applying this to our problem above, we see immediately that the sign 
in (1.2) is of the form 

(—1) 2 Far /2+47(ay—D/2 = (1 

Putting this into (1.1), we obtain 


(1.3) *(z4 A wm) = (—2i)” ~ ‘eAtA2 ja (1x4, Aya, A I] Xp A Yp- 


A=A UA) weM’ 
The idea now is to change variables in the summation. We write 
AA AjQA 
a 2 — (-1I)@e47 1 


[2 = i4(-1)%i4 ; 
and substituting in (1.3) we obtain 


*(ZA A wm) = i PED os ee yr) 
A=A UA) 
“Xa A Ya, A I] Xu Yur 
eM’ 
which is, modulo the bracketed term, of the right form to be const(z4 A wy). 
A priori, the bracketed term depends on the decompositions A = A; U A); 
however, one can verify that in fact 
(1y tae = (—1) tt = (Ayre. 
and the bracketed constant pulls out in front the summation, and we obtain 
*(Z4 A Wy) = 19 (—1)PPT DP ™ (_2i)P "24 A wy. 
The more general case is treated similarly. 
Q.E.D. 


Proof of Proposition 1.1: Part (a) follows immediately from Lemma 1.2. 
We note that (a) is equivalent to 

(a’) |,pap: APY F —> A"¢"-? F is an isomorphism. 
Part (b) follows from the fact that L and A are homogeneous operators 
and are real. 


We shall show part (c). Using the notation used in Lemma 1.2, we observe 
that 


. n 
- i 2 . 
La A Zp A wm) = 5 (Dieu Au) Aza A Ze A wa 


(1.4) yal 


i 4 
= 7%4 NA ZB A (> wun): 


eM’ 
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where M’ = N —(AUBUM), as before. On the other hand, we see that, 
using Lemma 1.2 and the definition of A, 


: 2 ee 

(1.5) A(Za A Zp A WM) = 7% A ZB A ( a war jn)): 

weM 
Using these formulas, one obtains easily, assuming that z4 A Zz A wy has 
total degree p, 

AL—LA=(n— p)Za AZp A Uy, 
and part (c) of Proposition 1.1 follows immediately. 
Q.E.D. 


2. Harmonic Theory on Compact Manifolds 


In this section we want to give further applications of the theory of har- 
monic differential forms on compact (differentiable or complex) manifolds. 
As we have seen in Chap. IV, the Laplacian on a Riemannian manifold is 
defined by dd* + d*d, where dx is the adjoint with respect to some inner pro- 
duct on the (elliptic) complex €*(X) of complex-valued differential forms on 
X. We want to use the x-operator of Sec. | to define a particular inner product 
for the vector space of differential forms of a given degree, from which will 
follow a useful formula for the adjoint operator d* (and related operators). 

Suppose that X is a compact oriented Riemannian manifold of d dimen- 
sions. Then the orientation and Riemannian structure define the *-operator 
as in Sec. 1: Si 

* AP T*(X) > AT? TH(X) 
at each point x € X. Moreover, « defines a smooth bundle map, since we 
can define it in the neighborhood of a point by choosing a smooth local 
(oriented) orthonormal frame. Hence « induces an isomorphism of sections 
(assuming that we extend « to A?T*(X) ®C by complex linearity), 


#: €?(X) —> €4-P(X), 


where d = dimyX. 
Suppose that y € €7(X). Then we can define, in a standard manner, 


[¢ 


by using a partition of unity {g,} subordinate to a finite covering of X by 
coordinate patches. Namely, let 


fai Uy c R? > X 


open 


be the coordinate mappings, and set 


fe=Xf mead fp saerdn n-rdre 
x a Ua a vRe 


where the C™ function g, has compact support in U,. This is easily seen 
to be independent of the coordinate covering and partition of unity used. 
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If X is an oriented Riemannian manifold, then X carries a volume element 
dV, which is nothing but a d-form g € €4(X), with the property that in 
any oriented system of local coordinates U c X 


p(x) = f(x)dx; A+++ Adxa, 
where f(x) > 0 for all x € U. By means of the «-operator it is easy to see that 
g =*(1), (le Cc €(X)) 


is indeed a volume element on X. 


Remark: Denote in local coordinates the Riemannian metric on X by 
ds? = giidx' @ dx!, 
using the summation convention, where g;; is a symmetric positive definite 
matrix of functions. If we let g‘/ be defined by 
g'/gj, = 5, (Kronecker delta), 
and if we raise indices by setting 
qilip = gilile gids... 6 BPP aii: 
then we can express the *-operator given by the metric ds? explicitly in 
terms of these quantities (cf., deRham [1], pp. 119-122). Namely, we have, if 


a= os Qj,..ip AX"! A+++ A dx'?, 


i <--<ip 
then 
(xa) = SS Ga)jegpgdx’! A+++ A dxid-p, 
hi<~<jd—p 
where 
(#0) jp-jgep = +,/det(g:;)o'"”, 
where {ij,..., i), ji,---, ja-p} = {1,...,d}, and we have the positive sign if 


the permutation is even and negative sign in the other case (just as in the 
case of an orthonormal basis). Thus in particular 


*(1) = ,/det(gi;) dx! A--» A dx4 


is the volume element in this case. 
Define 


(9, v) = / grey, 9,wel?(X) 
(2.1) . 


(yw) =090, pe EX), we EX), p#q 


and the integral is well defined since gy A *W is a d-form on X. We can 
extend this definition to noncompact manifolds by considering only forms 
with compact support. We then have the following proposition. 
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Proposition 2.1: The form (,) defined by (2.1) defines a positive defi- 
nite, Hermitian symmetric, sesquilinear form on the complex vector space 
Ex(X) = @4_9€?(X). 


Proof: The Riemannian metric on X induces an Hermitian inner product 
{(,) on A?Tx*,(X) for each x € X, given by, for y, W p-forms on X, 


gp Axb = (gv, p)vol 
as we saw in (1.3). It is then clear that 


o.w= | orsi= fie, w)vol 
X X 


is a positive semidefinite, sesquilinear Hermitian form on €?(X). To see 
that ( , ) is positive definite, suppose that gy € €?(X) is not equal to zero 
at x) € X, then near x9, we can express g in terms of a local oriented 


orthonormal frame for T*«(X) @ C, {e,..., ea}, 
g= x G11, 
WN=p 
and ' 
gy A*p = Yi? vol 
=p 


near x9, and *),,_,, |g7|? > 0 near xo. Then the contribution to the integral 


w.0= forse 
X 


will be nonzero, and thus (9, g) > 0. 
Q.E.D. 


Thus the elliptic complex (€*(X), d) is equipped with a canonical inner 
product depending only on the orientation and Riemannian metric of the 
base space X (in Sec. 5 of Chap. IV we had allowed arbitrary metrics on each 
of the vector bundles appearing in the complex). We would have arrived at 
the same inner product had we merely used the metric on A?T*(X) naturally 
induced by that of T(X) and for our strictly positive measure dd used the 
volume element x(1). However, the representation we have given here for 
the inner product on €*(X) will prove to be very useful, as we shall see. 
For convenience, we shall call the inner product (2.1) on €*(X) the Hodge 
inner product on E*(X). 

Suppose that X is a Hermitian complex manifold. Then we can define the 
Hodge inner product on €*(X) with respect to the underlying Riemannian 
metric and a fixed orientation given by the complex structure (all complex 
manifolds are orientable). 


Proposition 2.2: The direct sum decomposition €”(X) = }> pega OPCS) Is 
an orthogonal direct sum decomposition with respect to the Hodge inner 
product. 
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Proof: Suppose that g € E?4(X) and that yw € €’*(X), where p+g = 

r +s. Then we see that gy A x is of type (n-—r+p,n—s+q), since w 

is of type (s,r) and *w is then of type (n —r,n —s) by Proposition 1.1. 

Therefore y A x is a 2n-form if and only if r = p and s = q. Otherwise, 
y A x*w is identically zero. This proves the proposition. 

Q.E.D. 


Using the Hodge inner product, it will be very easy to compute the adjoints 
of various linear operators acting on €*(X) (cf. the computation of Lx in 
Sec. 1). First we want to modify the +-operator in a manner which will be 
convenient for this purpose. On an oriented Riemannian manifold we define 


a: E*(X) —> E*(X) 


by setting *(y) = *g. Thus * is a conjugate-linear isomorphism of vector 
bundles, 


xz AP T*(X). —> A” PT*(X)o, 
where m = dimgX. Suppose that X is now a Hermitian complex manifold 
and that E —> X is a Hermitian vector bundle. Let 
t: E —~ E* 
be a conjugate-linear bundle isomorphism of F onto its dual bundle Ex. The 


mapping t depends on the Hermitian metric of E and is defined fibrewise 
in a standard manner. We then define 
Xp. A? T*(X). @ E — A"-?T*(X). @ E* 
by setting 
*E(Y @ €) = *(~) @ T(e) 
for g € APT*(X), and e € E,. Thus *¢ is a conjugate-linear isomorphism 
of Hermitian vector bundles. We recall that we defined €’(X, E) to be the 
sections of A’T*(X), ® E and that, moreover, there is a decomposition into 
bidegrees 
RES \* Eo e), 
p+q=r 
Thus we note that first the Hodge inner product on €*(X) can be written as 


ww = | ons. 
x 


and we extend this to a Hodge inner product on €*(X, E) by setting 


(2.2) Coe / heed 
xX 


if gy, w € E'(X, E). It is easy to see that g \*zW does make sense and is 
a scalar 2n-form which can be integrated over X (where n = dimcX). In 
fact, if we let (,) represent the bilinear duality pairing between E and E*, 
then we set, for g € A?T*(X)c,e € Ex, W € A -?T#(X)., f € EX, 


(YODVAWS@S/=GOAW le, f) EA"TH (Xe. 
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By using a basis for E and a dual basis for E*, we can extend this exterior 
product to vector-bundle-valued differential forms, and it is easily checked 
that the resulting exterior product is independent of the choice of basis. 
Thus (2.4) defines what we shall call a Hodge inner product on €*(X, E). 
Then it is easy to see that *z preserves the bigrading on €*(X, E), and 
that, in fact, 
Ee: €?4(X, E) —> €"-P"-4(X, E*) 

is a conjugate-linear isomorphism. It is then clear that Proposition 2.2 
extends to this case. 

We are now in a position to compute the adjoints of various operators 
with respect to the Hodge inner product. Moreover, all adjoints in this and 
later sections of the book will be with respect to the Hodge inner product. 


Proposition 2.3: Let X be an oriented compact Riemannian manifold of 
real dimension m and let A = dd* + d*d, where the adjoint d* is defined 
with respect to the Hodge inner product on €*(X). Then 


(a) d* = (—1)"P ds = (—1y""P tad on E?(X). 
(b) *A=Ax, A= AR. 


Proof: The basic fact we need is that ** = w, as defined in Sec. 1. 
Suppose that g € €?-'(X) and that w € €?(X). Then we consider 


Cle / do nk 
XxX 


=f dens -cor | ora, 
Xx xX 


by the rule for differentiating a product of forms. Moreover, by Stokes’ 
theorem, we see that the first term vanishes, and hence we obtain (noting 
that «x = ** = w, since x is real) 


Gia / ye Cary 
xX 


= co f po A *(xwd*)y 
xX 


= (a Wea Ce xdkw), 


and thus we have 


d* = (—1)™ "kd, 
and since d is real, we also obtain 
dt = (—1)y™ tad. 
To prove (b), we compute, for gy € E?(X), 
*Ag = (-L)™ "Pt (xdadx + (—1)"*d*d)o 
Axy = (-1)"*™""P)+! dcdx + (—1)" ded *)Q, 


168 Compact Complex Manifolds Chap. V 


and so it suffices to show that (recall that w = *«) 
wdxdg = dxdw@. 


But this is simple, since w = })(—1)?*”""TI,, and thus the right-hand side 
is dxd(—1)?*"?y, whereas the left-hand side has degree m — p, and so 
wdxdg = (—1)"-?t"™"P) dxdgy = (—1)?*"?dxdg. 
Q.E.D. 


We have a similar result for the Hermitian case. Note that ¥,,, 1s defined 
in the same way as ¥¢ by using t~!: E* —> E. 


Proposition 2.4: Let X be a Hermitian complex manifold and let E —> X 
be a Hermitian holomorphic vector bundle. Then 


(a) a: €?4(X, E) —> €?-4+!'(X, E) has an adjoint d* with respect to the 
Hodge inner product on €**(X, E) given by 


(b) If = 4d*+*9 is the complex Laplacian acting on €**(X, E), then 


kp = Rp 


Proof: In this case we also have *¢¥-» = w = )\(—1)’II,, a simpler 
expression since the real dimension of X is even. The proof of (a) then 
follows as before, with minor modification. Suppose that g € €?4—!(X, E) 
and that y <« €?4(X, E). Then we have that g\*¢yp is a scalar differential 
form of type (n,n — 1), and hence 0(9 A *eW) = d(g A gw). Moreover, 

Oy A keh) = 09 A Fe + (-DP 19 A dFeW. 
Substituting into the inner product, we obtain, using Stokes’ theorem as in 
the proof of Proposition 2.3, 


(Gp, W) = (14 / ohoew 
»4 


= 1 [oA Se(wir- Rew) 
= — | or FeGedeeW) 


= (9, —*exO* EW), 
and hence (a) is proved. The proof of (b) is exactly the same as in Propo- 
sition 2.3 (Note that 0 acting on €**(X, E) and €**(X, E*) denotes two 
different operators). 


Q.E.D. 


Remark: We note that only 0 acts naturally on €?4(X, E) for a nontrivial 
holomorphic vector bundle E, whereas d and hence d do not, since they 


Sec. 2 Harmonic Theory on Compact Manifolds 169 


do not annihilate the transition functions defining E. However, in the scalar 
case, we have 0: €?.7(X) —> €?+!-4(X), and by the same calculation as above 
we obtain that 0* = —xd* and that LD = 00*+0*d commutes with *, exactly 
the same as the d-operator case. 


Using the above results we can derive two well-known duality theo- 
rems. We first remark that a finite dimensional complex vector space EF is 
conjugate-linearly isomorphic to a complex vector space F if and only if 
F is complex-linearly isomorphic to E*, the dual of E (and the bilinear 
pairing of E to F can be obtained from a Hermitian inner product on £). 


Theorem 2.5 (Poincaré duality): Let X be a compact m-dimensional ori- 
entable differentiable manifold. Then there is a conjugate linear isomorphism 
o: H"(X,C) — H”"(X, ©), 

and hence H”~"(X, C) is isomorphic to the dual of H’(X, C). 


Proof: Introduce a Riemannian metric and an orientation on X and let 
* be the associated +-operator. Then we have the commutative diagram 


er(X) —> e"-r(X) 
{Hs | Hs 
KH’ (X) aie i Rios (X) 
I| 2 I| 2 
H’(X,C) —> H"-"(X,C), 


where Ha is the projection onto the harmonic forms given by Theo- 
remIV.4.12, and the mapping * maps harmonic forms to harmonic forms 
since Ax = *A, as we saw in Proposition 2.3. Moreover, the de Rham 
groups H"(X,C) are isomorphic to ’(X) (Example IV.5.4), and o is the 
induced conjugate linear isomorphism. 

Q.E.D. 


Remark: We could have restricted ourselves to real-valued differential 
forms and obtained the same result. Also, the more general Poincaré duality 
theorem of algebraic topology is true with coefficients in Z and is indepen- 
dent of any differentiable structure on X, but one needs a different type of 
proof for that (see, e.g., Greenberg [1]). 


Corollary 2.6: Let X be as in Theorem 2.5. Then 
b.(X) = by_,(X), r=O0,...,m. 


Our next result is more analytical in nature and depends very much on 
the complex structures involved, in contrast to the Poincaré duality above. 
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Theorem 2.7 (Serre duality): Let X be a compact complex manifold of 
complex dimension n and let E —> X be a holomorphic vector bundle 
over X. Then there is a conjugate linear isomorphism 

o: H'(X, 2?(£)) — AH" '(X, 2" ?(E*)), 
and hence these spaces are dual to one another. 


Proof: By introducing Hermitian metrics on X and E£, we can define 
the *- operator. Then we obtain the following commutative diagram, 
£99 (X, E) —e GP -4(X, E*) 
} Ho ) Ho 
HP4(X, E) —> H"-P"-4(X, E*) 
ir ir 
H?4(X, E) —> H"-?"-4(X, E*) 
Il? . II. 
H?(X, 2°(E)) — HA" 4(X, Q ?(E*)), 
which proves the result immediately. Once again, *; maps harmonic forms 
to harmonic forms by Proposition 2.4, and the {H?(X, E)} are the Dol- 
beault groups [the cohomology of the complex (€?*(X, E), 0)], which are 
isomorphic to H7(X, 2?(E)), as we saw in Theorem II.3.20. 


Q.E.D. 


Remark: Serre proved this also in the case of noncompact manifolds, 
under certain closed range hypotheses on @ and by using cohomology 
with compact supports, ie, H2(X,Q?(E)) is the topological dual of 
H"~*(X, Q" 4(E*)), where H!( ) denotes cohomology with compact sup- 
ports. In our case we have finite dimensional vector spaces (due to the 
harmonic theory), in which case Serre’s hypothesis is fulfilled and the com- 
pact support is automatic. Serre’s proof (in Serre [1]) used resolutions of 
Q’(E) by both C~ forms and by distribution forms, and he was able to 
utilize the natural duality of these spaces to obtain his results. The proof 
above is due to Kodaira [1]. 


Corollary 2.8: Let X be a compact complex manifold of complex dimension 
n. Then 

(a) b,(X) = by, (X),r =0,..., 2n. 

(b) AP4(X) = h™P"-4(X), pg =0,..., 0. 


3. Representations of s{(2,C) on Hermitian Exterior Algebras 


In this section we summarize the finite-dimensional complex representa- 
tion theory for the Lie algebra sI(2, C) of 2 x 2 complex matrices with trace 
zero, and then we will apply this theory to specific representations arising 
from Hermitian exterior algebras as in Sec. 1. This representation theory is 
available in various references (e.g., Serre [3], Varadarajan [1]), and we will 
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survey the principal ideas needed for the applications we have in mind. We 
will use some elementary facts and terminology concerning Lie groups and 
Lie algebras as is found in any introduction to the subject (e.g., Chevalley [1], 
Helgason [1], Varadarajan [1]), such as the Lie algebra of a Lie group, and 
the associated exponential mapping, invariant measure on Lie groups, etc., 
although we will be using these concepts only for specific low-dimensional 
matrix groups and matrix algebras. 

We recall that a Lie algebra is a vector space 21 equipped with a Lie 
bracket product [ , ] which is anticommutative, and which satisfies the Jacobi 
identity 

[X, [Y, ZJ]+ LY, [Z, X]] + [Z, [X, Y]] = 0. 


An algebra of matrices equipped with the commutator Lie bracket is the 
prototypical example of a Lie algebra. A representation of a Lie algebra 2 
on a complex vector space V is an algebra homomorphism 


: A —> End(V), 


where End(V) is the Lie algebra of endomorphisms of V equipped with 
the commutator Lie bracket [A, B] = AB — BA. If n= dim V < ov, then 
we say that the representation has dimension n. If dim V = ov, then we 
say that z is an infinite-dimensional representation. A representation z is 
irreducible if there is no proper invariant subspace Vo 4 0 of V. Here Vo is 
a proper invariant subspace if 0 4 Vo 4 V, and 


mw(X)Vo C Vo, for all X © 2. 


If 2, and zz are representations on V,; and V, respectively, then 7 = 1, @ 1 
is a representation of 21 on V; @ V2 in a natural manner. Two representations 
mz, and zm» are equivalent if there is an isomorphism S: Vj > V> so that 
a, = S~'n)S. A representation mz is completely reducible if it is equivalent to 
a direct sum of irreducible representations. A representation of a Lie group 
(e.g., a matrix group) G on a finite-dimensional complex vector space V is 
a real-analytic homomorphism p: G > GL(V), where GL(V) denotes the 
Lie group of nonsingular endomorphisms of the vector space V. In this 
case, one has the same notions of irreducibility, complete reducibility, etc. 
as discussed above for representations of Lie algebras. 

The Lie algebra s{(2, C) is, by definition, 2 x 2 complex matrices with trace 
zero. One finds that sl(2,C) is the Lie algebra of the Lie group SL(2, ©), 
the group of 2 x 2 matrices with complex coefficients and determinant equal 
to 1. There is an exponential mapping 


(3.1) exp: sl(2,C) — SL(2,C) 
given by 


oe) 
expX =e* = yo x"/n!, 


n=0 
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which is norm convergent, and where, for t € C, 


eX =14+1X + O((t\), 
(3.2) eXe'¥ = 74 t(X + Y)+ O(t|’), 
eX eV eX oY = 7 4 (LX, Y]) + Olt), 


which indicates the basic relationship between the group law in SL(2, C) 
and the Lie bracket in s[(2, C). 

Now consider the subgroup SU(2) of SL(2,C) consisting of unitary 
2 x 2 matrices of determinant one. It follows readily from (3.2) that su(2), 
the corresponding Lie algebra of SU(2), consists of skew-Hermitian 2 x 2 
matrices of trace zero, i.e., X + X* = 0,tr(X) = 0, where X* = 'X is 
the Hermitian adjoint. Thus we have the following diagram of groups and 
algebras, where i is the natural inclusion: 


(3.3) si) — >i.) 


| exp | exp 


SU(2) = SL(2,C). 


For reference, we will write down explicit generators for these algebraic 
objects. First we note that s{(2,C) has dimension 3 and a basis is given by 


0 1 0 0 1 0O 
em ox=[?], r-[? 9, wel 9). 


One checks that the commutation relations 
(3.5) [X,Y]=H, [H,X])=2xX, [H,Y]=-—2Y 


hold. We see easily that su(2) is a real form of sl(2, C) (1.e., as vector spaces, 
sl(2, C) = su(2) ®r C), and has a basis (over R) given by 


iH, X—Y, i(X+Y). 


We note that i(X + Y) generates a one-parameter subgroup of SU(2) given 
by 
cost isint 


BADER = sint cost 


|: teR. 


This can be checked by a direct computation or by noting that both 
l-parameter subgroups have the same generator, namely 


: {0 1 d [cost isint 
waxy =i ols lian ie 


t=0 


Let 


(3.6) w = exp[sin(X + Y)] = E | : 
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and we see that conjugation by w in sl(2, C) gives rise to a reflection with 
respect to the above basis (the Weyl group reflection). Namely, 


wHw |= —H, wXw l= ¥* w¥Yw =X. 


We return now to diagram (3.3). For each of the algebraic objects in 
(3.3) one considers representations on a complex vector space V, as we 
have done before: 


[su(2) —> End(V)]p <— [sl(2,C) — End(V)]e 
(3.7) at at 
(SUO) = GLU) hn <= (SLO, O = CLV 1g 


Here [su(2) — End(V)]g denotes R-linear algebra homomorphisms, 
[sl(2, C) > End(V)]c denotes C-linear algebra homomorphisms, [SL(2) > 
GL(V)]r denotes real-analytic group homomorphisms, and [SL(2,C) > 
GL(V)]c denotes complex-analytic group homomorphisms. The mappings r; 
and r, are the natural restriction mappings, and d is the derivative mapping, 
recalling that the Lie algebra of a Lie group is the tangent space to the Lie 
group at the identity element, and noting that the derivative of a representa- 
tion of a Lie group is indeed a representation of the associated Lie algebra. 
We now have the following proposition. 


Proposition 3.1: The mappings r;,7r. and d in (3.7) are all bijective, i.e., 
there is a one-to-one correspondence between representations of SL(2, ©), 
sl((2,C), SU(2) and su(2). 


Proof: First we see that r; is bijective since sl(2, C) is the complexification 
of su(2), and R-linear homomorphisms defined on su(2) extend naturally 
and uniquely as C-linear homomorphisms on sl(2, C). The mappings d are 
bijective since SL(2, C) and SU(2) are both connected and simply-connected 
[SL(2,C) = S* x R’, SU(2) = S?], thus insuring that the inverse of exp 
(the “logarithm”) is well-defined on SU(2) and SL(2,C). The diagram is 
commutative, and we conclude that r. is bijective. In fact, if 


p: sl(2,C) —> End(V) 
is given, and if g = e* € SL(2, C) where X € sl(2, C), then the representation 
mw: SL(2,C) — GL(V) 
corresponding to the given p is of the form 
(3.8) m(e*) = e?™), 
It is clear that dz = p. 
Q.E.D. 


Thus we have that representations of s{(2, C) are in one-to-one correspon- 
dence with representations of SU(2), a compact Lie group. We now have 
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the following important theorem of H. Weyl concerning complete reducibil- 
ity of representations of compact Lie groups (the “unitary trick”). We state 
the theorem in full generality, but will use it only for G = SU(2). 


Theorem 3.2: Let G be a compact Lie group, and let p: G > GL(V) be 
a representation on a finite-dimensional complex vector space. Then p is 
completely reducible. 


Proof: Choose a basis for V so that V = C”. Let dg be the natural 
left invariant measure on the Lie group G which can be constructed from 
left invariant differential forms dual to the left invariant vector fields which 
comprise the Lie algebra of G (see Helgason [1], Chapter X, §1). Then 

M(g) = p(g)p(g)” 
is a Hermitian positive definite matrix for each g € G. Define 


m= [ moeide. 
G 


and it follows that M is Hermitian positive definite also. Then consider 


p(g)Mp(e)* = i. ple)o(t)o(e)*p(g)*dt 
G 
= | vierrp(ery'ar 
G 


7 / p(t)p(t)'dt = M, 
G 


using the invariance of dt under the action of G on itself by left translation. 
Since M is positive definite, we can write 

M=WNN* 
where WN is positive definite. Then we see that 6 = N~'pN is equivalent to 
p and moreover 


6(g)p(g)* = (N'p(g)N)(N'p(g)N)* 

= N“'p(g)NN*p(g)*(N')* 

= N7!M(N7')* 

=I, 
and thus 6(g) is a unitary matrix for all g ¢ G. Now we check that 6 
is completely reducible. Suppose that Vo is any subspace of V invariant 
under the action of 6. Then let V,' be the orthogonal complement to Vo 
with respect to the usual Hermitian metric on C”. Then 6(Vo) C Vo, and it 
follows immediately that 6(V,') C V5", since 6(g), being unitary, preserves 


the inner product in C” for each g € G. 
Q.E.D. 


Corollary 3.3: Let o be a representation of s{(2, C) on a finite-dimensional 
complex vector space, then p is completely reducible. 
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Proof: This follows immediately from Proposition 3.1, Theorem 3.2 and 
the fact that the bijections in (3.7) are natural and preserve irreducibility 
and direct sums. 

Q.E.D. 


Now we know that any representation p of s{(2, C) on a finite-dimensional 
complex vector space V is the direct sum of irreducible representations. We 
now turn to an explicit description of these irreducible representations, 
which can be characterized, up to equivalence, by the dimension of the 
representation space, as we shall see. We start with a definition. 


Definition 3.4: Let o be a representation of s{(2, C) on a finite-dimensional 
complex vector space V. Let V* be the eigenvectors of p(H) with eigenvalue 
A, ie., for A € C, 

Vi ={veV: p(A)v=d)}. 


We say that v € V* has weight 2. A vector v € V is said to be primitive of 
weight A if v is nonzero, v € V* and p(X)v = 0. 


We now have some elementary lemmas which lead up to the basic canoni- 
cal form for a representation of s{(2, C). We assume a fixed finite-dimensional 
representation p on sl(2,C) on a complex vector space V. 


Lemma 3.5: 


(a) The sum >°,..V* is a direct sum, 
(b) If v is of weight A, then p(X)v is of weight 4 +2 and p(Y)v is of 
weight A — 2. 


Proof: (a) is simply the assertion that eigenvectors corresponding to 
different eigenvalues are linearly independent. For (b) we observe that 


P(H)p(X)v = (p(A) p(X) — p(X) p(A))u + p(X) p(A)u 
= pA, X])u+Ap(X)u 
= p(2X)v + r0(X)v 
= (A+ 2)p(X)v. 
Similarly, 0(H)p(Y)u = (A —2)0(Y)v. 
Q.E.D. 


Lemma 3.6: Every representation p of sl(2,C) on a finite-dimensional 
complex vector space has at least one primitive vector. 


Proof: Let vo be an eigenvector of o(H), and consider the sequence of 
eigenvectors of p(H) 


Uo, P(X)uvo, P(X)*U0, ..., P(X)" Up, -- 
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The nonzero terms in this sequence are linearly independent, since they are 
eigenvectors with differing eigenvalues (Lemma 3.5), so the sequence must 
terminate, and hence for some fixed k, p(X)'vp = 0, 0(X)*'v) ¢ 0, and 
thus v = e(X)*'vp is a primitive vector. 

Q.E.D. 


We now have the basic description of an irreducible representation of 
s((2,C) on a finite-dimensional complex vector space. 


Theorem 3.7: Let po be an irreducible representation of sl(2, C) on a finite- 
dimensional complex vector space V. Let up € V be a primitive vector of 
weight A for the representation p. Then, letting v_; = 0, and setting 


vy, = U/n!)p(Y")vo, n=0,1,...,m,..., 


one obtains, for n > 0, 


(a) p(A)v, = (A == 2N)Un, 
(b) pP(Y)uz = (n + L)vpst, 
(Cc) p(X)u, = (A-—1n+ Dvr. 


Moreover, 4 = m, where m+ 1 = dimcV, and 
p(Y")vp = 0, n>m. 


Proof: (a) asserts that v, is of weight 4 —2n, which follows immediately 
from Lemma 3.5. (b) is clear from the definition of v,, while (c) follows 
by induction on n. Namely, for n = 0, we have o(X)vup = 0, since vo was 
primitive, and v_; = 0. Suppose we know (c) for n — 1, then we compute 


np(X)Un = P(X) PY) vn-1 = P(V) 0(X)un-1 + OLX, Y))0n-1 
= (A —nt 2)e(Y)vn-2 oF P(A)vy-1 
=(A-—n+2)(n— I)v,_) + (A — 2n + 2)0,_1 


=n —n+ l)vyn-1, 

and we obtain (c) after dividing by n. 

We now show that d is necessarily an integer. Since V is finite-dimensional, 
there is an integer m > 0 such that 

V0, 025 Um are nonzero 
Um4tls +++) Umtky «+. =O 
recalling that the nonzero v;’s are eigenvectors of p(H) with differing 
eigenvalues. Now apply (c) to vmj41, obtaining 
0 = p(X)Uny1 = A- (m+ 1) 4+ Don, 
=(A-—M)Um, 

and since v,, 4 0, it follows that A = m. 

Let V,, be the vector space spanned by {vo,..., Un}. Then we claim that 
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V,, is invariant under the action of p on V. Suppose v = 7") anv,, a; € C, 
then m 
p(H)v = PV aq(m — 2n)v, 


n=0 


p(Y)u = Plann + Wena 
n=0 


p(X)v = an(m—n + Von, 
n=0 
so p(sl(2,C))Vn C Vn. Thus V,, is a nonzero invariant subspace, and since 
p is assumed irreducible, it follows that V = V,,, and that m+1=dimV. 
Q.E.D. 


Remark: We see that the basis {v,} in Theorem 3.7 gives a canonical 


form for the matrices representing the linear mappings o(H), p(Y) and p(X) 


acting on V. Namely 
m 0 .. O 


0 m-—2 
pP(H) = 


a) 
3 
=e 
i) 
| 
3 
—) 


0 . : 


oO 
co) 
on) 


— 


p(Y) = 


a) 


: m— 1 “. 0 
0 ... 0 m 0 


which for m = 1 gives the original 2 x 2 matrices in (3.4), showing that 
they are in the same canonical form. 


Next we see that there is, up to equivalence, only one irreducible repre- 
sentation of dimension m+ 1. Somewhat later we will describe an explicit 
example of an (m+ 1)-dimensional irreducible representation, arising from 
symmetric tensor products. 
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Theorem 3.8: Let V be a complex vector space of dimension m+ 1, with 
m > 0, and let {vo,..., Un} be a basis for V. Then define a representation 
p of sl(2,C) on V by setting 


(a) p(H)v, = (m — 2n)v,, 


(3.9) (b) p(Y)u, = n+ lung, 
(c) p(X), — (m—n-+ 1)vy-1, 
where n = 0,...,m, and v_; = v»4; = 0. This representation is irreducible, 


and any irreducible complex representation of dimension m+ 1 is equivalent 
to this one. 


Proof: One checks readily that the mapping p: sl(2,C) — End(V) 
given by (3.9) is indeed a representation. Suppose now that Vo is a nonzero 
subspace of V invariant under p. Then there is an eigenvector of o(H) 
contained in Vo. The list of eigenvectors of p(H) in (3.9a) is complete, 
so Vo must contain one of the vectors y%, for some k. But then applying 
(3.9c) to u%, we see that vo € Vo. Then using (3.9b) we see that Vo must 
contain v,,n =0,...,m. Thus Vo = V, and a is irreducible. It is clear from 
Theorem 3.7 that an arbitrary irreducible representation of dimension m+ 1 
is equivalent to this one. 

Q.E.D. 


Corollary 3.9: Suppose p: sl(2,C) > V is an irreducible representation of 
dimension m+ 1,m > 0. Let gy € V be an eigenvector of p(H) of weight 
»; then there exists a primitive vector of weight } + 2r, for some integer 
r > 0, so that 
~ = p(Y)' vo, 
and where 
(m —r)! 


go = p(X)’. 


m!'r!} 
Proof: Let {vo,..., Um} be a basis for V satisfying (3.9) for the given 
representation p. Then we see that for r fixed, 0 <r <m, we have 
P(X)v, at (m SE 1)v,-1, 
p(X)v, = (m—r + I(m—r + 2)v,-2, 


etc., and thus 


Neag et es ee ee aes 
(m—r)! 


Then applying the second “ladder operator,” we see that 


p(Y)p(X)"v, = mon” 


Opes, 
(m—r)! 
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etc., and thus 


mtr! 
pP(Y)' p(X)'v, = ——— »,, 
(m —r)! 
and thus we obtain the useful identity 
(m—r)! - : 
(3.10) Ur = ge PO P(X)’ v,. 
Myr. 
Now suppose that g is any eigenvector of o(H). Then ¢ is a multiple of 
one of the eigenvectors {v9,..., Um} above, say, gy = av,. Then it follows 
from (3.10) that 
(m—r)! P 7 
p= —__ PLY p(X)'9, 
Myr. 
and letting 
(m —r)! 2 
Po = cemrmrges 0.) g, 
Myr. 


we see that gp is primitive, and the corollary is proven. 
Q.E.D. 


We now introduce a specific representation of SL(2,C) and its derived 
representation of sl(2,C). Consider C? as column vectors, and let 


ie 


be standard basis vectors. Then SL(2, C) acts on C? by left matrix multipli- 
cation, and we call this representation ;. Then if we consider S’ (C7), the 
m-fold symmetric tensor product of C? with itself, we define z,, = S” (71), 
where each matrix z,,(g) is the multilinear extension of z;(g) = g to §”(C’), 
and we note that dim §”(C*) = m+ 1. The representation z,, induces a 
derived representation p,, = dz, of sl(2,C) on S”(C). We note that p; is 
simply matrix multiplication on the left by elements of s{(2, C) [just as for 
the Lie group SL(2,C), whereas p,,(g) = da(g) is the extension of the 
linear mapping p;(g) to S’”(C?) as a derivation, which is easy to check. 
Thus in particular we obtain the following results: 


Pi(A)vi0=v10, Pi(X)vi0 =9,  pi(Y)vi0 = vi, 


etc., and this representation satisfies the relations in (3.9) for m = 1. Now 
define 


Umk=VUi9 Ui OSk<m, 

m-+1 elements of S”(C*). Then {v,,<} is a basis for S”(C*). Moreover, one 
can compute easily that 

Pm(A) Um = (m — 2k)tmk, OSk Sm, 

Pm(X)Umo = 9, 

Pm(Y)Umm = 9, 

Pm(X)Umk = kUmk-1, lsk<m, 

Pm (Y)Umk = (NM —kK)imast, OSkSm—1. 
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It is clear from these relations that any basis vector v,,, is expressible as 
powers of 0,,(X) and p,,(Y) acting on v,,9, Which we see is a primitive vector 
of weight m. Thus v,,9 generates S”(C7) by the action of p,,, and thus py», 
is irreducible, and hence equivalent to the representation in Theorem 3.8. 
In fact, if we set 

Qe = Pu VY Uns 
we see that 


from which follows the irreducibility. 
Now let us compute the action of w, the Weyl element in SL(2,C), on 
yg. We see that 
! 


Tm (W) Px _ Gn mT 1.0" 1 
= —* 5 (wy) 010)" 
(m — k)! : , 
But 
(WW) v1.9 = iv41 
mt (W)U},1 = iVj,0, 
and hence ok 
Tin(W)Q_ = i Gone. 
Thus we obtain 
k! 
(3.11) Tm (W) Om (Y)* eo _ po a (Yop; 
(m — k)! 


Now we note that the identity (3.11) which involves both the representation 
of SL(2, C) and sl(2, C) was derived from this particular explicit represen- 
tation, but we see from its form that it will be valid on any irreducible 
representation of SL(2, C) and sl(2, C) on a vector space of dimension m+1. 

Now consider a specific representation of s{(2, C) on the exterior algebra 
of forms on an Hermitian vector space E. We will use the notation and 
terminology of Sec. 1. Let E be a fixed Hermitian vector space of complex 
dimension n, and associate to E the algebra of forms AF, and the operators 
L and L*. We introduce the notation: 


A:= L* 
2n 

Be= Yia — p)Il,. 
p=0 


We then define a representation 


a: s((2,C) —> End(AF) 
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by setting 

a(xX)=A, a(Y)=L, a(A)=B. 
We see by Proposition 1.1 that a is indeed a representation of SL(2, C), since 
the commutation relations [B, L] = —2L,[B, A] = 2A, and [A, L] = B are 
easy to verify. 


Definition 3.10: A p-form g € A’F is said to be primitive if Ag = 0, ie., 
if a(X)gp = 0. 


Remark: Recall that B = eon — p)II,, and thus any homogeneous 
form of degree p is an eigenvector of w(H) of weight n— p. Hence a primitive 
p-form is a primitive vector for the representation a of weight n — p. 


If g is a primitive p-form, then the action of a generates a subspace 
F, C AF of dimension n — p+ 1 on which qa acts irreducibly. Moreover, 
the action of a leaves the real forms ArgF invariant since L, A, and B 
are real operators. The decomposition of AgF into irreducible components 
is called the Lefschetz decomposition of the exterior algebra, and this is 
compatible with the decomposition F = @ A?4 F, since L, A, and B are 
bihomogeneous operators. This is elaborated in the theorems which follow. 
By Proposition 3.1, we see that w induces a representation of SL(2, C) on 
AF, for which we will use the notation z,. We can restrict mz, to SU(2), 
and we observe that zy|sy) is unitary, which follows from the fact that 
a|suq) are skew-Hermitian operators, i.e., 


a(GiH)=iB, a(i(X+Y))=i(A+L), a(X-Y)=A-L. 


The following theorems are consequences of the representation theory of 
sl(2, C) for the specific representation a on the Hermitian exterior algebra 
AF. The first results can be proved directly without appealing to represen- 
tation theory, as is done in Weil [1], but we prefer to use the representation 
theory as it gives more insight into the major results (cf. Chern [3] and 
Serre [3]. We can then give Hecht’s elegant proof of the fundamental Kahler 
identities using the language developed here. Let (x)t = max(x, 0). 


Theorem 3.11: Let E be an Hermitian vector space of complex dimension n. 


(a) If ge A’F is a primitive p-form, then L49 =0,g > (n—- p+1)*. 
(b) There are no primitive forms of degree p > n. 


Proof: Let g be a primitive p-form, and let F, be the subspace of AF 
generated by the action of s{(2,C) on @ by the representation a. Then 
p(H)y = mg, where dim F, = m+1. But p(H)g = (n— p)g, som =n-—p. 
Thus o(Y)!9 = Lig = 0, for gq => (n— p+1)*, by Theorem 3.7. Part (b) 
is a simple corollary of the fact that dim F, =n — p+. 

Q.E.D. 
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We will refer to the following theorem as the Lefschetz decomposition 
theorem for an Hermitian exterior algebra. 


Theorem 3.12: Let E be an Hermitian vector space of complex dimension 
n, and let g € A’ F be a p-form, then 


(a) One can write g uniquely in the form 
(3.12) C= es 
r>(p—n)t 


where, for each r > (p —n)*,@, is a primitive (p — 2r)-form. Moreover, 
each y, can be expressed in the form 


(3.13) Gr = ral AG, ays €Q. 
(b) If L”g =0, then the primitive (p — 2r)-forms g, appearing in the 
decomposition vanish if r > (p—n-+m)*, ie., 
(p—n+m)t 


g= ss L'@,, 


r=(p-nyt 


(c) if p<n, and L” "9 =0, then g =0. 


Proof: The representation space V = AF of the representation a decom- 
poses into a direct sum of irreducible subspaces V = Vi ®---@® V;. Let g 
be a p-form, then 

gavite ty, 
wi € V;. Then each y/ is an eigenvector of p(H) of weight n — p, and 
hence by Corollary 3.9, we see that 


where x; is a primitive (p — 2r;)-form, and 


Collecting the primitive forms of the same degree, we obtain a decomposition 
of g of the form 
Q = a L'@,, 


r>(n—p)* 
where each ¢, is primitive of degree (p — 2r). 
To see that the decomposition is unique, we suppose that 


(3.15) Cte chdigi eck ta 


where each 9; is primitive j = 0,...,m > 1. We note that it follows from 
Theorem 3.7 that 


(3.16) AE L gy = CePk, k= 1, eee, M 
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for a rational nonzero constant c,, depending only on p,k and n. Applying 
A”™ to (3.15) and using (3.16) we find that 


0 = A" gy + A" |(AL)Q +++2 + ACA" TL” Gm + AML" Om, 


which implies immediately that ¢g,, = 0, contradicting our assumption that 
Ym Was primitive. Thus the decomposition (3.12) is unique. 

To see that (3.13) holds we proceed in a similar manner. Let the p-form 
gy have the decomposition 


P= +LO +--+ L" On, 
where y; are primitive (p — 2/)-forms. Then 
A™p = A” gy t+ A” (AL) + +++ + AL" Qn 
=0+---+0+¢n&m, 


and so 
Qn = (/em A”. 
By induction igs above, we get formulas of the type (3.13) for each 


gj, jf =9,. 
Parts (b) an (c) follow simply from the uniqueness. Namely, for part (b), 


we see that 
0= L"o = s LEG; 


r>(p—n)t 
Since ¢, is primitive, it follows from Theorem 3.11 that L’g, = 0 if g = 
(n—(p—2r)+1)*, which implies that L't"g, = 0 if r < (p—n+m). Thus 


we have 
0= ee Le '@, = so L4Q4_m- 


r>(p—ntm)* q=(p+2m—n)t 
The total degree of each term is 2m + p, and thus we have a primitive 
decomposition of the zero form of degree p+ 2m, from which it follows 
that gm =0,q > (pt+2m—n)*, 1¢, 9, =0,r > (p—n+m)*, as desired. 
Finally, part (c) is a special case of part (b). 
Q.E.D. 


Corollary 3.13: Let gy be a p-form in AF. Then a necessary and sufficient 
condition that g be primitive is that both (a) p <n and (b) L"-?*'g =0. 


This corollary is a simple consequence of the Lefschetz decomposition 
theorem (Theorem 3.12). 

We now want to prove some fundamental results concerning the relation- 
ship between the operators *, L and A which are important in the theory 
of Kahler manifolds. The development we give here is due to Hecht [1] 
and differs from the more traditional viewpoint of Weil [1] in that a global 
representation of both SL(2,C) and sl(2,C) on the Hermitian exterior 
algebra is utilized, leading to some simple ordinary differential equations 
which simplifies some of the combinatorial arguments found in Weil [1]. 
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Let E now be an Hermitian vector space with fundamental form 


Q = pace A Yus 
y=1 


given by (1.9) where {x,,, y,,} is an orthonormal basis for E’, as before. Now, 
if n is any p-form in AF, we let 

ey =n AG 
be the operator acting on AF given by wedging with y. If y is a real 1-form, 
then we check easily that 


(3.17) eG) =Atae 
and if {e1,..., €,} is a real oriented orthonormal basis for E’, we see from 
Sec. 1 that 

(3.18) ONE Gy WIENS) = Cpr Rees 


if jj: €{jo,..-, je}, and 0 otherwise. 
We note that 


n 


L=e(Q) =) e(x, ey), 


u=l 


A= (2) =) e*(yp)e*(Xn). 
y=1 

It is clear that 
(3.19) [L,e(™)]=0, for any ne AF, 
since Q is a 2-form. On the other hand, we claim that 
(a) [A,e(%,)] =e Oy), 
(b) [A,eQ,)] = —e*@,), 
for uw = 1,...,n. We note that (3.20b) follows from (3.20a) by reversing 
the role of x,, y, in the definition of the operator L. To see that (3.20a) 
holds we consider 


[A, e(x)] = Do e* (ye*(ap)e(xj) — ex) D> e* (ys e*&y) 
(3.21) u=l u=l 
= e* (ye (x e(x;) =i e(xe" (ype (x,), 
since e(x;) commutes with e*(x,) and e*(y,) for w ¢ j, which follows 
readily from (3.18). Now we consider the action of both [A, e(x;)] given 
by (3.21) and e*(y;) on monomials, i.e., multiples of products of x;’s and 
y;’s. Then we see that if w is a given form, then 


Wa=wWtxAWoty AW3 +x) AV) AW, 


where 1, >, %3 and w4 do not contain x; or y; or a wedge factor. It 
follows readily that 


(3.20) 


[A, ex) Iv = 3 — xj A Wa 
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and also that 
eV) = 3— xj) A Wa, 
so (3.20b) follows. 
Now suppose that 7 is a (1,0)-form. Then 
[A, e(m)] = —ie*(y), 
[A, e()] = ie*(n). 
Moreover, if 7 is a real 1-form, then 
(3.23) [A, e(q)] = —Je*(q) J}. 


We see that (3.22) follows from (3.20), since it suffices to consider the special 
case of n = x; +iy,;. To see that (3.23) is true, we simply note that any 
real 1-form can be written in the form 7 = 9+ @, where g is of type (1, 
0), and then one checks that 


—ie*(q) = —Je*() J, 
ie*(n) = —Je*(q)J!. 


With these preparations made, we now want to prove two basic lemmas 
due to Hecht [1]. We introduce the following operator on AF induced by 
the action of SL(2,C) on AF by the representation z,. Let 


(3.22) 


# = m,(w) = exp(Sima(X + Y)) = exp(Sin(A + L)). 


The first lemma shows us that # is closely related to the * operator. 


Lemma 3.14: Let 7 be a real 1-form. Then 
(3.24) #He(n)# | = —iJe*(y) J. 


Proof: We set, for t € C, 
e;,(n) = exp(ita(X + Y))*e(n)* exp(—ita(X + Y)), 
= exp(it[A + L])*e(m)* exp(—it(A + L)), 


and we note that e,/2(n) = #e(n)#~'. We will see that e,(m) satisfies a simple 
differential equation with initial condition e9(7) = e(y), which can be easily 
solved, and evaluating the solution at t = in will give the desired result. 
First we let 

ad(X)Y¥ = [X,Y] 


for operators X and Y. Then one obtains 


(3.25) e(q) = Y\(1/k!adk[it(A + L)]e(q). 


k=0 


This follows from the fact that if o is any representation of SL(2,C) on 
V, then (cf. (3.8)) 


a(e*) = eA) | 
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1.e., representations commute with the exponential mapping. In this case 
o is conjugation by z,, and do is given by ad(qa) (cf., Helgason [1] or 
Varadarajan [1]), and ada(X + Y) =ad(A+L). 

Now ad*(A +L) is a sum of monomials in ad(A) and ad(L). Since 
AL =LA+B,ad(L)e(y) = 0, and ad(—B)e(n) = e(n) (since 7 is of degree 
1), we see that e,() can be expressed in the form 


e(n) = ay (t)ad*(A)e(n), 


t=0 
where a,(t) are real-analytic functions in t. Now (3.23) implies that 
ad*(A)e(n) = 0, for k > 2, since A commutes with J and e*(n). Thus 


(3.26) €:(9) = ao(te(m) + ai (t)ad(A)e(9). 


Let f’(t) denote differentiation with respect to t. Then we see, by 
differentiating (3.25), that e,(7) satisfies the differential equation 


(a) e(q) = i(ad(A) + ad(L))e,(n). 
(b) eo(m) = e(y). 
We can solve (3.27) by using (3.26). Namely, we have 
(3.28) €,() = ag(t)e(m) + a; (t)ad(A)e(n) 
must equal 
i(ad(A + L))[ao(t)e(q) + ay (t)ad(A)e()] 
= tag(t)ad(A)e(q) + ia; (t)ad(L)ad(A)e(y), 
using the fact that ad?(A)e(y) = 0, and ad(L)e(y) = 0. But 
ad(L)ad(A)e(n) = ad([L, A])e(y) + ad(A)ad(L)e(y) 
= ad(—B)e(y) = e(n), 
and thus (3.28) must equal 
ido(t)ad(A)e(n) + iay(t)e(). 
This will be satisfied if 


(3.27) 


ay(t) = ia(t), 
a, (t) = iao(t). 
Then letting ag(t) = cost, a,(t) =i sin t, we find that 
(3.29) e,(n) = cos t e(n) +i sin t ad(A)e(n) 
is the unique solution to (3.27). Letting t = Sa in (3.29) yields 
€x/2 = i[A, e(y)], 


which by (3.23) gives (3.24) as desired. 
Q.E.D. 


The next lemma shows the precise relationship between « and # acting 
on p-forms. 
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Lemma 3.15: Let g € A’ F, then 
xp = iP" JH, 
Proof: The x-operator satisfies 
(3.30) «1 = vol = (1/n!)L"(1), 
(3.31) *e(q) = (—1)’e*(q)x, 


as an operator on A’F for any real 1-form y. Relation (3.30) is clear. To 
see (3.31), let g € A’ F, and write 


xe()p = *e(m)ex |p = (—1)" Pe* ()xQ. 


Now « is the only linear operator on AF satisfying both (3.30) and (3.31), as 
the forms obtained from 1 by repeated application of e(y) span AF. Now let 


% = iP 
be an operator defined on A? F. We recall from (3.11) that 
k! 
(3.32) #a(Y)* go = i"—_a(Y)" “go, 
(m —k)! 


where @ is primitive of weight m. But g = | is a primitive 0-form of 
weight n, so we have, using (3.32) for k = 0, 


#1 = (i"/n!)L"(1). 


Thus 
&1 = i7"(i"/n!)L"(1) = vol. 


Similarly, if 7 € ARF, and y € A? F, we see that 
Ke(my = iP" J Hey, 
=i? -"(-1)"i J "He(n)# #9, 
= i? -"(—1)Pe* (n) JH, 
= (-1)’e"()*9, 
thus verifying (3.31) for *. Thus « = x. 
Q.E.D. 


We now have an important relation between « and L” acting on primitive 
p-forms (cf., Weil [1]), the proof of which is due to Hecht [1]. 
Theorem 3.16: Let g be a primitive p-form in A? F, then 
! 
#L'g = (-1retyP__"__prrryjg, O<r<n-—p. 
(n—p-r)! 


Proof: Let F, be the subspace of AF generated by {L’g},0 <r <n-—p. 
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Then z,|x, is an irreducible representation of SL(2, C), and we see by (3.32) 
that 
#L'g =i"? > —_p-r 
- (n—p-r)! ms 
Hence, by Lemma 3.15, 


*L'g a jrt2rP—n leg 


r! 


2 : 
cP nol “n—p L™P-" 
SS! G@apan 
— «p2—p -1)\2 r! n—p-r 
SY ea ae 
— jP-P P r! n= p-r 
aj Ce a" Jo 
! 
= (—] perth? Ei n—p-r 
= (-1) Gon JQ. 


Q.E.D. 


4. Differential Operators on a Kahler Manifold 


Let X be a Hermitian complex manifold with Hermitian metric h. Then 
there is associated to X and h a fundamental form @, which at each point 
x € X is the form of type (1, 1), which is the fundamental form associated 
as in (1.5) with the Hermitian bilinear form 


hy: T,(X) x T,(X) — C, 
given by the Hermitian metric. 


Definition 4.1: A Hermitian metric h on X is called a Kahler metric if the 
fundamental form Q associated with h is closed; i.e, dQ = 0. 


Definition 4.2: 


(a) A complex manifold X is said to be of Kahler type if it admits at 
least one Kahler metric. 

(b) A complex manifold equipped with a Kahler metric is called a Kahler 
manifold. 


We shall see later that not every complex manifold X admits a Kahler 
metric. On a complex manifold a Hermitian metric can be expressed in 
local coordinates by a Hermitian symmetric tensor 


h= > Mw @)dzy ® dz, 


where h = [h,,,] 18 a positive definite Hermitian symmetric matrix (depending 
on z); Le, A = ‘h and ‘uhu > O for all vectors u € C". The associated 
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fundamental form is then, in this notation, 


Q= 5 Vo hyw(2)dz, A diy. 
In the notation of Chap. II, 
a. a 
hyv(z) =h ( —, —) ©). 
pe) (- x) ) 
Let us first give some examples of Kahler manifolds. 


Example 4.3: Let X = C" and let h = )Y\_, dz, @ dZ,,. Then 
i n 2 n 
Q= 5 den A dz, = yay, A dy, 
pw=1 w=1 
where z, = x, +iy,,4=1,...,n, is the usual notation for real and imag- 
inary coordinates. Then, clearly, d@2 = 0, since & has constant coefficients, 
and hence / is a Kahler metric on C’. 


Example 4.4: Let @,...,@2, be 2n vectors in C” which are linearly 
independent over R and let I be the lattice consisting of all integral linear 
combinations of {@,..., @2,}. The lattice T acts in a natural way on C” by 
translation, z > y +z, if y ¢T. Let X = C’/T be the set of equivalence 
classes with respect to I, where we say that z and w are equivalent with 
respect to T if z=w+y for some y € TI. By giving X the usual quotient 
topology, we see that X is in a natural manner a complex manifold} and 
that its universal covering space is C”. We call X a complex torus, and X 
is homeomorphic to S! x --- x S', with 2n-factors. The Kahler metric h on 
C", given above, is invariant under the action of T on C’; i.e, if y €¢ T gives 
a mapping y: C” > C’, then y*h =h, where y* is the induced mapping 
on (covariant) tensors. Because of this invariance, we can find a Hermitian 
metric h on X so that if 7: C” > C"/I is the holomorphic projection 
mapping, then *(h) = h. This is easy to see, and we omit any details here. 
Moreover, z is a local diffeomorphism, and hence in a neighborhood U 
of a point z € C", we have zy := ly is a biholomorphic mapping. Hence 
(j')*Aly = h|zw), and similarly for the corresponding @ and Q. Since d 
commutes with (z;')*, we have 

dQ\ uy) = (ty')*dQly = 0. 
Then h defined on X is a Kahler metric, and all complex tori are then 
necessarily of Kahler type. 


Example 4.5: One of the most important manifolds of Kahler type is 
P,,. Let (&,...,&,) be homogeneous coordinates for P,, and consider the 
differential form &, 

. IE |? >) dé, A dé, 7 » E,&,dé, A dé, 
l p=0 L,v=0 

2 |E|4 

+See Proposition 5.3 for a proof of this fact. 


Q = 
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where we have let |&|? = &}+---+&7, as usual. This form is the homogeneous 
representation for the curvature form of the universal bundle over P,, with 
the standard metric on the frame bundle [except for sign; see equation (4.3) 
in Chap. III]. In particular, then, defines a d-closed differential form @ 
on P,, of type (1, 1). In terms of local coordinates in a particular coordinate 
system, for example, 

Wj, = Si 


a ee ered 
& 


we can write Q as 
(+ |wl?) dw, Adv, -— © wv, w,dw, A dw, 
p=1 


Q(w) = + = 
Ww) = 
2 (1 + |w/*)? 


Thus the associated tensor 
h = (S— hy (w)dw, ® di,)(1 + |wP)? 
has for coefficients (ignoring the positive denominator above) 
hyy(w) = (1+ |wl?)6,, —w,w,, b,v=l,...,n. 


It is easy to see that h = [h uv] 1s Hermitian symmetric and positive definite. 
In fact, suppose that u € C”. Then 


thu = Y~ hyytyity = Y (+ [wl )Spytyitly — (Y Dauy)( > wyity) 
Lv Lv Lh v 


= |ul? + |u|?|w|? — (, a)(w, w), 

letting (,) denote the standard inner product in C”. Hence by Schwarz’s 
i i hav 
inequality we have tah > lul?, 
and hence h is positive definite. It then follows that h defines a Hermitian 
metric on P,, (which is called the Fubini-Study metric classically). Since Q is 
a closed (1, 1)-form on P,,, as noted earlier, we see that h is, in fact, a Kahler 
metric. This Kahler metric is invariant with respect to transformations of 
P,, induced by unitary transformations of C’*! — {0} onto itself, a property 
which will not concern us too much but which is important from the point 
of view of homogeneous spaces. 

The next proposition combined with the above basic examples gives many 
additional examples of Kahler manifolds. 


Proposition 4.6: Let X be a Kahler manifold with Kahler metric 4 and 
let M be a complex submanifold of X. Then / induces a Kahler metric on 
M, and with this metric M becomes, therefore, a Kahler manifold. 


Proof: Let j: M — X be the injection mapping. Then hy = j*h defines 

a metric on M, and j*Q = Qy is the associated fundamental form to 

hy on M. Since dQy = j*dQ = 0, it is clear that Qy is also a Kahler 
fundamental form. 

Q.E.D. 
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In terms of the differential operators d, 9, and 0 on a Hermitian manifold, 

we can define the following Laplacian operators, 
A = dd* + d*d 

= 00* + 0*d 
C= 45" +3, 
of which the first and last will play an important role in our study of Kahler 
manifolds later in this chapter. Note that 0 is the complex conjugate of 
the operator LF, thus justifying the notation. What can we say about the 
relation between the Laplacians A and (1? In general, not too much,} but 
on Kahler manifolds there is a striking relationship. Recall that an operator 
P: &*(X) > €*(X) is said to be real if Po = P@, ie., P = P. 


Theorem 4.7: Let X be a Kahler manifold. If the differential operators 


d,d*, 4, 0*, a, 3%, , and A are defined with respect to the Kahler metric 
on X, then A dominates are *x,d, and L, and 
=20=20 


In particular, 


(a) and ( are real operators. 
(b) Alena: EP 4 > EP4, 


Remark: Neither (a) nor (b) of the above theorem are true in general 
and these properties will imply topological restrictions on Kahler manifolds, 
as we shall see in the next section. 


To prove Theorem 4.7, we shall first develop some consequences of the 
representation theory from Sec. 3 as applied to the study of the interaction 
of the operators d and a and their adjoints. The operators L and L* will be 
used as auxiliary tools in this work§ and we shall also use the concept of 
a primitive differential form on a Hermitian complex manifold X. We shall 
say that gy € E€?(X) is primitive if L*~ = 0, and we shall denote by €?(X) 
the vector space of primitive p-forms. All the results of Sec. 1 concerning 
primitive forms on an Hermitian vector space then apply to the primitive 
differential forms. 

We also define the operators 

d.=J-'dJ =wJdJ 
dt = J'd* J =wJd"* J, 


+There is a relationship which involves the torsion tensor; cf. Chern [2] or Goldberg [1]. 

{Note that we do not necessarily assume compactness here. In the noncompact case, 
we assume that the formal adjoints are given by 4* = —%d%, etc. (cf. Propositions 2.2 and 
2.3), which would be the formal L?-adjoints for forms with compact support on an open 
manifold. 

§Note that L* = wxLx (cf. Sec. 1) can be shown to be identical with the L?-formal 
adjoint of the linear operator L [for the Hodge metric on A*T*(X)] in the same way that 
d* = —%9% is derived as in Proposition 2.3. 
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a twisted conjugate to d. These are real operators which are useful in 
applications involving integration and Stokes’ theorem, and this is one reason 
for introducing them. For instance, if we let d. act on a function g, we have 


d.g =widJo 
= (-1)J (ag + 09) 
= (—1)(idg — idg) 
= -i(0-d)9, 


and we could use this last expression for d, as a definition. From 
d. = —i(d — 0), it follows immediately that 
(4.1) dd, = 2i99, 
which is a real operator of type (1, 1) acting on differential forms in €*(X). 


We now have an important theorem concerning the commutators of these 
various operators. 


Theorem 4.8: Let X be a Kahler manifold. Then 


(a) [L,d]=0,[L*,d*]=0. 

Proof: Part (a) is simple and follows from the fact that the fundamental 
form @ on X is closed, the basic Kahler assumption. The second part of (a) 
is the adjoint form of the first part. Similarly, the second part of (b) is the 


adjoint statement of the first part, and the first statement holds if and only 
if the second statement holds. Let us show then that 


Ld —dL* = —-J"'d*J. 
Letting L* = A as before, we see by Proposition 2.3 that 
d* = (-1)?*!xdx"!, acting on p-forms. 
Now let g be a p-form on X; then we find that, from Lemma 3.15, 
#o = iP +" Tag, 
# lo = j2n—py—ny lly = Pel yy, 
Therefore we see that 
H#d# |p = i-? PHY tneP mn Pady lJ ‘op 
=i 17? Jxdx!J-'p 
(4.2) = iJ[(—1)?t lade! ]J-'p 
=iJd*J~'9. 


Now let 
d, = explita(X + Y)]od oexp[—ita(X + Y)] 


= exp[it(A + L)] od oexp[—it(A + L)]. 
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Just as in the proof of Lemma 3.14, we have 


d, =) (1/k)ad*[it(A + L)]d 
k=0 


and, since ad(L)d = 0, by the Kahler hypothesis, 


(4.3) d, = )* a(t)ad*(A)d, 

k=0 
where a;(t) are real-analytic functions of t. Now d,/2 is an operator of 
degree —1, which implies that 


(4.4) dj. = a\(1/2)ad(A)d, 
since all other terms in the expansion (4.3) are operators of degree 
+1,-—3,—5,..., etc., and the expansion clearly has only a finite number 


of nonzero terms. But then it follows from (4.2) and (4.4) that iJd*J~! is 
proportional to ad(A)d, and hence that ad*(A)d = 0 for k > 2, since A 
commutes with d* and J. Thus 


d, = ao(t)d + ai(t)ad(A)d, 
and just as in the proof of Lemma 3.14, we conclude that 
d, = (cost)d + i(sint)ad(A)d, 
and now the theorem follows by letting t = 1/2 and observing that Jd*J—! = 
—Jod*J. 
Q.E.D. 
Corollary 4.9: Let X be a Kahler manifold. Then 
[L,d.]=0, [L*,d*]=0, [L,d*]=-d, and [L*,d.]=d*. 
Proof: This follows easily from Theorem 4.8, since the operator J com- 


mutes with the real operators, L, L*, and so (d.). = —d and (d*), = —d*. 
Q.E.D. 


Considering the bidegree structure of the differential forms, we obtain 
the following corollary to Theorem 4.8. 


Corollary 4.10: Let X be a Kahler manifold. Then 
Bal LSet Ho 
(4.5) [L, 0°] = id, [L, a*] = —id 


[L*, a] = id*, [L*, 8] = —id*. 
d*d,. = —d.d* = d*Ld* = —d.L*d. 
dd* = —d*d = d*Ld* = —dL*d 


(4.6) _ ° aes 
d0* = —0*0 = —id*LO* = —idL*d 


d0* = —0*) = i0*LO* =idL*9. 
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Proof: Equations (4.5) follow from Theorem 4.8 by comparing bidegrees 
and using the fact that d. = i(d — 0). 
To obtain (4.6) we use, for example, d* = [L*,d,] as follows: 


d*d, = L"d.d, — d,-L*d, = —d,L*d, 
—d.d* = —d,.L*d. + d.d,L* = —d,L*d,, 


and so 
d*d, = —d,.L*d, = —d,d"*. 


Similarly for the others, setting d, = [L, d*], etc. 
Q.E.D. 


Using the above results, we are now in a position to prove Theorem 4.7 
concerning the Laplacians on a Kahler manifold. 


Proof of Theorem 4.7: It is clear from the definition of d* and A that A 
commutes with d and *. So we have to see that LA— AL vanishes. We have 


AL — LA = dd*L + d*dL — Ldd* — Ld*d 
= dd*L + d*Ld — dLd* — Ld*d 
= —d[L, d*| —[L, d*]d, 
and substituting, from Theorem 4.8, we obtain 
AL — LA = —dd, — d.d. 


It follows from (4.1) that dd. = —d.d, since 08 + 84 = 0; thus we obtain 
AL —LA=0. 

To prove the relationship between A and the other Laplacians, we write, 
using Corollary 4.9, 


A = dd* + d*d =a[L*, d.| + [L*, d.]d 
= dL*d, — dd.L* + L*d.d — d.L*d. 


Note that all the information about the metric in the operator A is con- 
tained in the operator L*, since d and d, depend only on the differentiable 
and complex structure, respectively. Multiply on the left by J~' and on the 
right by J; we obtain 


A. = —d.L*d + d.dL* — L* dd, + dL*d,. 


But since d.d = —dd,, we have that A = A., in a trivial manner. 
We now write (noting that 2d = d + id,, etc.) 


4(3d* + 3d) = (d + id.) (d* — id*) 
+ (d* — id*) (d + id,) 
= (dd* + d*d) + (d.d* + d*d,) 
+ i(d.d* + d*d.) — i (dd* + d*d). 
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By (4.6) in Corollary 4.10, we see that the last two parentheses vanish. We 
also have 
A,=J'AJ = J7'dd*J+J7'd*dJ 
= d.d* + d*d,. 
Therefore we have 


40=A+A,.+0 

= 2A. 
Thus, 20 = A. The other assertion is proved in a similar manner. The fact 
that A is of bidegree (0, 0) follows now trivially from the fact that D1 is of 
bidegree (0, 0). Similarly, since A is a real operator, and 0 must also be 
real operators. 


Q.E.D. 


Corollary 4.11: On a Kahler manifold, the operator A commutes with J, 


L*,d,0,90,0*, and d*. 


Since L* commutes with A on a Kahler manifold, we have an analogue 
to Theorem 3.12. On a Kahler manifold X, A-harmonic differential forms 
are the same as, by Theorem 4.7, D-harmonic or L-harmonic forms, and 
we shall say simply harmonic forms on X, to be denoted by H’(X) and 
H?4(X) as before. We shall denote by Hi(X) and H}%(X) the primitive 
harmonic r-forms and (p,q)-forms, respectively; i.e., F(j(X) is the kernel 
of the mapping L*: H'(X) > H’-?(X) and H}4(X) is the kernel of the 
mapping L*: H?4(X) — H?-!4-!(X), These maps are well defined since 
L* commutes with A. 


Corollary 4.12: On a compact Kahler manifold X there are direct sum 
decompositions: 
Fr (X) = +S Eo? (X) 
s>(r—n)t 
SPRY EE eX): 

s=(ptq—n)yt 
This result follows immediately from the primitive decomposition theorem 
(Theorem 3.12) and the fact that A commutes with L and L*. 


Our last corollary to the Lefschetz decomposition theorem is the following 
result, also due to Lefschetz. 


Corollary 4.13: Let X be a compact Kahler manifold, then 
L"? = e(Q"-?): H?(X,C) — H"-?(X, C) 
is an isomorphism, where @ is the Kahler form on X. 
Remark: This implies the Poincaré duality theorem (Theorem 2.5) in this 


context, and is referred to in algebraic geometry as the “strong Lefschetz 
theorem” (cf., Grothendieck [1]). 
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Proof: This is an immediate consequence of part (c) of the Lefschetz 
decomposition theorem (Theorem 3.12), where we represent the cohomology 
groups by harmonic forms as in Corollary 4.12. 

Q.E.D. 


Remark: The basic result of this section is Theorem 4.7, and we shall 
develop its consequences in the next section. The derivation of this result was 
based on Theorem 4.8 and its corollaries, and this depended in turn on the 
representation theory of Sec. 3. However, the statement of Theorem 4.7 does 
not involve the representation theory, and there are alternative methods of 
deriving Theorem 4.8 (from which then follows Theorem 4.7) which do not 
involve this concept. One basic approach is the following one. Suppose that 


i Z 
Q=5 Yo hyv(2)dz, A dz, 


is the fundamental form on a Kahler manifold for z near 0 in some appro- 
priate coordinate system. By a linear change of coordinates, one can obtain 
easily that the matrix h(z) = [h,,,(z)] is the identity at z =0 


Ay (0) = Suv 


or 
h(z) = 1+ O((z|). 

By using the fact that d& = 0, one finds easily that the coefficient matrix 

satisfies the differential equations 


Ohyy Ohyy 
a Can a (2), f,v,A =1,...,n 
(4.7) . . 
Aus Dla 
DE (Z) = 35 (z), pu,rA = 1,...,0. 
X v 


By making a new (quadratic) change of variables of the form 
., 1 
fu = lu t 5 oe AypzaZp> 
ap 


where [A/;,] is a symmetric (in a, 6) complex matrix (for fixed jz), one can 
choose the coefficients A‘, [by using the differential equations (4.7)] so that 


Opn 
OZ 


lL 
Agp = 


(0), 


and it will follow that 
h(z) =1 + O(|z)"); 

1.e., all the linear terms in the Taylor expansion of h at 0 vanish. Such a 
coordinate system is called a geodesic coordinate system. At the point 0, 
one can derive Theorem 4.8 by ignoring the higher-order terms, since in the 
commutator only first-order derivations of L and L* will appear. Then one 
is reduced to proving the commutator relations in C” with the canonical 
Kahler metric as in Example 4.3. This is not difficult but will involve a sort 
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of combinatoric multilinear algebra similar to that developed in Sec. 1 in 
going back and forth between the real and complex structures. 

One can also prove the Lefschetz decomposition theorem for differential 
forms on a Kahler manifold independent of the representation theory of 
s((2,C), per se, and then use this to prove the basic Kahler identities. This 
is the approach followed by Weil [1]. 


5. The Hodge Decomposition Theorem 
on Compact Kahler Manifolds 


In this section we shall derive the Hodge decomposition theorem for 
K&hler manifolds and give various applications. Let X be a compact complex 
manifold. Then we have the de Rham groups on X, {H’(X, C)}, represented 
by d-closed differential forms with complex coefficients, and the Dolbeault 
groups on X,{H?’4(X)}, represented by d-closed (p,q)-forms (Sec. 3 in 
Chap. IJ). We have seen that these vector spaces are finite dimensional 
(Sec. 5 in Chap. IV). Moreover, there is a spectral sequence relating them 
(Fréhlicher [1]). However, in general, if y is a d-closed (p, q)-form on X, 
then gy need not be d-closed, and, conversely, if w is a d-closed r-form on 
X and p= w+y7!!+4...4 °" are the bihomogeneous components 
of y, then the components wy’ need not be d-closed. On manifolds of 
Kahler type, however, such relations are valid, as we see in the following 
decomposition theorem of Hodge (as amplified by Kodaira). 


Theorem 5.1: Let X be a compact complex manifold of Kahler type. Then 
there is a direct sum decompositiont 
(5.1) HOO 3? HOS), 
pt+q=r 
and, moreover, 
(5.2) H?1(X) = H%?(X). 
Proof: We shall show that 
Ni 0 0 eae Le OF 
pt+q=r 


and then (5.1) follows immediately. Suppose that g € H"(X). Then Ag = 0, 
but 20) = A, by Theorem 4.7, and hence Dg = 0. But g = g"° +---+ 9%" 
(writing out the bihomogeneous terms), and, moreover, 


g= Oe”? dies +Oy?". 


+Strictly speaking, there is an isomorphism H’(X,C) = areas H?-4(X), and it is 
easy to verify that the isomorphism is independent of the choice of the metric. We shall 
normally identify H?%(X) with its image in H'(X,C) under this isomorphism. When both 
the Dolbeault groups and the de Rham groups are represented by harmonic forms for the 
same Kahler metric, then we have strict equality, as we see in the proof of the theorem. 
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Since OJ preserves bidegree, we see that Oy = 0 implies that Oy"? =--- = 
gy" =0, and therefore there is a mapping 


t: K(X) —> S> HP4(X) 


p+q=r 


given by g —> (g”°,...,@""). The mapping is clearly injective, and, more- 
over, if g € H?4(X), then Oy = Ag = 0, which implies that g ¢ H?*4(X), 
and thus t is surjective, proving (4.1). 

Assertion (5.2) follows immediately from the fact that 0 is real (Theo- 
rem 4.7) and that conjugation is an isomorphism from €?4(X) to €%?(X). 


Q.E.D. 


Remark: One can also prove Theorem 5.1 by showing that the spectral 
sequence relating the Dolbeault and de Rham groups degenerates at the 
E, term (see Fréhlicher [1] and the appendix to Griffiths [4]). This proof 
also makes heavy use of the differential operators A, and the harmonic 
representation of the de Rham and Dolbeault groups. This approach, via 
spectral sequences, deserves mention because there are examples, namely 
K-3 surfacest where one does not know (yet) whether they are Kahler in 
general or not.t However, one can show by other means that the spectral 
sequence degenerates, and one still obtains a Hodge decomposition, and 
this in turn is useful in the study of the moduli problem for K-3 surfaces. 


As a consequence of the Hodge decomposition theorem, we have the 
following relations for the Betti numbers and Hodge numbers of a Kahler 
manifold. Recall that we set (see Sec. 5 in Chap. IV) 


b,(X) = dime H" (X, ©), h?4(X) = dimc HA?" (xX). 
Corollary 5.2: Let X be a compact Kahler manifold. Then 


(a) bX) = Vague A? 4(X). 

(b) h?4(X) = ht? (X). 

(c) b,(X) is even for g odd. 

(d) A'°(X) = $b)(X) is a topological invariant. 


These results are a simple consequence of the preceding theorem. We shall 
see shortly that there are examples of compact complex manifolds X which 
violate property (c), and hence such manifolds are not of Kahler type. Thus 
Corollary 5.2 places topological restrictions on a compact complex manifold 
admitting a Kahler metric. We already know that any such manifold always 
admits a Hermitian metric. 


+A K-3 surface is a compact complex manifold X of complex dimension 2 such that 
(a) H'(X, Ox) =0 and (b) A?T*(X) = K, the canonical bundle of X, is trivial; see, eg., 
Kodaira [3] and Safarevié [1], Chap. 9. 

{In 1983 Yum-Tong Siu showed that K-3 surfaces are Kahler (Y.-T. Siu, “Every K-3 
Surface is Kahler,” Invent Math. 73 (1983), no. 1, pp. 139-150. 
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The simplest example of a non-Kahler compact complex manifold is given 
by a Hopf surface, which we shall now construct. First, we recall one of the 
basic ways of constructing compact complex manifolds in general, namely, 
“dividing a given manifold by a group of automorphisms,” an example being 
the complex tori considered in Sec. 4. Let X be a complex manifold and let 
T be a subgroup of the group of automorphisms of X (an automorphism of X 
is a biholomorphic self-mapping of X onto itself). We say that T is properly 
discontinuous if for any two compact sets K,, Ky C X, y(K1)N Ky # @, for 
only a finite number of elements y €¢ F. The group IT is said to have no 
fixed points if for each y € T — {e} (e = identity in T) y(x) # x for all 
x € X. We let X/T be the set of equivalence classes with respect to the 
action of the group T; i.e, x and y € X are equivalent (with respect to T) 
if x = y(y) for some y € T. Let X/T have the natural quotient topology 
given as follows: A basis for the open sets in X/T is given by the projection 
of the open sets in X under the natural projection mapping 7: X > X/T. 


Proposition 5.3: Let X be a complex manifold and let T be a properly 
discontinuous group of automorphisms of X without fixed points. Then 
X/T is a Hausdorff topological space which can be given uniquely a com- 
plex structure, so that the natural projection mapping z: X > X/T isa 
holomorphic mapping, which is locally biholomorphic. 


Proof: Let N be any compact neighborhood of a point x) ¢ X. Then 
there exists only finitely many elements y € TF so that y(xo) € N. This 
follows immediately from the definition of properly discontinuous, letting 
K, and K, = N. Thus for each point x9 € X there exists an open neigh- 
borhood No so that y(No)N No = &@ for all y € TF — {e}. Then, clearly, 
y(No) will be a neighborhood of y(xo) with the same property; 1.e., y (No) 
is the only translate of No by T that meets y(No). Let yo = 2(%o). Then, 
clearly, Wo = (No) = 1(Uyery(No)) is a neighborhood of yo. If y; A yo is 
a second point in X/T, then letting x, be any point in z~!(y,), we can find 
a neighborhood N, of x; so that: (a) y(X,) ¢ N, for all y ¢ T —{e} and (b), 
Ni Ny (No) = &, for all y ¢ T. Thus 7(U,ery(N)) is an open neighborhood 
W, of y; which does not intersect Wo, and hence X/T is Hausdorff. We can 
use these neighborhoods as coordinate charts near the point yo. Namely, No 
is homeomorphic to Wo under z since zr|,, is one-to-one, open, and contin- 
uous. Moreover, if Wo and W, are two such coordinate systems near yo and 
y, and W)N W, 4 @, then there exists a y € FT so that the corresponding 
y(No) ON, #4 2, and thus the overlap transformation will be of the form 


Vivony—tayy: Noy (M1) — v(No) ON, 


which is a biholomorphic mapping. Hence we have a complex structure, 
and the mapping z is clearly holomorphic and locally biholomorphic. The 
uniqueness is easy to verify, and we omit the proof. 

Q.E.D. 
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Classical examples of complex manifolds constructed in this manner are 


(a) Riemann surfaces of genus g = | (elliptic curves), where X = C and 
IT is a two-dimensional lattice in C generated by two periods independent 
over R. 

(b) Complex tori (see Example 4.4). (a) is a complex torus of one 
complex dimension. 

(c) Riemann surfaces of genus g > 1, where X = unit disc in C and 
I is a properly discontinuous fixed point free subgroup of the group of 
automorphisms of X (which are all fractional-linear transformations of the 
unit disc onto itself, i.e, MObius transformations). 


Remark: If we omitted the assumption that I had no fixed points in 
Proposition 5.3, then X/T can still be given a complex structure as a 
complex space (a generalization of a complex manifold) with singularities 
at the image of the fixed points (see Cartan [1] for a proof of this). 


To construct an example of a Hopf surface, we proceed as follows. Con- 
sider the 3-sphere S? defined by {z = (z1, z2) € C*: |zi|? + |z2/? = 1}, and 
then we observe that there is a diffeomorphism 

f: 8 xR>C- 0} 
given by 

Ff (21, 22, t) = (e'z1, €'22) 
for (z1,z2) € S? C C’,t € R (i.e, we are shrinking and expanding S? in 
C’ by the parameter t exponentially). The infinite cyclic group Z acts on 
S? x R in a natural manner, namely, 

(z1, Z2,¢t) —> (z1,22.,t+m), for me Z, 

and it is clear that the quotient space under this action (defined as above) 
(S? x R)/Z is diffeomorphic to S? x S'. Under the diffeomorphism f we can 
transfer the action of Z on S? x R to an action of Z on C? — {0}. Namely, 


(Z1, Z2,m) > (e"Z1, e"Z2) 


for (z1, Z2) € C? — {0} and m € Z. Moreover, for a fixed m € Z, the mapping 
above is an automorphism of C”— {0}. Thus the action of Z on C?— {0} is the 
action of a subgroup I’ of Aut(C?—{0}), which, it is easy to check, is properly 
discontinuous without fixed points (the orbit of a point under I is a discrete 
sequence of points with limits at 0 and oo). Since the action of the groups Z 
and I commutes with the diffeomorphism, we have the commutative diagram 


f 
SxR — > C’—{0} 
4 
(S? x R)/Z — (C? — {0})/T 


Il? Il? 
Sx s! X, 
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where the vertical arrows are the natural projections. By Proposition 5.3 
we see that X is a complex manifold which is diffeomorphic under f to 
S? x S! (and this is compact). An integral basis for the homology of S? x S! 
is given by the factors S', $* in those dimensions, and we have the Betti 
numbers 

bo(X) = bi (X) = b3(X) = b4(X) = 1 


b7(X) = 0. 

In particular, b;(X) = 1, and hence X cannot be Kahler, since odd degree 
Betti numbers must be even on Kahler manifolds. A deep result of Kodaira 
[4] asserts that any compact complex manifold which is homeomorphic to 
S' x S$? is of the form (C? — {0})/I for some appropriate T chosen in a 
manner similar to that of our example. Such manifolds are called Hopf 
surfaces. 

We would like to give one last important example of Kahler manifolds. 


Theorem 5.4: Every complex manifold X of complex dimension 1 (a 
Riemann surface) is of Kahler type. 


Proof: Let g be an arbitrary Hermitian metric on X. Then it suffices 
to show that this metric is indeed a Kahler metric. But this is trivial, since 
the associated fundamental form @ is of type (1, 1) and therefore of total 
degree 2 on X. Since X has two real dimensions, it follows that dQ = 0, 
since there are no forms of higher degree. 

Q.E.D. 


Suppose that X is a compact Riemann surface. Then we have, by the 
Hodge decomposition theorem for Kahler manifolds, 
H}(X,C) = H'(X) @ H°(X). 
Moreover, h!:°(X) = h®!(X), and hence 2h!°(X) = b,(X). Thus h!°(X) is a 
topological invariant of X, called the genus of the Riemann surface, usually 
denoted by g. 


6. The Hodge-Riemann Bilinear Relations 
on a Kahler Manifold 


In this section we want to study the structure of the de Rham groups on 
a Kahler manifold. If X is a Kahler manifold, then the fundamental form 
Q on X determines the Lefschetz decomposition, 
(6.1) He.) . - EPH.) 

s=(r—nyr 

where H/(X, C) is the vector space of primitive cohomology classes of degree 
r. This follows immediately from the harmonic forms representation of the 
de Rham group and Corollary 4.12. Since we represent the cohomology ring 
H*(X, C) by differential forms, we shall write € A y for the product of two 
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cohomology classes, where we mean by this the following: If g, wy € Z*(X, ©), 
the d-closed differential forms, and [g], [yw] are the classes of g and yw in 
H*(X, ©), then [yg] A [w] is defined by [g A w], and it is easy to verify that 
this cohomology product is well defined and, moreover, satisfies € A 9 = 
(—1)*8 §4e819 A &. If Q is the fundamental form on X, let w = [Q]; then 
we define 
L: H*(X,C) > H*(x,C©) 

by L(é) = @ A. Thus the Kahler structure on X determines the linear 
mapping L on cohomology. However, the mapping L depends only on the 
class wm and not on the differential form representing it (nor on the metric 
inducing &); any cohomologous differential form would give the same result. 
The existence of a Kahler metric therefore implies the existence of a linear 
mapping L: H*(X,C) > H*(X, ©), which is real, i.e., L is actually defined 
on H*(X, R), and, moreover, the above Lefschetz decomposition (5.1) holds. 
The primitive cohomology classes H'(X,C) C H'(X,C) are those satisfying 
L"-"+lé — 0, as before. The point we wish to make here is that the existence 
of L and of the decomposition (6.1) is a topological necessity that a (say, 
differentiable or topological) manifold admit a Kahler complex structure. 
This is analogous to and related to the requirement that odd degree Betti 
numbers must be even for Kahler manifolds. 

Suppose that such an L exists on a compact oriented differentiable 
manifold of real dimension 2n, 1.e., 

L: H"(X,R) > H’*(X,R), r=0,...,2n—2 
n 
se H'(X,R)= Ey EPH AR), 
s=(r—n)t 


where H’?(X,R) is the kernel of the mapping 
Lt-Ptl: BPX, R) > A??? (x,R), p <n, 


and L is extended to the complexification by linearity. We want to introduce 
a bilinear form on H’(X,R) as follows: For €, € H’(X,R), we let 


(6.2) O€.m= D> CIreens / aed ee 

s>(r—ny+ -: 
where € = )° L*é, and » = >> Ln, are the primitive decompositions of & 
and y, respectively. In the case where X is a Kahler manifold, the quadratic 
form above is well defined by the fundamental form &. However, we do not 
assume for the present that X is Kahler to emphasize the topological nature 
of the quadratic form Q above. Such a quadratic form was first introduced 
by Lefschetz in the context of a projective algebraic variety and then reinter- 
preted in the same context (for a projective algebraic manifold) by Hodge for 
de Rham cohomology represented by harmonic differential forms. The qua- 
dratic form Q is a sort of intersection matrix for cycles in X, and the signs 
reflect the decomposition induced by L. As we shall see, Q will have many 
important properties and applications, but first we want to discuss it from 
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an intuitive and geometric point of view. Suppose that dimyX = 2. Then 
we have, for H'(X,R), 


og. =—f rn, 
xX 


since H'(X,R) = Hi(X, R) and n=r =1. Thus, if {&,} is a real basis for 
H'(X, R) and if we let {&,} be a dual basis for H!(X, R)*x & H,(X,R), then 
{€,} can be represented by geometric 1-cycles on X, which in turn can be 
represented by an algebraic sum of oriented closed curves FP, on X. Then the 
matrix O(&,, &s) = Qyg can be represented by (and is the same as) the inter- 
section matrix (1 ,:Tg), which is defined by ,-I'g = the algebraic sum of the 
number of intersections of ., with I'z, assuming that they are in general posi- 
tion, meeting only in a finite number of points. The sign of the intersection 
number is given by whether the local orientation of the intersecting curves 
agrees or disagrees with the orientation of X. This was, in fact, the context 
in which Lefschetz worked (see Lefschetz [1] or Hodge [1], where higher- 
dimensional intersections are also considered). The interaction between the 
two points of view is very important (especially in algebraic geometry), but 
in this book we shall restrict ourselves primarily to a discussion of the coho- 
mology groups H*(X,C), defined by differential forms, and deduce what 
we can from the existence of a Kahler metric and other considerations. 

Suppose now that X is a compact Kahler manifold with fundamental 
form @ and that we have the Lefschetz decomposition as given by (6.1) 
and the quadratic form Q defined by (6.2), which we extend to H"(X, C) 
by complex-linearity. Since X is a Kahler manifold, there is a bigrading on 
H*(X, C) induced by the complex structure; i.e., 


H"(X,C)= > H?4(X), 
p+q=r 
given by the Hodge decomposition, Theorem 5.1. The linear operator J = 
yng i? 4Mp.q 18 well defined on H’(X,C), where IT,,, denotes projections 
onto H?4(X) (cf Sec. 1). Then we have the following theorem. 


Theorem 6.1: Let X be a compact Kahler manifold with fundamental form 
Q@ and with the associated quadratic form Q defined by (5.2). Then Q is 
a nondegenerate real bilinear form with the following properties: If € and 
n € H'(X, ©), then 


(a) O(&.9) =(-1)' (1. 8). 
(b) QUE, Jn) = OC, 7). 
() OC, Jn) = O(a, Jé). 
(d) OG, JE) >0, if & £0. 


Proof: Property (a) is obvious from the definition of Q. Property (d) 
has as a consequence that the quadratic form Q is nondegenerate, since 
QO(E, Jn) is the composition of the bilinear form Q with two isomorphisms 
of H"(X,C) onto itself. In a matrix representation of this composition we 
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would have the product of the matrices, and since the composition is a 
positive definite Hermitian symmetric form, it must have a nonzero deter- 
minant. Thus Q must have a nonzero determinant with respect to some 
basis and hence is nonsingular. 

To show property (d), we note that we can rewrite 


O€,Jnv= >> cf We nsl'n, 
x 


s>(r—n)t 


where the {c,} are positive constants. This follows from Theorem 3.16. 
Namely, in this case we have (recall that degree », = r — 2s) 


*L q, = (— [eee ee te J1,, 


where c,,; 18 a positive constant. Thus we obtain, with c, > 0, 


O6JD= Saf ve ase, 
s=(r—n)t 7 
and this is > 0 since € 4 0 implies at least one of the L*&, 4 0 and hence the 
sum is positive, by the positive definite nature of the Hodge inner product. 
The proofs for properties (b) and (c) are similar and will be omitted. 
Q.E.D. 


Property (a) in Theorem 6.1 tells us that Q is either symmetric or skew- 
symmetric depending on whether Q is acting on cohomology of even or 
odd degree. It is well known from linear algebra that there are canonical 
forms for such quadratic forms. Namely, for r odd, there exists a basis {&,} 
for H"(X,R) so that if we let Q(&, &) = Qu, then the matrix [Qy,] has 
the form 


(63) | i 


where g = 5b, (X ) and I, is the g x g identity matrix [note that it is necessary 
that b,(X) be even in this case]. Similarly, if r is even, then there is a basis 
{&} of H’(X, R) so that 


(6.4) Qul=[§ S). 


and h —k is the signature of the quadratic form Q. 

Our next results will show that the subspaces of H’(X,C) on which 
Q is positive or negative definite are very much related to the bigrading 
of H’(X,C) given by the Hodge decomposition. First, however, we want 
to discuss the distinction between primitive and nonprimitive cohomology 
classes. We shall be interested primarily in the de Rham groups H’(X, C) 
for r <n, since by Poincaré duality the vector spaces H*"~’(X, C) for r <n, 
are conjugate-linearly isomorphic to H’(X, C) and, in effect, do not contain 
any new information. 
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Let us compute the primitive cohomology of a simple space, X = P,,(C). 
We have seen before that 


bo(Pn) eS bon (Pn) =1 
by (P,) So ae Don (Px) ss 0, 


as is most easily seen by a cell decomposition, and the generators of the 
homology groups are given by 0 = Py Cc --: C P,. The cohomology 
groups H*(P,,C) have as basis elements 1, w, w’,...,@", where @ is the 
fundamental form of P,, and [Q] =a is the class of @ in H?(P,,, C); ie., 


Hx(X,C) =C@ Cw @ Ca’ @---@ Co", 


where Ca” represents the complex vector space spanned by the (m, m) class 
wo” in H?"(X,C). We claim that the only primitive cohomology classes in 
H*(P,,,C) are the constants, ie, H°(P,,C) = C,H?"(P,,C) = 0,m = 


1,...,”. This follows from the fact that w is not primitive, since 
we ang =e" 40 if r=). 


Thus, in a very easy case, all of the cohomology is determined by primitive 
cohomology (the constants) and the fundamental form. In general, on a 
compact Kahler manifold a nonprimitive cohomology class & is of the form 


E=F+aAE +--- +a" NEn, 


where the €; are primitive cohomology classes and w is the fundamental 
class, and some €; #0 for j > 0. How large is Hx,(X,C) in general? Let 
bi = dimcH/(X,C). Then we have the following proposition. 


Proposition 6.2: Let X be a compact Kahler manifold. Then 
bi (X) = dim H7(X, C) = b,(X) — b,-2(X) 


for r <n. 


Before we give the proof, we note that for projective space we get the 
right answer, since b,—b,_. = 0 for r > 1. Similarly, another simple example 
(which follows from Proposition 6.2) would be cohomology of degree 2 on 
a Kahler manifold X, and we see that in this case b°? = bo, b! = b,, and 
b> = by — by = by — 1. Moreover, if w is the fundamental class on X, then 
w is of type (1, 1), and hence we have 


H?(X, C) = H*°(X) @ H'!(X) @ H°?(X) 
= H?°(X) @ H!'(X) @ Co @ A(X), 


noting that, by dimension considerations, we have H*°(X) = H?°(X) and 
H°?(X) = H®?(X); ie, all of the nonprimitive cohomology is in the middle 
and is one-dimensional. 

Geometrically, what this means is the following. If X is a smooth complex 
submanifold of P,, (and hence Kahler), then there are many cycles on X 
of the form XN P;,j =0,1,...,2—1, where Po C --- C P, is the cell 
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decomposition of P,, (assuming that the intersecting manifold X and P; 
are in general position). This determines part of the homology of X; the 
remainder of the homology, which is not so determined, is the primitive 
part (or as Lefschetz called them, effective cycles). In the case of a complex 
surface X C P3, then, X NP, is (generically) a real two-dimensional closed 
submanifold, which is a cycle in H,(X, Z), which corresponds in cohomology 
to w € H’(X, Z) (since w is, in this case, an integral cohomology class). 
Again, we shall not formally prove this correspondence; we merely mention 
it as motivation for the discussion at hand. 


Proof of Proposition 6.2: The proposition is clearly true for r = 0, 1, 
and so we shall prove it by induction for general r. Suppose that b? = 
b, — by-2 for q=0,...,r — 1. Then let {6} be a basis for H’~7/(X, ©), 
i=1,...,d,-2; — by-2j-2, j = 1,..., [7/2] (bg = 0, for g < 0, by definition), 
and consider the set {Lig} of classes in H’(X,C). We claim that these 
vectors are linearly independent. Suppose that 


» je V) 
a; L/E;" = 0, aij € C, 
ij 


Then we have 0= 3 Li( So aié”), 
vi) i 


and by the uniqueness of primitive decomposition, we obtain }°, aE! »=0, 
j =1,...,[r/2]. By the linear independence of the {Eo in H’~7/(X,C©), 
we see that a; = 0 for all i and j. We claim now that none of the vectors 
of the form pie can be primitive in H’(X,C). To show this, suppose 
that € € H’~/(X,C), and, moreover, suppose that L/é is primitive; ie., 
L’~"*1(L/&) = 0. Then it follows from Theorem 3.12 that € must be zero. 
Suppose that {7,,...,7,,} is a basis for H/(X,C). Then it follows from the 
above remark that the vectors {9,,...,9,,, L/ EY } are linearly independent 
in H’(X,C). By the primitive decomposition theorem, they clearly span 
H'(X,C), and hence 
bi =m = b, — {(b, 2—D, 4) + (b, 4— b, oes} 


Shel hey. 


Q.E.D. 


It is interesting to note that although the primitive cohomology is defined 
via the fundamental class w, the dimensions b/(X) are topological invariants 
of X and independent of the fundamental class w (of course, for j <n). 

We would now like to discuss the restriction of the quadratic form Q for 
a compact Kahler manifold X to subspaces of H’(X, C). For reasons which 
will become apparent, we shall want to consider Q restricted to the primitive 
cohomology Hj(X,C). We have the following important theorem, due to 


+The same proof shows that for the Hodge numbers h?? we have h?'? = n?-4—pP-la-l, 
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Hodge, which generalizes a theorem of Riemann for the case n =r = 1 (in 
which case primitive cohomology coincides with cohomology). 

To simplify the notation we let P’(X,C) = H’(X,C) and P?4(X) = 
H?-4(X,C) denote primitive cohomology, and by definition P,(X, ©), etc., 
will be the dual primitive homology groups (the effective cycles of Lefschetz). 


Theorem 6.3: Let X be a compact Kahler manifold, let P’(X,C) = 
pare P?’4(X) be the primitive cohomology on X,r = 0,...,2n, and 
let QO be the quadratic form on P’(X,C) given by (6.2). Then 


(a) Q(P"44, P*"*) = 0q #5). 
(b) i-"(-1)1O(P"44, P’-*) > 0. 


Here (a) means QO(&,4) = 0 for € € P’- 4% and yn € P*’*, and (b) means 


that = 
i’(-1)70(,&) > 0, for all nonzero € € P’-%, 


Proof: First we observe that Q restricted to P’(X,C) has a simpler 
form, namely, 


65) Oé. m=? / LE An, &n€ P'(X,©) 
xX 


and as in the proof of Theorem 6.1, we have 
«yg = (—D Pe LIN, cy > 0,~ 


as given by Theorem 3.16. Substituting in, we find that 
OG. = ei f Eran 
Xx 


if 7 € P*”. Now, for part (a), suppose that € € P’-74 and n € P*’,q 4s. 
Then we have 


QE, 9) = coi” / ARR, 
xX 


and & and 77 have different bidegrees, by assumption, and so, by Proposi- 
tion 2.2, O(&, y) = 0. Similarly, if € € P’-44 and € #0, then we see that 
i77-" = j-"(—1)4, and thus 


i"(-1)'0, &) = af EAxE > 0. 
xX 
Q.E.D. 


We shall call the relations in Theorem 5.3 (a) and (b) the Hodge-Riemann 
bilinear relations. These play an important role in the study of the moduli of 
algebraic manifolds (cf. Griffiths [1], [3]). They are the natural generalization 
of the Riemann period matrix of a Riemann surface or of an abelian variety 
(cf. Sec. VI.4). These topics will be discussed briefly in the remainder of this 
section in connection with the general moduli problem for compact complex 
manifolds. The reason we restrict our attention to primitive cohomology in 
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Theorem 6.3 is that the corresponding quadratic form in (b) for the full 
Dolbeault group H’4(X) contained in the full de Rham group H’(X, C) is 
an Hermitian symmetric form which is nondegenerate, but it is no longer 
positive definite, in general (cf. Hodge [1]). Since the primitive cohomology 
generates the full cohomology by means of the fundamental class w, there 
is no essential loss of information. 


Remark: If X is a compact Kahler manifold of even complex dimension 
2m, then one can use the above type of considerations to show that the 
signature of the underlying topological manifold, which is the same as the 
signature of the quadratic form 


AC, n= [ean Eon € H"(X,R), 
»4 


can be computed in terms of the Hodge numbers h?:4(X). More precisely, 


one has 
o(X) =D o(-1)?AP4(X) = SO (-1)Ph?4(X), 
Pq p=q(2) 

where o(X), the signature of X, is the difference between the number of 
positive and negative eigenvalues of the (symmetric, nondegenerate) qua- 
dratic form A, and, as is well known in algebraic topology, is a topological 
invariant of such a real 4m-dimensional oriented topological manifold (see, 
e.g., Hirzebruch [1]). For more details see Weil [1], p. 78. 


Let X be a compact Kahler manifold and consider the Hodge decom- 
position of the primitive cohomology group of degree r, 


POS Do PPA (x): 
p+q=r 
Then we have the subspace relation 
P?4(X) C P'(X, ©), 


and we note that Theorem 6.3 imposes restrictions that subspaces be of 


this form. Let g = {g!,..., 9"} be a basis for P?(X), where h = h?4(X), 
and let py = {,...,%} be a basis for P’(X,R) with dual (real) basis 
y={v,-.--,Y%} for P.(X,R). For instance, we can choose the basis y so 


that Q in terms of this basis has the canonical form (6.3) or (6.4) depending 
on the parity of r, but this is not necessary for our discussion here. We 
can express g* in terms of the basis y, namely, 


b 
% ms 
gy =) Das Vo 
o=l 


and we can integrate this relationship over the cycles {y,}, obtaining 


/ v= Dow | Vo = Wup 
Yp a yp 


since y and y are dual bases and the duality pairing is given (via de Rham’s 
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theorem) by integration of differential forms over cycles. Thus we have a 
matrix i F 
Le eee 
Q = (ep) = : : ’ 


Se Ghiie ie g" 
which we call the period matrix of the differential forms {y*} with respect to 
the cycles {y,}. It is clear that Q is an h x b matrix of maximal rank. We can 
now express the Hodge-Riemann bilinear relations in terms of this matrix 
representation for the subspace relation P?’ C H". Namely, we see that 


O(¢", 9) = O( Dea %o. Y | Ope Px) 


= LS Waa Oo7r Mgr = 0, 


o,T 


and, similarly, 
i"(-1)10(9", ) =i" (-1)" YD) ae QarG@pr > 0, 


which can be expressed in the form (letting Q denote the matrix [Q,,]) 


(a) 2O'R=0. | 
(b) i-"(—1)"2.0'2 = 0. 


The bilinear relations above were first written down in this form by Riemann 
for periods of holomorphic 1-forms (abelian differentials) on a Riemann 
surface (Riemann [1]). If we make a change of basis for P?4(X), then 
we get another period matrix @ which is related to the original @ by the 
relation 2 = AQ for A € GL(h, C). 

If we consider the Grassmannian manifold 


G,(P'(X, C)), 
then the subspace relation P?“(X) C P’(X, C) defines a point in the above 
Grassmannian manifold. We thus have the association 
X — ®(X) = (PPX) C P'(X, C) € Ga( P(X, ©)), 

where ®(X) is, by definition, the associated point in the Grassmannian, 
given by the subspace relation. We call ® the period mapping since the 
image point ®(X) can be represented by periods of integrals as above. The 
choice of basis {7,..., %} gives us 

G,,(P"(X, C)) = G,(C’) = G40), 
and the choice of basis {y),...,g,} gives us an h x b matrix (the period 


matrix) & € M,,,(C), which is mapped onto the corresponding point in the 
Grassmannian via the canonical projection mapping 


My,»(C) —> Gi,,(C) 
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(see Chap. 1). The invariant description of the period mapping given above 
is due to Griffiths. If the complex structure on X is allowed to vary in 
some manner (for a fixed cup product operator L on a fixed topological 
manifold Xo»), then the subspace P?4(X) C P’(X,C) will vary, although 
the primitive de Rham group remains fixed. Thus the variation of the Hodge 
group P?’ in P’ is a reflection of the variation of the complex structure on 
the underlying topological manifold X,.,.¢ We refer to this generally as a 
variation of Hodge structure, and Griffiths has introduced a formulation for 
making this variation of Hodge structure precise and in many instances a 
true measure of the variation of complex structures (see Griffiths [1], where 
he introduces the period mapping, and his survey article [3], which contains 
an up-to-date bibliography of the very active work in this field as well as 
a long list of conjectures and problems). 

We shall introduce here what we shall call a Griffiths domain, which 
is a classifying space for Hodge structures and which is chosen in such 
a manner that an a priori holomorphic variation of complex structures 
induces a holomorphic mapping into the Griffiths domain (a subset of an 
appropriate Grassmannian-type domain manifold generalizing the classical 
upper half-plane and Siegel’s upper half-space). 

Let X be a Kahler manifold as above and let 


POS) Pe) 


pt+q=r 
be the Hodge decomposition for primitive cohomology. Then we define 
EQS PO) Sree he). Ser 


and we see that 

PPC Gener ar 
and we call {F’} the Hodge filtration of the primitive de Rham group P”.t Then 
let f° = dime F’, o = [(r—1)/2], and f = (f°,..., £7) ([] denotes greatest 
integer). We consider the flag manifold F(f, W), where W = P’(X, C); Le., 
a point in F(f, W) (called a flag) is by definition a sequence of subspaces 


F’cFic::-cF° CW, 
where 
dimc F!/ = f? : 
Thus F(f, W) is a natural generalization of a Grassmannian G;,(W), which is 
the flag manifold for o = 0 (which is the case if r = 1, for instance). The det- 


ailed construction of a flag manifold is analogous to that of a Grassmannian, 
and we omit any details here. Now, to a Kahler manifold X we can 


+The above discussion works equally well for nonprimitive cohomology, i.e., considering 
H?-4(X) C H'(X,C) as a point in a different Grassmannian. The period relations which 
will play a role later are defined only for primitive cohomology, and hence the restriction. 
However, by the Lefschetz decomposition theorem, there is no loss of information. 

{One can also define the Hodge filtration of the full de Rham group in the same manner. 
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associate the integers f°,..., f° coming from the Hodge filtration, and 
there is then a mapping defined, 


YF) ef Ores erie reo, 


which we then write as 
®(X) € F(f, W). 


This is Griffiths’ period mapping (Griffiths [1]). 

Let X > T bea proper surjective holomorphic mapping of maximal rank 
from a complex manifold X to a complex manifold 7. Then X —> T is called 
a complex-analytic family of compact complex manifolds. Let X, = 27!(t). 
Then X, is the fibre over t, or the compact complex submanifold of X 
corresponding to the parameter t € T. A basic fact about such families is 
the following proposition asserting that they are locally differentiably trivial. 


Proposition 6.4: If t, € T, then there exists a neighborhood U of t, in T 
and a fibre preserving diffeomorphism 


(6.6) f: Xp XU > aU). 


Proof: This is a local problem in the parameter space T, and so let T 
be an open set in C* and let % = 0 be the origin assumed to be in T. Then 
we have coordinates (f,...,%) for points in 7, and by the implicit function 
theorem, if p € Xy = 2~'(0), it follows that we can find a neighborhood 
U, and a biholomorphic mapping 


Wp Op => UC Cee Es, 
open 


with Ce 
Wolupnx, —> U,AC" x {t}; 

i.e., the fibres of the family in this coordinate system are given by [f = 
constant], where (z, t) UT Zee t C*. In other words, near p, the 
family is holomorphically trivial (= to a product family). We can find a 
finite covering {U,} of a neighborhood of Xo in X by such coordinate 
systems, and we denote the coordinates for U, by (z%,t). The transition 
functions from (z%, tf) coordinates to (z’, t) coordinates are of the form 


fs t) i 
0 1]? 


where fug(z, tf) is ann xn complex matrix of holomorphic functions. By using 
a partition of unity we can piece together the usual Euclidean metric in each 
coordinate system to obtain a global Hermitian metric h, which, expressed 
in one of the above coordinate systems, has the form (in real coordinates) 


h=>- gij(x,s)dx; @ dx; + Y~hivlx, s)dx; @ds, +++, 
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where 
Zj S=Xj +X jn, fHlesan 
tj) = Sj +iSj4e, JH, .5, k; 


and where (g;;) is a real positive definite matrix and z; = zj (dropping the 
notational dependence on a). Consider a curve of the form (in U®) 


Yp.t(T) = (Z(T), Tt), 
depending on the parameters (p,t), where p = (z, 0) is a point on XpNU,,. 
We require that 


(a) ¥pr(0) = (z, 0). 
(b) The curve y,, be orthogonal to X,, with respect to the metric h at 


Ypa(T). 


Note that the nature of the parameterization and the coordinate system 
ensures us that the curve intersects X,, precisely at the point y,,(t). 
Condition (b) can be rewritten as the system of ordinary differential 
equations 


2n 2k 

> gig (x(t), TSX) (T) + y hj, (x(t), Ts)s, = 0, i=1,...,2n. 

j=l v=1 
It follows that this nonlinear system of equations satisfies a Lipschitz con- 
dition (it is quasilinear) such that the standard existence, uniqueness, and 
parameter dependence theorems for ordinary differential equations hold, 
and thus there is a unique curve associated to each parameter point (p, f), 
and we define 

f (Pp, t) = ¥p1) 


f: Xo x T — X, 
which is (for |t| small) an injective differentiable mapping. Moreover, the 
differential of this mapping at points of Xo is readily seen to be invertible, 
and thus the mapping 


and obtain a mapping 


Te Xo x {|t| <¢e}— X |ht1<e 


is a diffeomorphism for ¢€ sufficiently small. 
Q.E.D. 


Remark: The above result clearly does not depend on the complex 
structures. 

Proposition 6.4 tells us, in particular, that all the fibres X, for f near 
ty are diffeomorphic. Then we can consider f~'(X,) as inducing possibly 
different complex structures on the same differentiable manifold (X,, irr. 
This is the point of view of deformation theory, introduced in the general 
context by Kodaira and Spencer in 1958 and begun by Riemann in his study 
of the number of moduli necessary to parameterize the different complex 
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structures on a Riemann surface. The recent book by Morrow and Kodaira 
[1] gives a good introduction to deformation theory along with many exam- 
ples, and we refer the reader to this reference as well as the original papers 
of Kodaira and Spencer [1, 2]. One of Griffiths’ objects in introducing the 
period mapping above was to obtain a representation for the variation of 
complex structure (in the sense of deformation theory) in terms of the vari- 
ation of Hodge structure. To describe this mapping, we need some auxiliary 
results from deformation theory, which we shall now describe. 


Proposition 6.5: Let X —>T be a complex-analytic family and let nh?’ = 
hP-?(X,). Then h?? is an upper semicontinuous function of the parameter 


t; moreover, h? < h7",t €T and t near ty. 


Proof: This is a local result. Let T Cc Cé and # =0 € C*. We first use 

(6.6) to get a diffeomorphism 
Si: X; —> Xo, 
which induces a differentiable vector bundle isomorphism, 
fi: AN T* (Xo) — A'T*(X,). 
The almost complex structure J, acting on T(X,) induces an almost complex 
structure J, on T(X0), via f;, and hence a projection 
T1p.grt AX T*(X0) —> APIT* (Xo), 

which is maximal rank for t = 0 and thus for ¢ near 0. Therefore the diagram 


ATE" (Ko) > PATA Xo). = APPEL (XK) 


| ee 


AP4T* (Xo) 


induces an isomorphism , for ¢ sufficiently small. Thus we have the operator 
d on X, acting on the complex A?“T*(X,), induces via jz, the complex 


—> EP4(X) tty CPT (XG) Sy 
where dy = 4 and the operator 9, depends continuously on the parameter f. 


The proposition now follows from Theorem 4.13 and Sec. 5 in Chap. IV. 
Q.E.D. 


Corollary 6.6: Suppose that X > T is a complex-analytic family such 
that T is connected and X, is Kahler for t ¢ T. Then h?’ = h7’ for some 
fixed tp € T; ie, h?? is constant on T. 


Proof: By Corollary 4.2 we know that >’. ,_, he? = b,,, but since all 
the fibres are diffeomorphic, b,., = b,.. = b,. Thus for |t — to| < 6, we have 
he? <h?? and therefore 


to > 
bea AE Bee 


p+q=r p+q=r 
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If for some p,q, h? < hz", for |t — t| < 6, then we would have a contra- 
diction. 
Q.E.D. 


If now X —> T is a complex-analytic family of Kahler manifolds (e.g., a 
family of projective algebraic submanifolds, parameterized by varying the 
coefficients of the defining homogeneous equations) and T is connected, 
then for all fibres X, in the family we have the same Hodge numbers h?:4 
and hence the same primitive Hodge numbers hh), and finally the same 
Hodge filtration numbers f*,0 < s < o = [r/2]. Thus for this family we 
may define the flag manifold 


PS 2a Wie Wah 
and we see that the mapping 
(6.7) ®: T — F(f, W) 
given by 


C), 


to? 


®(t) = ®(X,) = [F°(X,) C... C F°(X;) C WI] 
is well defined. 


Theorem 6.7 (Griffiths); The period mapping (6.7) is a holomorphic 
mapping. 

Remark: The proof of this theorem depends principally on the Kodaira- 
Spencer deformation theory formalism (Kodaira and Spencer [1]), which we 
do not develop here (see e.g., Morrow and Kodaira [1]). In fact, Griffiths 
shows many more properties of the period mapping such as the nature of 
the curvature of certain natural metrics restricted to ®(T), or that ®(T) is 
a locally closed analytic subvariety of F(f, W), etc. (see Griffiths [2, 6]). He 
also gives conditions (verifiable in many examples) such that if ®(t;) 4 ®(t), 
then the two complex manifolds X,, and X,, are not biholomorphically 
equivalent. In other words, the period mapping is a description (sometimes 
complete) of the variation of the complex structure. 


If Q is the fundamental quadratic form defined on P’(X, C) (6.5), then let 
LCR wit SEW) 
be defined by the set of flags in F(f, W) satisfying the first bilinear condition 
(6.8) OF /F', F'/F') =0, 
where F*/F*~! is defined to be a subspace of F’ C W by defining 
F°/F' = {ve F*: Q(v, F*') = 0} 


(note that Q is nondegenerate). Then let D Cc X be the set of flags in 
F (f, W) satisfying in addition to (6.8) the second bilinear condition 


(6.9) PAPO TE Pir > ©. 
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One proves that X is a compact projective algebraic manifold and that 
D is an open subset of X. Both are homogeneous spaces, with natural 
invariant metrics. We call such a domain D a Griffiths domain.+ Because 
of Theorem 6.3, it follows that 


®@(T) CDCXCF(f,W). 


Moreover, there is a natural fibering of D (because of the homogeneous 
structure) as a real-analytic family of compact complex submanifolds of D, 
as in Example 6.8 below (possibly zero-dimensional, as in the classical case), 
and Griffiths obtains an infinitesimal period relation which asserts that the 
mapping ® is transversal to the fibres in the real-analytic fibering mentioned 
above. 

We mention two examples of Griffiths domains. 


Example 6.8: Let r = 1. Then o = 0, F° = H'°(X), and the flag 
manifold F(f, W) becomes 
F(f, W) = Gara(©), 
and letting Q be in standard form (6.3), 


Q= [a ;| 
we see that X and D are defined in terms of the “homogeneous coordinates” 
for Gh2n(C), 
X = {QE My, »,(C): 2QE'Q = 0} 
D ={Q € M,»,(C): 2QO'Q = 0, —iQO'Q > 0}. 


This Griffiths domain D is biholomorphically equivalent to Siegel’s upper 
half-space (see Griffiths [1]), 


D, ={Z¢é Mn n(C): Z= 'Z, Im Z > 0}, 


which is itself a generalization of the classic upper half-plane (h = 1) (see 
Siegel [1]). D can also be expressed in the homogeneous space form 


D = Sp(h)/U(h) 
where Sp(h) is the real symplectic group and U(h) is the unitary group 
and is a classical bounded symmetric domain (see Helgason [1]). 
Example 6.9: If r = 2, then we have the relationship 
F° os p29 Cc P? 
(note that P?° = H*°), and, moreover, 
dim F°=dim H°, 


+Griffiths called these domains period matrix domains (Griffiths [1]) and classifying spaces 
for Hodge structures (Griffiths [3]). 
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and 
i Q| 42.0, 402 i8 positive definite 


and 
i? Q|pi1 is negative definite. 


2 _ lp 0 
Ma= E ale 


where k = dim P* — 2h. D then has the homogeneous representation 


Therefore we have that 


D = SO(2h,k)/(U(h) x SO(K)), 


and we note that the maximal compact subgroup of the noncompact real 
group SO(2h,k) is SO(2h) x SO(k). Thus we have a natural fibering 


D= SO(2h,k)/(U(h) x SO(h)) 
M = SO(2h,k)/(SO(2h) x SO(k)), 


and it so happens that the fibres of this mapping are compact complex 
submanifolds of positive dimension when h # 1. 


The reader is referred to Griffiths’ papers in the References for a further 
discussion of the period mapping and its relation to the study of the variation 
of complex structure on a given (usually projective algebraic) manifold. 

The discussion and analytic behavior of the period mapping into a 
Griffiths domain is contained in Griffiths [1, 3 and 6], while the geom- 
etry of a Griffiths domain itself is discussed in Griffiths and Schmid [1], 
Schmid [1], and Wells [1, 2], Wells—Wolf [1]. The relation of the periods 
of harmonic forms on an algebraic hypersurface V of P,, and the rational 
forms on P,,— V with poles of various orders along V is studied in Griffiths 
[5] along with some interesting applications to algebraic geometry. 


CHAPTER VI 


KODAIRA’S 
PROJECTIVE EMBEDDING THEOREM 


In this chapter we are going to prove a famous theorem due to Kodaira, 
which gives a characterization of which compact complex manifolds admit 
an embedding into complex projective space. In Sec. | we shall define 
Hodge manifolds as those which carry an integral (1, 1) form which is 
positive definite in local coordinates. We then give various examples of such 
manifolds. Kodaira’s theorem asserts that a compact complex manifold is 
projective algebraic if and only if it is a Hodge manifold. This is a very useful 
theorem, as we shall see, since it is often easy to verify the criterion. Chow’s 
theorem asserts that projective algebraic manifolds are indeed algebraic, 1.e., 
defined by the zeros of homogeneous polynomials. Thus the combination 
of these two theorems allows one to reduce problems of analysis to ones of 
algebra (cf. Serre’s famous paper [2] in which this program of comparison 
is carried out in great detail). 

In Sec. 2 we shall use the Hodge theory developed in the previous two 
chapters to prove Kodaira’s vanishing theorem, which plays a role in compact 
complex manifold theory similar to that of Theorem B of Cartan in Stein 
manifold theory (see Gunning and Rossi [1]). 

In Sec. 3 we shall introduce the concept of a quadratic transform of a 
complex manifold at a given point (the Hopf blowup) and study the behavior 
of metrics on holomorphic line bundles under pullbacks with respect to a 
quadratic transform. In Sec 4. we shall bring together the tools of Secs. 2 
and 3 (which depended in turn on the work in the previous chapters) to 
prove Kodaira’s embedding theorem. 


1. Hodge Manifolds 


In this section we want to consider a restricted class of Kahler manifolds 
defined by a certain topological (integrality) condition. If X is a compact 
complex manifold, then a d-closed differential form gy on X is said to be 
integral if its cohomology class in the de Rham group, [gy] € H*(X, ©), is 
in the image of the natural mapping: 

H*(X,Z) — H*(X,©). 


217 


218 Kodaira’s Projective Embedding Theorem Chap. VI 


Let 4 be a Kahler metric on a complex manifold of Kahler type and let 
Q be the associated fundamental form. 


Definition 1.1: If Q is an integral differential form, then @ is called a 
Hodge form on X, and h is called a Hodge metric. A manifold of Kahler 
type is called a Hodge manifold if it admits a Hodge metric. 


This terminology was first used by A. Weil. The main theorem of this 
chapter (due to Kodaira [2]) is that a compact complex manifold is Hodge 
if and only if it is projective algebraic. First we shall see that there are 
many examples of Hodge manifolds, some of which are not at all obviously 
projective algebraic, and in passing we shall note that the Hodge condition 
is often easy to verify in practice. 

Let E be a holomorphic line bundle over a complex manifold X. Then 
we let 

Ev =E®:--@E 
—<— —$—$—$—” 
je factors 
and 
EY = (E*)*, 
for any positive integer 4. We let E° = X x C, the trivial line bundle over 
X, which is isomorphic to E“ @ E~ for all positive jz, as is easy to see. 
If {gag} is a set of transition functions for E with respect to some locally 
finite set of trivializations, then {gia} is a set of transition functions for 
E* for all integers yz. This is a simple fact, whose verification we leave 
to the reader (cf. Sec. 2 in Chap. I). In various examples below we shall 
use this principle to compare different line bundles on the same space, by 
comparing appropriate transition functions on the same open covering. If 
X is of complex dimension n, then we let 


Kee RTS) 
be the canonical line bundle of X. It follows that 
Ox(Ky) = Ox(A"T*(X)) = Qy 


the sheaf of holomorphic n-forms on X. For simplicity we denote the 
canonical line bundle stmply by K whenever X is fixed in a given discussion. 
We now present a list of examples of Hodge manifolds. 


Example 1.2: Let X be a compact projective algebraic manifold. Then 
X is a submanifold of Py for some N. Let & be the fundamental form 
associated with the Fubini-Study metric on Py (see Example V.4.5). Since Q 
is the negative of the Chern form for the universal bundle U;,y.; — Py, it 
follows that Q is a Hodge form on Py (see Propositions III.4.3 and III.4.6). 
The restriction of @ (as a differential form) to X will also be a Hodge 
form, and hence X is a Hodge manifold. In general, by the same principle, 
a complex submanifold of a Hodge manifold is again a Hodge manifold. 
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Example 1.3: Let X be a compact complex manifold which is an unram- 
ified covering of a Hodge manifold Y; 1.e., there is a holomorphic mapping 
X —+Y such that 2~'(p) is discrete and z is a local biholomorphism at 
each point x € X. Then X is a Hodge manifold. To see this, simply let & be 
a Hodge form on Y and then 2*Q will be a Hodge form on X. Similarly, if 


X—5Y is an immersion, then f*@ will give a Hodge manifold structure 
to xX. 


Example 1.4: Let X be a compact connected Riemann surface. Then X 
is a Hodge manifold. Namely, since dimg X = 2, we have by Poincaré duality 
that C = H°(X,C) = H*(X,©), and, moreover, H?(X,C) = H!!(X). Let 
& be the fundamental form on X associated with a Hermitian metric. Then 
Q is a closed form [of type (1, 1)] which is a basis element for the one- 
dimensional de Rham group H*(X,C). Let c= /, Q, and then Q=c7'2 
will be an integral positive form on X of type (1, 1). Hence X is Hodge. 
This example generalizes to the assertion that any Kahler manifold X with 
the property that dimcH'!(X) = 1 is necessarily Hodge. This follows from 
the fact that multiplication by an appropriate constant will make the Kahler 
form on X integral, as above in the Riemann surface case (one has to also 
make an appropriate choice of basis for the integral 2-cycles). 


Example 1.5: Let D be a bounded domain in C” and let T be a fixed 
point free properly discontinuous subgroup of the group of biholomor- 
phisms of D onto itself [= Aut(D)] with the property that X = D/T is 
compact (cf. Proposition V.5.3). Then X is a Hodge manifold. Let Qp be 
the fundamental form associated with the Bergman metric hp on D (see, 
e.g., Bergman [1], Helgason [1], or Weil [1]). The Bergman metric has the 
very useful property that it is invariant under the action of Aut(D) and 
hence under the action of any subgroup T. Thus /p induces a metric h on 
X, which has associated with it a fundamental form Q which is of type 
(1,1) and positive definite. Moreover, since (for a particular normalization) 


(1.1) Qp(z) = 9d logkp(z), 


where kp(z) is the Bergman kernel function for the domain D, it follows 
that @ is Kahler. What remains to be shown is that the Bergman metric 
form (1.1) above induces an integral form @ on X. To do this, we shall 
show that (i/27r) is, in fact, the Chern form of the canonical bundle over 
X and hence belongs to an integral cohomology class in H?(X, Z). We shall 
need the property that kp(z) > 0 for all z € D [which is almost self-evident 
from the fact that 


ko(z) = Dla (2? 


for an orthonormal basis {y,} for the Hilbert space L?(D)MO(D)], and we 
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shall also need the property that 


ay(z) {> 


det 
‘ 0z 


(1.2) ko (v(Z)) = ko) 


, y €Aut(D), 


where dy/dz is the Jacobian matrix of the biholomorphism y (see Bergman 
[1] or Weil [1]). Suppose that {U,} is a covering of X by a finite number 
of coordinate patches, with yw: U, — D being the coordinate functions 
(which can be taken as local inverses for the projection 7: D > X = D/T). 
Then the transition function yg = Ya° v;' € I and is defined on all of 
D. It then follows that {(dy.¢/0z)(wg(p))} are the transition functions for 
T(X) and that gog(z) = det(dyug/dz)(We(p)) are the transition functions 
for A"T(X). Thus the functions {giz} are the transition functions for the 
canonical line bundle Ky = A"T*(X). Let k* =kp° wy be positive functions 
defined on U, C X. Then it is easy to check from (1.2) that 


OVue(Z) | 
dee ON prey: 
Zz 


K*(p) = 5 


where z = W,(p). This shows that the {k%} transform like a metric for K 
and thus define a metric on Ky. By the results in Chap. II, we see that 


G(Ry= 5 kk. = 5, 8 logk 


= —5— dd log k(z) (in the coordinates of D), 
ua 
but this is (except for sign) the fundamental form associated with the 
Bergman metric and thus the induced Bergman metric is a Hodge metric. 
Therefore, X is a Hodge manifold. 


Remark: Note that the above example is quite different from the example 
of a Hopf surface given in Sec. 5 of Chap. V, since the Hopf surface was 
defined as a quotient space D/T, where D was not a bounded domain, 
and by the results above it cannot be biholomorphically equivalent to one. 
Being biholomorphically equivalent to a bounded domain is rather crucial 
for the Bergman kernel theory to apply. 


Example 1.6: Consider a complex torus X, as in Example V.4.4, with 


2n independent periods {a ,...,@,} 1n C”, and let 
Mit ***) M12n 
Q= 
nl eon @Mn,2n 


be the matrix of periods. Suppose that there exists a nonsingular integral 
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skew-symmetric matrix Q of rank 2n such that 


(1) QA'Q = 0 
(1.3) 3 
dl) —-iQ2A'2=M>0 (positive definite), 


where A = Q7!. Then we say that Q is a Riemann matrix (cf. Conforto [1] and 
Siegel [1]). Consider the matrix P = lel called the big period matrix. Then 
it follows from the conditions above that P is nonsingular. Namely, consider 
the product [using the relations (1.3) above] and, noting that ‘M = M, 
~ Q = iM 0 

t ere. Ss: t t — = 
(1.4) PAP = 2 | A['®, 'Q] = i zal 
which is nonsingular, since M > 0, and hence P is nonsingular. Thus we 
find that, by taking the inverse of (1.4), 


i 


Q= 5 2H2 —'QHQ), 
where we let ‘H = 2M~', which is also positive definite, and thus we find that 


i = = 
(1.5) Oug a 5 s Nyy (@pa@vp _ Wy pOva)- 
[Lv 


Conversely, if the periods {w,} satisfy (1.5) for some Hermitian positive 
definite matrix H, where Q is a skew-symmetric nondegenerate matrix with 
integer coefficients, then @ is a Riemann matrix. Let 


i fe 
o= 5 ye AyydZ,AdZy 


be the fundamental form for a Hermitian metric for X defined by the con- 
stant positive definite matrix H. The integral homology group A(X, Z) 
is generated by the integral 2-cycles {C.g}, defined by the parametric 
representation 

Cop = {S@q + tog: O< 5,t < J, 
where wy, wg are given periods, 1 < a < 6 < 2n. Then the period of w 
over the 2-cycles is given by 


i _ 2 
/ o=nr ) Ayy(@pa®vp — OpnpOve)- 
Cc 2 
ap Lv 


This is easy to verify and consists of evaluating the integral of dz,,Adz, 
over the real two-dimensional parallelogram determined by the two vectors 
@®, and wg in C”. Thus w is a Hodge form for the torus X. 

In the other direction, suppose that we know that a torus X admits an 
embedding into some projective space Py. Then the standard Kahler form 
on Py induces a Hodge form wm on X and in the coordinates of C’, 


(1.6) w= 5 Y-hwdzy,Adi,, 
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where the functions h,,, are not necessarily constant, as we had above. 


However, 
/ wo€Z, 
Cop 


and we can replace hyg in (1.5) by the mean value 


hap = w(X)" / hapd i, 
Xx 


where yz is the invariant measure on the torus induced by Lebesgue measure 
in C”. One can then verify that the resulting form @ will satisfy the condition 
(1.5) and will have a positive definite coefficient matrix. Thus the existence 
of a Hodge form on X implies that the period matrix is a Riemann matrix. 

An example of a complex torus not satisfying Riemann’s condition is 
given by the period matrix (n = 2) 


ef 1 i val 


Namely, suppose that there existed a matrix A with rational coefficients 
such that 


(1.8) QA'Q = 0. 


(1.7) 


Then the element in the first row and second column of (1.8) is given by 
ayy + ay3V—3 + aya —7 — do3V—2 = ang —5 
+ ay(V14 — /15) = 0, 


from which it follows easily that 


a2 = 413 = A14 = 23 = Arq = A34 = 0, 


since A was assumed to have rational entries. Since A is skew-symmetric, 
it follows that A cannot be nonsingular, which contradicts the assumption 
of @ being a Riemann matrix. Thus this particular complex torus cannot 
be projective algebraic. One can show, in fact, that the complex torus 
defined by the period matrix @ in (1.7) does not admit any nonconstant 
meromorphic function (cf. Siegel [1], pp. 104-106), which also implies that 
X is not embeddable in any projective space. 


2. Kodaira’s Vanishing Theorem 


The vanishing theorem of Kodaira plays a role in the theory of compact 
complex manifolds analogous to the well-known Theorem B of Stein mani- 
fold theory (due to Cartan and Serre; see, e.g., Gunning and Rossi [1]). The 
basic difference is that on a compact complex manifold X, the cohomology 
groups H4(X, O(E)), g => 1, do not need to vanish for all holomorphic 
vector bundles E, which would be the case for Stein manifolds. There are 
basic obstructions, due to the compactness. 
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We shall now formulate the vanishing theorems for line bundles. A dif- 
ferential form g of type (1, 1) on a complex manifold is said to be positive 
if, in local coordinates at any point p, 


0 =1 >) Pw (2)dz,Adiv, 
[Lv 
and the matrix [¢,,,(z)] is a positive definite Hermitian symmetric matrix for 
each fixed point z near p. Notationally, we denote this condition by g > 0. 


Definition 2.1: Let E — X be a holomorphic line bundle and let c,(£) be 
the first Chern class of E considered as an element of the de Rham group 
H?(X,R). Then E is said to be positive if there is a real closed differential 
form w of type (1, 1) such that w € c,(E) and w is a positive differential 
form. E is said to be negative if E* is positive. 


For computational ease we prove the following proposition. 


Proposition 2.2: Let E —> X bea holomorphic line bundle over a compact 
complex manifold X. Then E is positive if and only if there is a Hermitian 
metric h on E such that iO, is a positive differential form, where O< is 
the curvature of E with respect to the canonical connection induced by h. 


Proof: It is obvious from the differential-geometric definition of c;(£) 
that iO, positive for some metric h will imply that E is positive. Conversely, 
suppose that E is positive and that gy € c,(E), where 9 is a positive 
differential form. Let h be any metric on £, and then with respect to a 
local frame f we have [h = h(f)] 

— dalogh € ¢\(B), 
20 


Yo = 
and hence 

g—g=dn, ne E'(X). 
Moreover, the differential form gy is a Kahler form on X, and X becomes a 
Kahler manifold when equipped with the associated Kahler metric. Then we 
may apply the harmonic theory, and let H be the harmonic projection onto 
H*(X), and let G be the Green’s operator associated with the d-Laplacian 
A = 20 = 20. Then we note that 


n = Hn+ AGn, 


and hence 
dn =dHn +dAGn = AGadn, 


since dH = 0 and d commutes with both A and G.*+ It follows that 
dyn = 230° Gdn + 20*Gddn, 
and we claim that dy = 0 and ddy = 0. This follows from the fact that 


Ge, (cf. Theorem IV.5.2). 


Nie 


+The operators 4 and 4 also commute with G 5G 
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dp = dg) = 0, and dy = dg = 0, since ¢ can locally be written in the form 
y = ddu, for some C™® function u (Lemma II.2.15), and g is already of 


dn = 200*Gdn, 
and we can use the K4hler identity 
ia* = L*d — aL* 
(Corollary V.4.10), obtaining 
dyn = 2id0L*Gdn, 
since 0G = Gd and ddyn = 0. Therefore we set r = 2L*Gdy, and by letting 
h' =h-e?*" be a new metric for E, we obtain 
— dalogh’ = dd logh + idar 
20 20 
= go+dy 


Q.E.D. 


Example 2.3: Let X = P,, and consider the following three basic line 
bundles over P,: 


(a) The hyperplane section bundle: H —> P,,. 
(b) The universal bundle: U — P,,(U = U,y41). 
(c) The canonical bundle: K = A"T*(P,,) — P,. 


Here H is the line bundle associated to the divisor of a hyperplane in P,,, 
e.g., [f = 0], in the homogeneous coordinates [f,...,f,]. Then the divisor 
is defined by {to/t,} in Uy = {ty 4 0}, and the line bundle H has transition 
functions (cf. (III.4.9)) 


The universal bundle (Example I.2.6) has transition functions 


ie in UU. Us, 
tp 
and thus H* = U. Let us now compute the transition functions for the 
canonical bundle K on P,,. If we let te = t;/tg, j # B, the usual coordinates 
in Ug, then a basis for K|y, is given by the n-form 


@, = (—1)Pdghan--- A des iAdgg,, A... Adee. 
Since tj ie sty 


i 
Cae had 
tp ty te 
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we have o-oo 

cj = gj (os) 
in U, Ug, which is the (nonlinear) change of coordinates for P,, from U, 
to Us. Thus we obtain easily, by substituting into the above form ®,, 


@, = (Gf) (- Dodgy a--- Adth_, A dogg, ;A-+ Adee 


= (65 )"* 1, 
Now we see that these transition functions for the frames {®,} induce 
transition functions {k,g} for the canonical bundle K which are given by 


t n+1 
Kup ([to, sae ln) = (=) . 


tp 
We note that the choice of the minus sign in the trivializing sections was 
necessary for the transition functions for K to be comparable to the tran- 
sition functions for U and H. Thus K = A"T*(P,,) = U"*! = (H*)""*!, 
Moreover, the universal bundle U — P,, has the curvature form given in 
(III.2.10), which is the negative of the positive differential form 


(tl? XS dt, Adt, — 2 t.t.dt,Adt, 
I p=0 pv=0 
2 Ir|* 

expressed in homogeneous coordinates. Namely, & is the canonical Kahler 
form on P,, associated with the Fubini-Study metric (see Example V.4.5). 
Thus H*,U, and K are negative line bundles over P,,, and the hyperplane 
section bundle H —> P, is positive. These are the primary examples of 
positive and negative line bundles. 


Q= 


Remark: It follows from the Hodge decomposition theorem that 
H'\(P,, 0) = H?(P,,, O) = 0. Namely, 
H'(P,,C) = H'°(P,) 6H" P,), 
and H'(P,,,C) = 0, by the cell decomposition of P,,. Also, 
C= W@,,C) = H®,) ® AH" (P,) 6 A’ P,), 
and since H!!(P,,) = C[Q@], where @ is the fundamental form on P,, it fol- 
lows that H?(P,,, 0 = H°?(P,,) = 0.+ Now consider the short exact sequence 


0— Z— 0 — OF — 0 
on P,, and the induced cohomology sequence 
H'(P,, 0) — H'(P,, 0*) > HP, Z) — HWP,, 0), 
which gives us, since H'(P,, 0) = H?(P,, 0) = 0, 
0 — H',, 0°) > #,, Z) — 0. 
Il? 
Z 


+In the same manner, one obtains that H7(P,, 2”) = 0, p #q, H? (Py, 2”) = H??(P,, ©), 
which are special cases of a vanishing theorem due to Bott [1]. 
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Let P, C P, be a generator for H?(P,,, Z), and then we see that if we 

consider powers of the hyperplane section bundle H”, we obtain 
ci(A")(P1) =m. 

Namely, by the properties of Chern classes, 

c(7) =c\(U*) =—c,U) and ¢,(U)(P1)=—1. 

Since c; is an isomorphism of abelian groups, it follows that every holomor- 

phic line bundle L —> P,, (in particular U and K in the above example) is 

a power of the hyperplane section bundle, L = H”, and c,(L)(P;) =m. We 

use here the fact that c)(L) = c|(H") = c)(H®:--@H) = c,(A)+---+c)(A) 

(cf. the proof of Theorem III.3.6). In particular, we obtain from Example 2.3 

that c,(Kp,)(P,) = —(7+ 1). Thus the holomorphic line bundles on P,, are 

completely classified in this manner by their Chern classes. 


We now state the basic vanishing theorem due originally to Kodaira [1]. 
Theorem 2.4: Suppose that X is a compact complex manifold. 


(a) Let E —> X be a holomorphic line bundle with the property that 
E ® K* is a positive line bundle. Then 
H1(X,O(E))=0, g>0. 
(b) Let E —> X be a negative line bundle. Then 
A(X, Q°(£E))=0, pt+@<n. 


Remark: Kodaira’s theorems were first proved in Kodaira [1] ((a) and 
p = 0 in (b)) and were generalized later by Nakano [1] to the case we have 
given here. There are various generalizations of these types of results for 
vector bundles which are not as precise as the above theorems but which 
have numerous applications. See, e.g., Grauert [2], Griffiths [2], Nakano [1], 
Hartshorne [1], and Grauert and Riemenschneider [1]. 


To prove the above theorem we want to derive some fundamental inequal- 
ities due to Nakano. First suppose that X is a Kahler manifold with a 
fundamental form @ associated to the Kahler metric. Then the operators L 
and L* are well-defined endomorphisms of €*(X). Suppose that E —> X 
is a holomorphic vector bundle over X. Then we want to show that L and 
L* extend in a natural manner to endomorphisms of €*(X, £) (differential 
forms with coefficients in £). If € € €?(X, E), then for a choice of a local 
holomorphic frame f for E in an open set U C X, we see that 


ei) 
gsfy=| - |, 
6S) 


+Compare the proof of Proposition III.4.3, where c)(U)(P1) = Jp, c(U) =-1. 
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where &/(f) € E?(U). Moreover, if g is a holomorphic change of frame, 
then we have the compatibility condition that 

g '&(f) = &(gf) 
(see Sec. 2 of Chap. III), where the matrix g~! of functions is multiplied with 
the vector €(f) of differential forms. We now let « be the Hodge operator 


defined with respect to the Kahler metric on X, and x acts naturally on 
vector-valued forms by setting 


xé'(f) 
*§(f) = 
*§°(f) 


and noting that, since « is C-linear, 
¥& (gf) = *g'E(gf) = g!¥E(f), 
and hence +&(f) satisfies the compatibility conditions and defines a global 


element in €?(X, E). This is true of any zeroth order differential operator 
(which is a homomorphism of the underlying vector bundles). Thus 


Lz €?(X, EY —> €? (Xx, B) 
is well defined by letting 
BEG Shep ))y. FS a 
and hence L* = wxLx is also defined. Of course, exterior differentiation d 
does not extend to vector-valued forms, and we have to introduce a connec- 


tion on £ in order to define covariant differentiation on E, a generalization 
of exterior differentiation. Namely, as in Chap. III, we let 


D=d+40, 
where @ is the connection defined by 
6=h~'dh_ (with respect to a local holomorphic frame) 
if h is the metric. Moreover, 


D=D'+D", 
where 
D'=0+80 
D'=3 


are the splitting of the covariant differentiation into types. With respect to 
the Hodge inner product on €*(X, E), we have the L?-adjoints of the above 
differential operators, computed as in Proposition V.2.3: 


(2.1) (D'), = —*d* = a* 
(2.2) (D");, = —*d* + wxO* on r-forms 
= 0* + wxO x. 
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Note that in making this computation the Hodge inner product can be 
represented with respect to a local holomorphic frame 


ene or f earns, £,n  €°(X, E), 


where € = &(f),n = n(f), and h =h(f) are vectors and matrices, respec- 
tively, and the multiplication inside the integral is matrix multiplication. 
Also it suffices to compute the adjoint (which we know is a differential 
operator by Proposition IV.2.8), to assume that € and 7 have support where 
the holomorphic frame is defined. The crucial factor for our later use is 
that the adjoint (D’)%, does not depend on the Hermitian metric of the 
fibres of FE, and, in particular, is the more classical scalar adjoint d* acting 
in €*(X). The adjoint of 4 (a scalar operator) is no longer scalar, however, 
Then we can conclude that, by Corollary V.4.10, since the scalar operator 
adjoints are with respect to a scalar metric, 

(2.3) OL* — L*4 = id* = i(D'Y%.. 

Under these circumstances we have the following inequality due to 
Nakano [1]. 


Proposition 2.5: Let € € H?“(E). Then 


(a) (i/2)(OAL*E, €) < 0. 
(b) (i/2)(L*OrE, &) = 0. 


In both (a) and (b) © (= dh7'dhA) is the curvature form for the metric h 
on the holomorphic vector bundle E. 
Proof: We recall that (Proposition II.1.9), as an operator, 
D? =(d+0’ =®@, 
and thus ee 
OAn = D*n = (D'A+ AD')n 
for n € €*(X, E) (noting that (D’)? = 0, because of type). Hence we have 
i(0"§, 0°§) = ((L* — L*d]&, 0°&) 
by (2.3), and since € is harmonic, we have d& = axe = 0, and thus 
i(0*E, O*E) = (OL*E, O°) 
= (L*E, [050° + 8" 9516), 
since 0*€ = 0. Then, taking adjoints, we get 
i(0*&, 0°§) = (D0 + AD'JL*E, &) 
= (OAL*E, &), 


which immediately gives part (a). Part (b) is proved in a similar manner. 
Q.E.D. 


It is now a simple matter to derive Kodaira’s vanishing theorem. 
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Proof of Theorem 2.4: Suppose that E is a negative line bundle. Then 
a fundamental form for a Kahler metric on X is given by Q = —(i/2)0 
[noting that © is a closed form of type (1, 1), whose coefficient matrix is 
negative definite]. Then subtract part (b) from part (a) in Proposition 2.5, 
and we obtain [noting that —({/2)OA gets replaced by L] 


((L*L — LL*}é,&) < 0. 
Recalling from Proposition V.1.1(c) that 
(L*L —LL*)§ = (n— p—q&, 
we have immediately 
(n— p—q),§) <0 
if € € H?4(£), and thus part (b) of Theorem 2.4 follows, by using the 
results in Example IV.5.7. Part (a) follows from part (b) by Serre duality 


(Theorem V.2.7). Namely, if E @ K* is positive, then (E @ K*)* = K @ E* 
is negative. We then have 


H4(X, O(E)) = H"(X, O(K @ K* @ E) = H1(X, 2"(K* ® E)), 


which is dual to H"-4(X, O(K @ E*)), which vanishes for g > 0, by part (b). 
Q.E.D. 


3. Quadratic Transformations 


In this section we are going to study the behavior of positive line bun- 
dles under quadratic transformations. Let X be a complex manifold and 
suppose that p € X. Then we want to define the quadratic transform of the 
manifold X at the point p. Let U be a coordinate neighborhood of the 
point p, with coordinates z = (z1,...,Z,), where z = 0 corresponds to the 
point p. Consider the product U x P,;, where we assume that (t,..., t,) 
are homogeneous coordinates for P,_;. Then let 


(3.1) W ={(z,t) © U X Pat: teZg — tpZ%q =9,0,8 =1,...,n}, 
which is a submanifold of U x P,,_,. Then there is a holomorphic projection 
mz: W —> U given by z(z, t) = z. Moreover, z has the following properties, 
as is easy to verify: 

tO) = 8 ={0) xP, =P, 4 


(3.2) 
w|w—s: W—S —> U — {0} is a biholomorphism. 


We define X = Q p(X), the quadratic transform of X at p, by letting 


is W,xeU 
~ |) xX -—U, xex-—U. 


This process if often referred to as blowing up X at the point p. We may 
also denote the manifold X by Q,(X) to indicate the dependence on the 
point p, and the projection will be denoted by z,: O,(X) — X. 
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We recall from Sec. 4 in Chap. III that a divisor D in a complex manifold 
X determines an associated holomorphic line bundle L(D) > X, which is 
unique up to holomorphic equivalence of line bundles. Let X¥ > X be the 
quadratic transform of X at the point p and let S = z~!(p). Then S = P,,_; 
and is an (n — 1)-dimensional compact hypersurface embedded in X. As 
such it is a divisor in X and determines a line bundle L(S) > X, which we 
shall simply denote by L. Moreover, since S = P,,_;, there is a canonical 
line bundle, the hyperplane section bundle H — S (cf. Example 2.3), which 
is the line bundle determined by the divisor corresponding to a fixed linear 
hyperplane (e.g., [t; = 0] C P,,_1), all such line bundles being isomorphic. 
Let o denote the projection o: W > P,,_1, 0(z,t) =1¢, and let L|w denote 
the restriction of the line bundle L > X to W Cc X. Then we have the 
following proposition. 


Proposition 3.1: L|y =o*H*. 


Proof: Let U be a coordinate neighborhood of p in X, and represent 
X near 2~!(U) by W Cc U x P,_1, with coordinates (z,...,Z:) € U, 
[t1,-.-,t] € P,-1. Then S is defined by z} = --- = z, = 0 in the product 
space U x P,,_;. Now the hyperplane [t,; = 0] is defined by the equations 
[(t1/te) = 0] in V, C P,-1, where V, = {[t1,..., tn]: ty 4 0} is a coordinate 
patch for P,,_;. Therefore H — S is the line bundle given by the transition 


functions =] 
ty ty te 
hep = . = in VM Vz, 
ty te ty 


and o*H has the same transition functions in (U x V,M Vg) N W. Now 
SA(U x V,) A W is defined by the single equation [z, = 0], as is easily 
checked, using the defining relation for W. Thus the line bundle L associated 
to the divisor S Cc W has the transition functions 


mana in (U x Va 0 Vp) OW. 
<p 


It follows that gag = hj, and thus L|y =o*H*. 
Q.E.D. 


We now want to study the differential-geometric behavior of a line bundle 
on X when lifted to a quadratic transformation of X at some point p. First 
we look at the behavior of the canonical bundles. Let X be a compact 
complex manifold, which will remain fixed in the following discussion, and 
L, > Q,X := Q,(X) is the line bundle given in Proposition 3.1. 


Lemma 3.2: Ko,x = 13Kx @ Bias 


Proof: First we note that (z1, f/t,..., t/t) are holomorphic coordi- 
nates for U x V; W (using the same coordinates as above). Hence 


t th 
fi= and(2) rvna(®) 
ty ty 


Sec. 3 Quadratic Transformations 231 


is a holomorphic frame for Kz over this open set, letting X = Q,X. 


Moreover, one obtains easily that 


P 


fiazitdza-++Adzq; 
using the defining equations for W. More generally, we have that 
ta = zi mdz +++ AdZy 


is a frame for Kz over U x V,M W, and hence transition functions for the 
line bundle Kz|w are given by 


(3.3) Sp = 8ap fas 
since the local frames {f,} define a system of trivializations, which then 
gives (3.3). It then follows that go = (Za/zs)""', which implies that 
Kglw = toa = pr} ® 1, Kx\w 
since Ky is trivial on U. Also, L|z_y is trivial, and z, is biholomorphic 
on X — W. Hence oy : 
Kilyw = Kz OL" |x_y- 
Thus 
(3.4) Kg =L"" @n*Ky. 
Q.E.D. 


Let p € X and let L, — Q,X be the line bundle corresponding to 
the divisor 7, '(p) C X. If g # p is another point on X, then it is clear 
that 0,0,X = Q,Q,X, since blowing up at the points p and q are local 
and independent operations. Let z,,: 0,0,X — X be the composite 
projection and and let L,,, be the line bundle corresponding to the divisor 
m4 ({p} U {q})- 


Proposition 3.3: Let E — X be a positive holomorphic line bundle. There 
exists an integer jo > 0 such that if w~ > fo, then for any points p,q € X, 
PF, 


(a) TLE" @L,@Ko,x; 

* *\2 * 
(b) w,E" @ (Li) ® Ko, x, and 
() Ty gE" @Li, @ Ko 0,x 


are positive holomorphic line bundles. 


Proof: To prove the above proposition, we shall construct a metric on 
each of the above line bundles whose curvature form multiplied by i is 
positive. We shall first look at a special case. Suppose that p € X is fixed, 
and let 0,X = X, as before. The basic fact that we shall be using is that 
if F and G are Hermitian line bundles over a complex manifold Y, then, 
denoting the curvature by 9, 


Orecg = Or + Og. 
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This is easy to see, since if p, = |Zpal?Ps and ry = |Aga|rg are local transition 


functions for metrics {o,} and {r,} for F and G, respectively (cf. Chap. III), 
then 


@; = 0a log pa; 
O, = dd log ry, 
but {gog°og} are the transition functions for F ® G, and thus {p,°ry} 
defines a metric for F @ G, since 
Pata = Spal pal Pere. 
Thus 
OraG = 99 log (pura) 
= 0O-+Qg¢. 
We have, then, using the given metric on E and letting 7 = z,, 
O,* ce = TW Orn = ut* Og. 


We now need to construct appropriate metrics on L, and Kx. 

First we consider L,. Suppose that U is a coordinate neighborhood 
near p, with coordinates (z,..., Z,), that P,,_; has homogeneous coordinates 
[t1,...,%,] as before, and that W C U x P,,_, is the local representation for 
X near ty '(p) as given by (3.1). Let U’ be an open subset of U such that 
0¢€U’ CCU, and let p € D(U) be chosen so that p > 0 in U and p=1 


on U’. Let 
Ita |? 

InP +--+ TP 
be the curvature of the hyperplane section bundle H — P,,_;, with respect to 
the natural metric 4p (see Example III.2.4 for the construction of this metric 
for U;,,-1 = H*). In particular ((/2)@y is the fundamental form associated 
with the standard Kahler metric on P,,_;. Since L|w = 0*H*, we can equip 
L*|w with the metric h; = o*ho. Now L*|x_, is trivial, and we can equip it 
with a constant metric h,. Then, letting o be chosen as above, we see that 


h=ph,+(1— p)ho 


defines a metric on L* + X and that, moreover, h = h, in W’ = U’ x 
P,-1 OW. Thus 


©, = 3d log (in Vy C P,_1) 


O.« = «4 in W’ 
O,« =0 in X —W. 


We now let Ky be equipped with an arbitrary Hermitian metric, and 
then we have from Lemma 3.2 (letting L be equipped with the dual metric) 


Ox, = Ox*Ky + (n asi 1)0,;. 
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Therefore it follows that 
O,*cH@L*@K* = WOz*~ +nNOp« + On«Kx, 


Consider the sum 
HOn*E + Ooxn 

as differential forms in U’ x P,_;, with the coordinates (z,t) as before. 
Then ©,+; depends only on the z-variable and ©,+, depends only on the 
t-variable, and the coefficient matrix of each is positive definite in each of 
the respective directions, so their sum is a positive differential formy in 
U' x P,,_1, and the restriction to W is likewise positive. Moreover, ©,+,; is 
positive on U—U’, so there exists a y4;(p) such that 4 > ~;,(p) implies that 


(3.5) [UO,*2] + Op« > 0 


on all of X. 
Let 42 be chosen such that 


f2O-e + Ox: > 0, 


which is possible since EF is positive and since X is compact. Thus we see 
that there is a fo(p) such that 


(3.6) HO,,*£ + nO, + O,,*K% > 0 
if 4 > Uo(p). Namely, let wo(p) = “2 +n1(p) and note that 
[2.O,*E a O,*K% 


is positive everywhere on X except at points of S, where it is positive 
semidefinite (in the obvious sense). 

Suppose that g € U’. Then we claim that if ~ > )(p), then the estimate 
(3.5) will hold for points g near p, namely, 


HOn,*E + OO,» >0 


for all x € X. This is a simple continuity argument which is easily seen by 
expressing the equations for the quadratic transform at q in terms of local 
coordinates centered at p, namely, 


W, ={z,t) €U x Phi: (i — git) = — apt, 


where q = (q1,.--, qn) and p = (0,..., 0). 

By covering X with a finite number of such neighborhoods, we find that 
there is a f4o such that (3.6) holds for all points p € X, if uw > fo, and this 
concludes the proof of part (a). Parts (b) and (c) are proved in exactly the 
same manner. In (b) we put the same metric on L, near the point p as above, 
and (Li)? will have the same positivity properties as L*, compensating for 
the lack of positivity of 7;E“ on x, '(p). In part (c) one has the same local 
constructions near each of the two distinct points p and q. The continuity 


+In this argument we ignore the factor of i and mean by > 0 that the coefficient matrix 
of the (1, 1) form is positive definite. 


234 Kodaira’s Projective Embedding Theorem Chap. VI 


and compactness arguments go through in exactly the same manner, and 
we leave further details to the reader. 
Q.E.D. 


4. Kodaira’s Embedding Theorem 


After the preliminary preparations of the previous sections we are now 
prepared to prove Kodaira’s embedding theorem for Hodge manifolds. This 
theorem was conjectured by Hodge [2] and proved by Kodaira [2]. 


Theorem 4.1: Let X be a compact Hodge manifold. Then X is a projective 
algebraic manifold. 


Remark: (a) As a consequence of the Kodaira embedding theorem, 
each of the examples of Hodge manifolds in Sec. 1 admits a projective 
algebraic embedding. In particular, any compact Riemann surface is pro- 
jective algebraic (a well-known classical result), and a complex torus admits 
a projective embedding if and only if the periods defining the torus give 
rise to a Riemann matrix. Such tori are called abelian varieties and can also 
be characterized by the fact that a complex torus X is an abelian variety if 
and only if there are n algebraically independent nonconstant meromorphic 
functions on X, where n = dimcX (cf. Siegel [1]). 

(b) It follows immediately from Theorem 4.1 that any compact complex 
manifold X which admits a positive line bundle L — X is projective algebraic 
(and conversely). Namely, in this case, c;(L) will have a Hodge form as a 
representative, and thus X will be projective algebraic. This is a very useful 
version of the theorem, and in this form the theorem has been generalized by 
Grauert [2] to include the case where X admits singularities. Grauert’s proof 
can be found in Gunning and Rossi [1], and it depends on the finiteness 
theorem for strongly pseudoconvex manifolds and spaces. 


Proof: By hypothesis, there is a Hodge form @ on X. By Proposition 
II1.4.6, it follows that there is a holomorphic line bundle E — X such that 
Q is a representative for c)(Z). Hence, E is a positive holomorphic line 
bundle. Let wo be given by Proposition 3.3, let 4 > uo, and set F = E”. 
Consider the vector space of holomorphic sections O(X, F) = I'(F), for 
short, which is finite dimensional by Theorem IV.5.2. Our object is to show 
that there is an embedding of X into P(I'(F)). We shall prove this by a 
sequence of lemmas, which will reduce the embedding problem and hence 
the proof of Theorem 4.1 to the vanishing theorem proved in Sec. 2. First 
we have some preliminary considerations. 


Consider the subsheaf of O = Oy consisting of germs of holomorphic 
functions which vanish at p and q; call it m,,. If p = q, then we mean by this 
the holomorphic functions which vanish to second order at p, and we denote 
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it simply by m,(= Mpp), Where m, is the ideal sheaf of germs vanishing to 
first order at p. Then there is an exact sequence of sheaves 


0 — mp, — 0 — O/m,, — 0, 


and we can tensor this with the locally free sheaf O(F) (the sheaf of 
holomorphic sections of F), obtaining 


(4.1) 0 — mpg @o O(F) — O(F) — O/my, ®o O(F) — 0. 


We see that the quotient sheaf in this sequence becomes 


O,/m*, @c Fy, xXx=p=q 
(4.2) 
0, xp 
if p=q and 
F,, x =p 
(4.3) F, x=q 
0, xA#Aporg 


if p #q, where we have used the fact that O,/m, = C, where m, is the 
maximal ideal in the local ring O,. 


Lemma 4.2: O,,/ mi, = C@T>;(X), and the quotient mapping is represented 
by fe 0, > f(p) +4f(p). 


Proof- If f € O, is expanded in a power series near z = p in local 
coordinates, we have 


1 
FR) =D) {Df - py, 
le|>0 ~* 
using the standard multiindex notation (see Chap. IV). Then if [ ] denotes 
equivalence classes in O/ m’,, we see that 
[flp =[f(p) + D> D* FPG - DY"), 
ja|=1 


since the higher-order terms € mi. Then define the mapping 


0, > C@T3(X) 
by w(f) = Lf(p)., df (p)], and it is easy to check that w factors through 


the quotient mapping ‘ 
O, > C @ T}(X) 
eo“ 
O,/ mi, 


and w is an isomorphism. 
Q.E.D. 
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Consider now the sequence (4.1) and the induced mapping on global 
sections 


(4.4) O(X, F) —> 0,/m?, ® F, 
all 
[C  T;(X)]® Fy. 


If f is a local frame for F near p and if € € O(X, F), then 


r(&(f)) = E(N(p), d&(f)(p)) € C @ T)(X), 
noting that F,, = C, by the choice of a frame f. Suppose that the map r in 


(4.4) is surjective. Then we can find sections {&, &,...,&}, & € 1(X, F), 
such that 

&)(p) = 1 
(4.5) &j(p) =0,j=1,...,0 


d&j(p) = dz; (in local coordinates). 


This means that the global sections &,,...,&,, expressed in terms of the 
frame f, give local coordinates for X, in particular, dé,|(f)A---Adé,(f) 4 0. 
Moreover, &)(p) 4 0. 

Similarly, suppose that the mapping 


(4.6) O(X, F) > F, ® F, 


induced from the sheaf sequence (4.3) is surjective. Then we can find global 
sections € and & such that 


E\(p) £0, &\(q) =0 


(4.7) 
§(p)=0, — &2(q) £0. 


Lemma 4.3: If the mappings r and s in (4.4) and (4.6) are surjective for 
all points p and q € X, then there exists a holomorphic embedding of X 
into P,,, where dimcO(X, F) =m+1. 


Proof: Let gy = {@o,.--; @m} be a basis for O(X, F). If f is a holomorphic 
frame for F at p, then (g(f)(x),...,@n(f)(x)) € C”"*! for x near p. 
By assumption, (4.4) is surjective, and hence at least one of the basis 
elements y; is nonzero at p and hence in a neighborhood of p. Thus 
[Yo(f)(x), ---, Om(f)(x)] is a well-defined point in P,,, for x near p, and is 
a holomorphic mapping as a function of the parameter x. If f is another 
holomorphic frame at p, then it is easy to check that 


9 (F)(x) = c(x)9;(f)(x), 


where c is holomorphic and nonvanishing near p, and thus we have a 
well-defined holomorphic mapping from X into P,, by 


®,: X — Pi, 
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with 
Dy (x) = [Po(f)(X), «++, Pm( PII. 
Suppose that the basis g is replaced by another basis, ¢ = {@;}, where 


Gi = Ueijpj, ci €C, 


and that the matrix C = [c;;] is nonsingular. Then consider the diagram 


oS 


? P.., ’ 


where C is the mapping on P,,, defined by the action of the matrix C on the 
homogeneous coordinates. The diagram is then commutative, and since C is 
a biholomorphic mapping, it follows that the holomorphic mapping ®, has 
maximal rank or is an embedding if and only if ®; has the same property. 

To complete the proof of the lemma, we see that to prove that ®, has 
maximal rank at p € X it suffices to find a nice choice of basis g which 
demonstrates this property. By hypothesis, the mapping r in (4.4) is surjective, 
and it follows that we can find sections &, &,...,&, € O(X, F) satisfying 
the conditions in (4.5). It is easy to verify that &, &,..., §, are linearly inde- 
pendent in the vector space O(X, F) and that we can extend them to a basis, 
g. Then the mapping ®; is defined, in terms of the frame used in (4.5), by 


O5(x) = [60(/)@), 611), --- ACPI), - «Js 


and using the local coordinates 


(iG ones Gaye oe) 
in P,, and (z,,...,Z,) in X, we see that the Jacobian determinant 
0(f1, sey on) 
O(Z1, +++ Zn) 


is given by the coefficient of 


BCA) ECP) ; 
d Ad = n ua ; 


which is nonzero. Thus ®; and hence ®, have maximal rank at p, and 
consequently ®, is an immersion. 

To see that ®, is one to one, we let p and q be two distinct points on 
X and choose global sections &; and & satisfying (4.7). Then &, and & are 
clearly linearly independent and extend to a basis 


@ = (61, &,....}, 


and it is clear that ®; is one to one, and thus that ®, is an embedding. 
Q.E.D. 
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The following lemma will then complete the proof of Theorem 4.1. 


Lemma 4.4: The mappings r and s in (4.4) and (4.6) are surjective for all 
points p andqgeX. 


Proof: Consider first the mapping r in (4.4). Let ¥ = Q,X and let 
S=1, '(p). Then let Js be the ideal sheaf of the submanifold § C X, ie., 
the sheaf of holomorphic functions on X which vanish along S. Let J2 
be the ideal sheaf of holomorphic functions on X which vanish to second 
order along S, ie, f, € Jf, if fr = (gx)?, where g, € Js. Let 0 = O; be 
the structure sheaf for X, let © = Oy be the structure sheaf for X, and 
let F = 2*F. Then we have the exact sequence of sheaves over X (tensor 
products are over the structure sheaves), 

(4.8) 0 — OF) @R — OF) — O(F) @ 6/R — 0, 
and the mapping z, induces a commutative diagram 
0 — O(F)@k — OF) — O(F)@0/R — 0 
(4.9) {i ia fs 
0 —> O(F)@m —> O(F) —> O(F)®0/m? —> 0 
given by the topological pullback of the sheaves on X to sheaves on X, where 
my is the restriction of 2* to the subsheaf O(F )@mi,, and m3 is the induced 
map on quotients. We note that if f ¢ T(U, F) for some U CX, then f 
vanishes to second order at p if and only if z*f € I(x, '(U), F) vanishes 
to second order along S, where S C m5'(U ), if p € U. This only has to be 
verified for the structure sheaves, since F is trivial near p, and hence F is 
trivial in a neighborhood of S. This is easy to do using the local coordinates 
(z,t) in W as in Sec. 3. Thus mj and hence 3 are well defined mappings 
and one checks easily that mz} is injective. Moreover, we claim that there 
exist isomorphisms a and 6 making the following diagram commutative: 
0—=1(X, O(F) @ 3) P(X, 0(F)) =P (X, 0(F) ® 0/%) 
(4.10) a (l= B ( n* [ x3 
0—T(X, O(F) @ m5) 1X, O(F))—=T'(X, O(F) @ O/m;,). 


If we can show that H!(X, O(F)@32) = 0, it follows from (4.10) that r must 
be surjective. First, we shall construct a and f. For n = 1 this is trivial, 
since X = X and a = identity. For n > 1 we shall need to use Hartogs’ 
theorem, which asserts that a holomorphic function f defined on U — {0}, 
where U is a neighborhood of the origin in C”,n > 1, can be analytically 
continued to all of U.t We shall define 6 and see that the restriction of 6 to 
the subspace T'(X, O(F) @® I) (which we shall call w) has the desired image. 
Namely, suppose that € € T'(X, O(F)). Then the projection z,: X > X is 
biholomorphic on the complement of S, and let 
B(E) = Gry')*8, 


+For an elementary proof of this theorem, see Hérmander [2], Chap. II. 
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which is a well-defined element of T(X — {p}, O(F)). Then by Hartogs’ 
theorem, there is a unique extension of 6(&) to a section of O(F) on X, 
which we call B(€). Clearly, we have that B-! = m;, and hence B is an 
isomorphism. Moreover, as noted above £~'() will vanish to second order 
along S if and only if ny ¢ F(X, O(F) @ mi). 

It thus remains to show that 
(4.11) H!(X, O(F) @R) =0. 

To do this, we note that Js is a locally free sheaf of rank 1, since it is the 
ideal sheaf of a divisor in X. Moreover, any locally free sheaf corresponds 
to the sheaf of sections of a vector bundle, and we see that in fact 
$, OW: 
where L is the line bundle associated to the divisor S C X. This is easy 
to check by verifying that L* and Js have the same transition functions in 
terms of the coverings of S used in Sec. 3 in its coordinate representation 
as a subset of W Cc U x P,,_;. Moreover, one also has J; = O((L*)*), and 
then we see that Ae 2 en 
H'(X, OF) @ R) = H'(X, OF @ (L*))). 

But, by hypothesis, F = E“, where uz > fo, and by Proposition 3.3(b) 

FQ@(L*’® Kz > 0, 
and thus by Kodaira’s vanishing theorem [Theorem 2.4(a)], we see that 
(4.11) holds. 

To see that s in (4.6) is surjective, we let S = Tye 7 (PH U {q}), let Js be the 
ideal sheaf of this divisor, let © be the structure cheat for Q, QO, X, and let 
F =7}, F. We then have the exact sequence 
(4.12) 0 — O(F) @Is — O(F) — O(F) ® 0/Js — 0, 
and there exists isomorphisms @ and 6 such that the following diagram 
commutes: 

0—=IX, 0(F) @Is)—=1(X, O(F)) —=1L (X, O(F) ® 0/Js) 
(4.13) as (73.4 B (fa, : Tq 
0—>T(X, O(F) @ mpg) > V(X, OF) P(X, O(F) ® O/ mpg). 


The isomorphisms @ and £ are constructed using Hartogs’ theorem as 
before, and thus we see that the vanishing of H'(X, O(F) @Js) will ensure 
the surjectivity of s. But Js = = O(Lt, ), and it follows from Proposition 3.3(c) 
that F @ Li, ® K~ > 0. Applying Kodaira’s vanishing theorem again, we 
obtain the desired result. 

Q.E.D. 


Remark: Note that in the diagrams (4.10) and (4.13) we would be able 
to complete the proof if we knew that 


H'(X, OF) @m*) = H'(X, O(F) @m,,) = 0. 
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This is the approach taken by Grauert [2] and gives an alternative proof of 
the embedding theorem. Namely, Grauert proves the more general vanishing 
theorem: If EF is a positive line bundle and F is any coherent analytic sheaf, 
then there is an integer fo > 0 so that 


H’(X, O(E") @ F) =0 


for 4 > fo and q = 1. This result is derived from the general theory of 
coherent analytic sheaves on pseudoconvex analytic spaces and involves, in 
particular, Grauert’s solution to the Levi problem (Grauert [1]; see Gunning 
and Rossi [1] for this derivation). Moreover, one needs to know that the 
ideal sheaves m7, and m,, are coherent analytic sheaves (which for these 
particular ideals sheaves is not too difficult to prove). Kodaira’s approach, 
which we have followed here, says, in effect, that if you blow up the points 
P appropriately, then the coherent sheaves mi, and m,, become locally free 


on the blown up complex manifold X, and then the theory of harmonic 
differential forms (which applies at this time only to locally free sheaves, 
1.e., vector bundles) can be applied to give the desired vanishing theorems. 
To prove Grauert’s vanishing theorem via harmonic theory, it is necessary 
to first obtain a projective embedding; then, by finding a global projective 
resolution of the given coherent sheaf by locally free sheaves (which follows 
from the work of Serre [2]), one can deduce Grauert’s result (see Griffiths 
[1] for this derivation). 

A recent generalization of Kodaira’s vanishing and embedding theorems 
to Moishezon spaces (generalizations of projective algebraic spaces) by 
Grauert and Riemenschneider [2] and Riemenschneider [1] has involved the 
approach used by Kodaira presented here, combined with the theory of 
coherent analytic sheaves on pseudoconvex spaces. 


APPENDIX 
BY OSCAR GARCIA-PRADA* 


MODULI SPACES 
AND 
GEOMETRIC STRUCTURES 


1. Introduction 


Moduli spaces arise naturally in classification problems in geometry. 
Typically, one has a collection of objects and an equivalence relation, and 
the problem is to describe the set of equivalence classes. Usually, there are 
discrete invariants that partition this set in a countable number of subsets. 
In most cases there exist continuous families of objects, and one would like 
to give the set of equivalence classes some geometric structure to reflect 
this fact. This is the object of the theory of moduli spaces. 

The word moduli is due to Riemann}, who used it as a synonym for 
parameters when showing that the space of equivalence classes of Riemann 
surfaces of a given genus g depends on 3g —3 complex numbers. After this, 
the concept of moduli has been used in geometry in a rather loose sense to 
measure variations of geometric structures of one kind or another, but it has 
not been however until the 1960s that one has been able to formulate moduli 
problems in precise terms and in some cases to obtain solutions to them. 

The study of moduli spaces has a local and a global aspect. While the 
local theory progressed through the initial work of Kodaira—Spencer and the 
contributions of Kuranishi, and others, the global theory, with the proper 
definition of moduli spaces and how to construct them is due to Mumford 
[25] based on Grothendieck’s theory of schemes. 

In this appendix we are concerned with moduli spaces of holomorphic 
vector bundles and Higgs bundles over a Riemann surface, as well as 
related structures, like connections and representations of the fundamental 
group of the surface. These moduli spaces play a very prominent role in 
algebraic geometry, differential geometry, topology and theoretical physics. 
The emphasis here is not so much on the construction of these moduli spaces 


*Instituto de Ciencias Matematicas, Consejo Superior de Investigaciones Cientificas, 
Serrano, 121, 28006 Madrid, Spain. 

*“hangt ...von 3g —3 stetig veranderliche Grdssen ab, welche die Moduln dieser Klasse 
gennant werden sollen” [32]. 
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as on the correspondences among them and the geometric structures that 
they carry. Our goal is to review some developments in the theory that have 
taken place mostly since the beginning of the 1980s, including some more 
recent progress. Naturally, due to space limitations, we do this in a rather 
scketchy way, avoiding many technical aspects and omitting most proofs, 
but trying to address the reader to the main bibliography in the subject. 

In section 2 we study the moduli space of holomorphic vector bun- 
dles. After the classification of holomorphic vector bundles for genus 0 
by Grothendieck [16] and genus | by Atiyah [2], vector bundles on higher 
genus Riemann surfaces have been studied extensively with the fundamental 
work of Mumford [25] and of Narasimhan and Seshadri [28], who defined 
the concept of a stable vector bundle and constructed the moduli spaces 
which classify these bundles. In their theorem Narasimhan and Seshadri 
[28] identified the moduli space of stable vector bundles over a compact 
Riemann surface with the moduli space of irreducible projective unitary 
representations of the fundamental group of the surface (or equivalently, 
unitary representations of the universal central extension of the fundamental 
group). Donaldson [10] gave another proof of this theorem, which we briefly 
scketch, following the gauge-theoretic point of view of Atiyah and Bott [4], 
where these representatations are identified with projectively flat connections. 

A Higgs bundle over a Riemann surface is a pair consisting of a holomor- 
phic vector bundle and an endomorphism of the bundle twisted with the 
canonical line bundle of the surface — the Higgs field. Higgs bundles were 
introduced by Hitchin [17] in the study of self-duality equations. They are 
the holomorphic objects corresponding to complex representations of the 
fundamental group which are not necessarily unitary. In fact when the Higgs 
field vanishes, one recovers unitary representations. To establish this corre- 
spondence requires two fundamental theorems: one proving the existence 
of a solution to Hitchin equations on a stable Higgs bundle [17, 34, 35], 
which we explain in Section 3, and another one, studied in Sections 4 and 
5, proving the existence of a harmonic metric on a bundle equipped with 
a reductive flat conection [8, 14]. This correspondence is in some sense a 
non-abelian version of the classical Hodge theory. 

In Section 6 we explain how Higgs bundles can also be used to study 
representations of the fundamental group of the surface and its universal 
central extension that preserve an indefinite Hermitian metric of signature 
(p,q) on C", with n = p+q. This is equivalent to studying representations 
in the non-compact real form U(p, q) of the complex group GL(n, C). The 
representations in the compact form U(n) are those preserving a definite 
Hermitian metric and, as mentioned above, correspond to Higgs bundles 
with vanishing Higgs field, 1.e., holomorphic vector bundles. We will see that 
the representations in U(p, q) are in correspondence with Higgs bundles of 
a particular structure, determined by the geometry of U(p, q). 

All our moduli spaces carry various types of geometric structures. Natu- 
rally, the moduli spaces of vector bundles and Higgs bundles have complex 
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structures induced by the complex structure of the Riemann surface. More- 
over, they also have a symplectic structure, which is in fact compatible with 
the complex structure, endowing the moduli spaces with a K&ahler structure. 
One way to see this, is to exhibit the moduli space as a symplectic and Kah- 
ler quotient. This point of view, initiated by Atiyah and Bott [4], is studied 
in Section 7, where we see that the gauge-theoretic equations defining the 
moduli space can be interpreted as the vanishing of the moment map for 
a symplectic action of the gauge group on the space of connections and 
Higgs fields. In the case of Higgs bundles, more is actually true. The com- 
plex structure of GL(n, C) defines an additional complex structure on the 
moduli space, which combined with the one induced by the surface give rise 
to a hyperkahler structure that can be obtained as a hyperkahler quotient. 

We finish in Section 8 by briefly studying a generalization to higher 
dimensional compact Kahler manifolds of some of the previous results. We 
first explain the Hitchin—Kobayashi correspondence between stable vector 
bundles and Hermitian—Einstein connections, proved by Donaldson [12, 13] 
and Uhlenbeck and Yau [38], and then finish with the higher dimensional 
version of the non-abelian Hodge theory correspondence, due to Simpson 
(34, 35] and Corlette [8]. 

We follow the notation of the book. 
Acknowledgements. First of all I want to thank Ronny Wells for having 
invited me to write this appendix for the third edition of his book. I must 
confess that I have always been very embarrassed by the certainty that the 
appendix could never approach the quality and elegance of Ronny’s text. I 
hope, however, that the reader finds the topics presented here stimulating 
enough to pursue further study of a subject whose basics are so beautifully 
treated in Ronny’s book. I have a great debt to Nigel Hitchin and Simon 
Donaldson, from whom I have learned the subject treated here. Thanks 
are also due to Steve Bradlow and Peter Gothen, my collaborators in the 
original work on U(p,q) reviewed in this appendix. I am very grateful to 
my students, Alvaro Anton, Marta Aparicio, Mario Garcia, and Roberto 
Rubio for having gone through several preliminary versions of this appendix 
and having made many useful comments. 
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2. Vector Bundles on Riemann Surfaces 
2.1. Moduli Spaces of Vector Bundles 


Let X be a connected compact Riemann surface. As we have seen in Chap. 
IlI+, the group H!(X, O*) parametrizes isomorphism classes of holomorphic 


+All references to chapters, sections and page numbers refer to the preceeding Chap. 
LVI of this book 
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line bundles on X, where the group structure is given by the tensor product 
of line bundles. This group is called the Picard group of X. If we fix the 
first Chern class — which we will call degree from now on — to be d, 
then Pic’(X) is the set of equivalence classes of line bundles of degree d. 
In particular, J(X) := Pic’(X) is a subgroup of H'!(X, 0*), which is called 
the Jacobian of X. The group J(X) has the structure of a complex abelian 
variety (see Remark (a) on page 234), whose dimension is equal to the 
genus of X, and it is very important in the study of the geometry of the 
Riemann surface [1]. 

The problem we will address now is that of classifying isomorphism classes 
of holomorphic vector bundles of arbitrary rank on a compact Riemann 
surface X. This is a much harder problem than that of line bundles, basically 
due to the fact that this set is no longer a group. As in the case of line 
bundles, C® vector bundles are classified by the first Chern class, and hence 
an equivalence class of C® vector bundles is determined by the rank n and 
the degree d. 

For genus zero, Grothendieck [16] showed that every holomorphic vector 
bundle on P;(C) is a direct sum of holomorphic line bundles, and it is 
hence determined by the degrees of these line bundles. The case of a genus 
one surface (a torus) was studied by Atiyah [2], who showed that the set of 
equivalence classes of indecomposable vector bundles with fixed rank and 
degree is isomorphic to the surface itself. We will then assume most of the 
time that the genus of X is greater than one. 

We will look now at holomorphic vector bundles from the point of view 
of 0-operators, which will be more adapted to our approach. As we have 
seen in Sec. 3 of Chap. I], a holomorphic vector bundle E on a complex 
manifold X defines a C-linear mapping 


Op: €°(X, E) — &°'(X, EB), 
which satisfies a 7 a 
On (VF) = O9§ + POEs, 


where yg € €(X) and € € €(X,E). This can be extended to a C-linear 


mapping 
dg: €°'(X, E) —> &°(X, E), 


such that 9, =0. _ 
Conversely, if E is a smooth vector bundle and we have an operator d¢ 


as above satisfying a, = 0, we can find holomorphic transition functions by 
solving locally the equation d¢s = 0 [19] and endow E with the structure of 
a holomorphic vector bundle. Of course, if we are on a Riemann surface, 


€°?(X) = 0, and hence the condition a, = 0 is always satisfied. 

Let E be a smooth complex vector bundle of rank n and degree d over a 
Riemann surface X. Let @ be the set of all 0, operators defined on E. As 
we have mentioned above, this set is in bijection with the set of holomorphic 


Sec. 2 Vector Bundles on Riemann Surfaces 245 


structures on E. A holomorphic bundle E can be then thought of as a pair 
(E, dg). The group S° of automorphisms of the vector bundle E acts on C 
by the rule: 


g-d¢=gdrg', where geS° and J; €€, 
and the above correspondence can be made precise in the following. 


Proposition 2.1: The quotient €/S° can be identified with the set of 
isomorphism classes of holomorphic vector bundles of rank n and degree d. 


The set C/S° can be endowed with the C™ topology, although for technical 
reasons one should consider appropriate Sobolev spaces instead of the C® 
topology. It turns out that this space is in general non-Hausdorff (see [28]), 
but a “good” space is obtained if we consider only (semi)stable holomorphic 
structures. 

Let E = (E, dz) bea holomorphic vector bundle over a compact Riemann 
surface X. Let deg(£) be the degree of E (i.e., the first Chern class c,(E£)). 
The slope of E is defined as 


LCE) = deg E/rank E. 
The vector bundle E is stable if for every proper subbundle F Cc E 
LF) < WE). 
This concept arises naturally from Mumford’s Geometric Invariant Theory 


(GIT, see [25]). 
Let 


C={0; €C : E=(E,dz) is stable} 


The moduli space of stable vector bundles of rank n and degree d is 
defined as 
M*(n, d) = er/S°. 


Using analytic methods (see e.g. [20]) one can show the following. 


Theorem 2.2: The moduli space of stable bundles M*(n, d) has the structure 
of a complex manifold of dimension 1 + n*(g — 1), where g is the genus 
of X. 


Notice that every line bundle is stable and M*(1, d) is simply the compo- 
nent of Pic(X) consisting of line bundles of degree d, in particular, M*(1, 0) 
is the Jacobian J(X). 

We can easily compute the tangent space of M°(n, d) at a point [4]. To do 
this, we first observe that @ is an affine space modelled on €°'(X, End E), 
where EndE = Hom(E,E), and hence the tangent space of @ at d¢ is 


246 Moduli Spaces and Geometric Structures Appendix 


isomorphic to €°!(X, End E). Notice that in higher dimensions, the equation 
a, = 0 is not automatically satisfied, and it is not difficult to show that the 


tangent space to the space of 3, operators satisfying a, = 0 is the kernel 
of the map 
dg: €°'(X, EndE) —> €°°(X, EndE). 


Hie we are abusing notation since the a- -operator associated to End E = 
1 @E* is Ogqex = Og @ Ig» + Ig @Ogx, and Og» is naturally induced by dz. 

Now, if a curve d,(t) = dg + ta in @ for |t| < € is obtained by a 
l-parameter family of gauge transformations g, € 9°, so that 


dc(t) =28,00g,', with go = Iz, 


then a = —d,a, where a = @;g,|,-0. That is, a is an element of the tangent 
space at the identity of the infinite dimensional Lie group 9°, which is 
isomorphic to €°(X, End E). Hence the “tangent space” at a point [d,] € 
€/S* is isomorphic to 


{a € €°'(X, End E)} 


H'(X, End E) = = ; 
fdga: a € €°(X, EndE)} 


Since stability is an open condition, this is indeed the tangent space at a 
point [3,] € M*(n,d). To compute the dimension of H!(X, End E) when 
E is stable, we first recall the Riemann-Roch theorem, (a special case of 
Theorem 5.8, Chap. IV, when X is a Riemann surface) which says that if 
E is a holomorphic vector bundle of degree d and rank n 


x(E) = dim H°(X, E) — dim H'(X, E) = d—n(g— 1), 


where g is the genus of X. Applying this to the holomorphic vector bundle 
End E whose rank is n? and has 0 degree we obtain 


x (End E) = dim H°(X, End E) — dim H'(X, End E) = —n*(g — 1). 


Here, we have used that the degree of End E vanishes, as follows from the 
first Chern class relation 


deg(E ® F) = rank F deg F + rank EF deg F, 


which can be deduced using Chern—Weil theory (Chap. III, Sec. 3). 

A holomorphic vector bundle is said to be simple if H°(X, End E) = C. 
It is not difficult to see that if F is stable, then it is simple (see e.g. [20]). 
Hence 

dim H!(X, End E) = 1+n7(g— 1), 


thus obtaining the dimension of M*(n,d) given by Theorem 2.2. 
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The manifold M*(n,d) is not compact in general. However it can be 
compactified by considering semistable vector bundles (it is indeed this 
compactification which is obtained by GIT). A vector bundle E is semistable 
if for every subbundle F Cc E 


UF) < WE). 


Another concept which is relevant here is that of polystability. The vector 
bundle E is polystable if E = ®E;, where E; is stable and w(£;) = w(E). 
A polystable bundle is in particular semistable. 

Let E be be semistable vector bundle. If E is not stable, then there exists 
a stable subbundle F Cc E, such that w(F) = u(£). Since E/F is semistable 
with u(E/F) = w(£), this process can be iterated, to obtain a filtration of 
E (Jordan—Hélder filtration) by semistable vector bundles E,, 


O=E,C£c...CE, = E, 


such that E;/Ej;-; is stable and u(E;/E;-1) = w(E) for 1 < j < m. The 
graded vector bundle associated to E is defined as 


gr(E) = QD) E;/E;-1. 
j 


Although, this is not uniquely defined, its isomorphism class is. Two semi- 
stable vector bundles E and E’ are said to be S-equivalent if gr(E) = gr(E£’). 
The moduli space of semistable vector bundles M(n, da) of rank n and degree 
d is defined as the set of S-equivalence classes of semistable bundles of 
rank n and degree d. Note that, since the graded vector bundle asso- 
ciated to a semistable bundle is polystable, M(n,d) coincides with the 
set of isomorphism classes of polystable vector bundles of rank n and 
degree d. 

One of the first applications of Mumford’s Geometric Invariant Theory 
[25] was to the algebraic construction of M(n, d). 


Theorem 2.3: The moduli space M(n, d) has the structure of an irreducible 
projective algebraic variety which contains M‘(n,d) as an open smooth 
subvariety. 


If GCD(n, d) = 1, then there are no strictly semistable vector bundles 
and M(n,d) = M‘(n,d), and hence we have the following. 


Corollary 2.4: If GCD(n,d) = 1, then M(n, d) is a connected projective 
algebraic manifold of dimension 1 + n?(g — 1). 


For the GIT construction of M(n, d) and basic facts on the geometry of 
M(n, da) the reader may look at [25, 28, 33, 29, 27, 26, 5]. 
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2.2. Stable Bundles and Connections 


We will see now that the stability of a holomorphic vector bundle emerges 
also from a differential-geometric point of view in relation to the existence 
of a certain class of Hermitian metrics on the bundle. 

Let E be a holomorphic vector bundle over X and let h be a Hermitian 
metric on E. Let D be the canonical connection on EF defined by h, and 
let @(D) = D? be its curvature (see Chap. III, Sec. 2). 

The connection D is said to be flat if @(D) = 0. From Chern-Weil theory 
(Chap. III, Sec. 3), we know that the flatness of D implies that the first 
Chern class of E must be zero. If c,;(E) 4 0, then the closest to flatness that 
we can have is that the curvature be central. To formulate this condition, 
it is convenient to fix a Hermitian metric on X. Since the dimension of 
X is one, such a metric is always Kahler (Chap. V, Sec. 4). Let Q be its 
Kahler form. We will normalize this metric so that X has volume 27, 1.e., 
jt =o, 

Now, we say that D has constant central curvature if 


(2.1) @(D) = —ipTeQ, 


where J, is the identity endomorphism of E and w is a real constant. 
Taking the trace in (2.1), integrating and using that 


i 
c(E) = ~| Tr(O(D)) 
wu Jx 
(Chap. HI, Sec. 3) we have that 
fe = LCE) = deg E/rank E. 


Condition (2.1) can be better understood in terms of principal bundles. 
To do this, we briefly recall some basic facts about principal bundles. Let 
G be a Lie group. A principal G-bundle P over a smooth manifold X 
is a manifold with a smooth (right) G-action and orbit space P/G = X. 
We demand that the action admit local product structures, i.e., it is locally 
equivalent to the obvious action U x G, where U is an open set in X. Then 
we have a fibration 7 : P — X. We say that P has structure group G. 

Now, a connection A for P is a G-invariant splitting of the natural exact 
sequence 


(2.2) 0 — TrP — TP — 1 'TX — 0 


of vector bundles over P. Here Ty denotes the tangent bundle along the 
fibres in P, and TX the tangent bundle of X. The group G acts on all 
terms of this sequence and so G-invariant splitting of (2.2) is a well-defined 
concept. 
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Given a principal G-bundle P over X and a representation p : G > 
GL(V) of G on a complex vector space V, one can associate to it a 
complex vector bundle defined by 


V =(P x V)/G, 


where G acts on P on the right, and on V on the left, via the representation 
p. Conversely, if E is a smooth complex vector bundle of rank n over X, 
we obtain a principal bundle P with structure group GL(n, C) by taking 
the set of all frames in E. A point in the fibre of P over x € X is a set 
of basis vectors for E,. A connection on the principal bundle P induces a 
connection on the vector bundle E, and viceversa (see e.g. [11, 20]). 

If the Lie group G is complex, all the constructions above on principal 
bundles can also be done in the holomorphic category. 

Now, condition (2.1) is equivalent to saying that D is projectively flat, 
which means that D induces a flat connection on the PGL(n, C)-principal 
bundle P associated to the GL(n, C)-principal bundle P defined by E, 
where P = P/Cl,. 

To analyse the relation with stability, we consider a holomorphic sub- 
bundle F Cc E and the quotient vector bundle Q = E/F. These fit in an 
exact sequence 


(2.3) 0— F—> E—> QO — 0. 


The Hermitian metric 4 on E defines a smooth splitting (not necessarily 
holomorphic) of this sequence 


E=>F@Q, 


with respect to which we can write 


= (or 8B 
24) a= (% #). 
where 0 and 0g are the corresponding 0 operators on F and Q, respectively, 


and B € €°'(xX, Hom(Q, F)). Since a, = 0, we have that duomeo.n7b = 0 
and hence f defines a class 


[8] € H'(X, Hom(Q, F)). 


Conversely, given F and Q, the set of equivalence classes of extensions as 
(2.3) is given by H'(X,Hom(Q, F)), with [8] = 0 corresponding to the 
holomorphic trivial extension E = F @ Q. 

The canonical connection D on E defined by / can be written as 


D B 
(2.5) D= a ae 


250 Moduli Spaces and Geometric Structures Appendix 


where Dy and Dg are the canonical connections defined by the 

Hermitian metrics on F and Q, respectively, induced by h, and f* € 

€'°(X, Hom(F, Q)) is obtained from B by combining the conjugation on the 

form part and the conjugate-linear bundle isomorphism between Hom(Q, F) 

and Hom(F, Q), defined by the Hermitian metric (Chap. V, Sec. 2). 
Now, the curvature of D is given by 


_ (Q(Dr) — BAB ee 
(2.6) on) = (  D"B re 


We can now prove the following. 


Proposition 2.5: Let E be a holomorphic vector bundle over X. Let h be 
a Hermitian metric on £, such that the canonical connection satisfies (2.1). 
Then E is polystable. 


Proof: Suppose that D satisfies (2.1). Let F Cc E be a holomorphic 
subbundle and let Q = E/F. From (2.6) we have that 


O(Dr) — BAB = —iplpQ. 


Now, taking the trace of this equation, multiplying by 1/27 and integrating 
over X we have 


5, | How + f |B|/7Q = prank F, 
2m Jx x 


where we have used that —i/22 Tr(B A B*) = |B|?Q (Chap. V, Sec. 2). Since 
deg(F) = i/2x f, Tr(Q(Dr)) we obtain that w(F) < w = p(Z). If E is 
indecomposable, then 6 4 0 for every F C E, and w(F) < u(E). Hence 
E is stable. If 8 = 0 for some F Cc E, then E = F @ Q and clearly 
L(F) = w(Q) = w(E). Since Dr and Dog have also central curvature, we 
can iterate the process (the rank of E is finite) until we obtain that E = @E; 
with E; stable and (E;) = w(E£) for every i, that is, E is polystable. 
Q.E.D. 


Note that if, in the proof above, we had considered the piece 
@(Do) — BAB = —inlg®, 


in (2.1) we would have obtained that w(E£) < u(Q), which is indeed an 
equivalent definition of semistability, and hence would have reached the 
same conclusion. 

To explain the converse of Proposition 2.5, it is convenient to look at (2.1) 
from another point of view. Instead of fixing a holomorphic structure and 
looking for a Hermitian metric, we fix the Hermitian metric and look for the 
holomorphic structure or, what is equivalent, for the canonical connection. 
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To be more precise, let E be a smooth complex vector bundle over X. Let 
h be a Hermitian metric on E. Let A be the set of all connections on E, 
which are compatible with h. The gauge group S of (E, A) is the subgroup 
of S° consisting of those automorphisms of E that preserve h. The group 
G acts on A as follows: 


g-D=gDg', where geS and DEA. 


The connection D € A has constant central curvature if 


(2.7) @(D) =), 
where 
(2.8) A= —ip(E)[gQ. 


This equation is invariant under the action of § and then, if we set 
(2.9) Ay ={DeEA : O(D)=A}, 


the quotient A/G is the moduli space of constant central curvature 
connections on (E, h). 

Indeed, solving (2.1) for a Hermitian metric on a fixed holomorphic 
vector bundle E is equivalent to fixing a Hermitian metric on the smooth 
bundle E, and then solving for a Hermitian connection satisfying (2.7). 

To show this, we note that the space of Hermitian metrics on E is the space 
of global sections of the GL(n, C)/U(n)-bundle associated to the principal 
GL(n, C)-bundle of frames of E, which in turn, by fixing h, can be identified 
with the symmetric space S°/9, where G is the gauge group of (E, h). Now, 
if h’ is a solution to (2.1) on the holomorphic bundle E = (E, d,), then if 
h = g(h’) for g € S°, then the h-connection corresponding to g(0;) solves 
(2.7) on the Hermitian bundle (E, h). Conversely, if on the S°-orbit of 3; 
we find an element g(0;), whose corresponding h-connection satifies (2.7), 
then h’ = g(h) is the Hermitian metric solving (2.1) on E. 

A connection D € A is said to be reducible if (E, h) = (Ey, h) ® (Ep, ho) 
and D = D, ® D>, where D, and D» are connections on the Hermitian 
vector bundles (E,, #;) and (E5, h2), respectively. We say that D is irreducible 
if it is not reducible. We denote by A* and Aj the subsets of A and Ap, 
respectively, consisting of irreducible connections. 

Using analytic methods similar to those used for the moduli space of 
stable vector bundles (see e.g. [20]), one has the following. 


Theorem 2.6: The moduli space Aj/G of irreducible constant central cur- 
vature connections on (E,/) has the structure of a smooth real manifold 
of dimension 2 + 2n?(g — 1), where n is the rank of E 
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Consider now the map 


(2.10) A—e€ 
Dr > D" 


where D” is the projection of D into the (0, 1)-part (Chap. 3, Sec. 2). 
Theorem 2.1 in Chap. III. establishes that this map is an isomorphism. 

Proposition 2.5 can be now reformulated as giving one direction of the 
following. 


Theorem 2.7: The map (2.10) restricted to Ay has its image in the subspace 
€’* c € of polystable holomorphic structures, and descends to give a 
homeomorphism 


(2.11) Ao/G = @?'/S°. 
Moreover, this restricts to give a homeomorphism 
(2.12) Aj/G = C'/S°. 


This is the theorem of Narasimhan and Seshadri [28]. The formulation in 
[28] is in terms of representations of the fundamental group of the surface 
but, as we will see in Section 4, this is equivalent. Here we follow the 
approach of Atiyah—Bott [4] and Donaldson [10]. 

It is enough to prove surjectivity for (2.12). The polystable case can 
easily be reduced to the stable one. We just mention the main ideas of the 
proof given by Donaldson [10]. Let D € A be the Hermitian connection 
corresponding to 0,. The theorem says that, even though D may not satisfy 
(2.7), in the $°-orbit O(D) of D (where the action is via the identification of 
A with ©) we can find a connection which does satisfy (2.7), which is unique 
up to gauge transformations in J. We suppose inductively that the result 
has been proved for bundles of lower rank (the case of line bundles being an 
easy consequence of Hodge theory). Then we choose a minimizing sequence 
in Q(D) for a carefully constructed functional of the curvature, which is 
equivalent to the Yang-Mills functional, defined by ||Q(D)||,2, and extract 
a weakly convergent subsequence. Either the limiting connection is in O(D) 
and we deduce the result by examining small variations within the orbit, or 
in another orbit and we deduce that F is not stable. The main ingredient 
in this approach is a result of Uhlenbeck on the weak compactness of the 
set of connections with L* bounded curvature. In the intermediate stages 
of the argument one has to allow generalized connections of class W', ice., 
which differ from some fixed C® connection D by an element of the Hilbert 
space with norm 


llaliyi = lel? + || Deel’, 
with curvature in L* and gauge transformations in W? (see Chap. IV, Sec. 1, 
for the definition of Sobolev norms). As explained in Atiyah—Bott [4] 
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the group actions and properties of curvature that we use extend with- 
out essential change (in particular W? C C°, so the topology of the bundle 
is preserved), and it is proved in [4] that each W! connection defines a 
holomorphic structure. 


3. Higgs Bundles on Riemann Surfaces 
3.1. Moduli Spaces of Higgs Bundles 


There are many natural gauge-theoretic equations similar to (2.7) which 
involve also Higgs fields. These are simply sections of a certain vector bundle 
naturally associated to the original vector bundle. As for equation (2.7), 
the existence of solutions is related to some stability condition. Some of 
these equations arise from considering solutions to the Yang-Mills equations 
which are invariant under a certain symmetry group—a mechanism known 
in gauge theory as dimensional reduction. An important example is provided 
by the theory of Higgs bundles introduced by Hitchin [17]. 

Let X be a compact Riemann surface. A Higgs bundle over X is a pair 
consisting of a holomorphic vector bundle E — X together with a sheaf 
homomorphism — the Higgs field — ®: E > E®K, where K is the 
canonical line bundle of X, i.e. 


® € H°(X,EndE @ K). 
The Higgs bundle (E£, ®) is said to be stable if 
M(F) < W(E) 


for every proper subbundle F Cc E such that ®(F) Cc F ® K. Semistability, 
polystability, Jordan—Hdlder filtrations and S-equivalence are defined in a 
similar way to vector bundles. Clearly, if E is stable, (E, ®) is a stable Higgs 
bundle for every ® € H°(X, End E @ K). 

The moduli space of stable Higgs bundles M’(n, d) is defined as the set of 
isomorphism classes of stable Higgs bundles (£, ®) with rank E =n and 
deg E = d. In [17], Hitchin gave an analytic construction of this moduli 
space in the rank 2 case. Similarly, we define the moduli space of semistable 
Higgs bundles M(n, d) as the set of S-equivalence classes of semistable Higgs 
bundles of rank n and degree d. In contrast with the case of vector bundles, 
Mi(n, d) is not a projective algebraic variety, but only quasi-projective, i.e., 
it is an open subset of a projective variety. To be more precise, the GIT 
construction given by Nitsure [31] says the following. 


Theorem 3.1: The moduli space of semistable Higgs bundles M(n, d) is 
a complex quasi-projective variety, which contains M‘(n,d) as an open 
smooth subvariety of dimension 2 + 2n?(g — 1), where g is the genus of X. 
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Similarly to the vector bundle case, if n and d are coprime M(n,d) = 
M*(n, d). Notice that the dimension of M°'(n, d) is twice that of the moduli 
space of stable vector bundles M*(n, d). In fact M*(n, d) contains as an open 
subset the cotangent bundle of M*(n,d). Indeed, let [E] € M*(n,d). The 
cotangent space to M*(n, d) at [E], as we saw in Section 2.1, is isomorphic 
to H'(X, End E)*. But, by Serre duality 


H'(X, End E)* = H°(X, End E @ K), 


and hence the Higgs field is an element of the cotangent space 7;7,,M*(n, d). 
But, as mentioned above, if E is stable then (£,®) is stable for every 
® € H°(X, End E @ K). In particular, M(1, d) = T* Pic*(X). 

The moduli space of stable Higgs bundles can also be described in 
differential-geometric terms, using 0 operators. To do that, let E be a 
smooth complex vector bundle over X of rank n and degree d. Consider 
the set of pairs 


(3.1) H = {(0g, ®) € Cx E'°(X, EndE) : d¢6 = 0}. 


Using apropriate Sobolev metrics Cx €!:°(X, End E) can be endowed with the 
structure of an infinite dimensional manifold and H is a closed subvariety, 
in general with singularities. The gauge group S° acts on €!°(X, End E) by 


' where geS° and @e €!°(X,EndE), 


gD = g0R- 
and this, combined with the action on C, gives the action on H: 


g- (Oz, ®) =(gdeg'',ghg') where ge and (d¢,%) eH. 


It is clear that if (0g, &) € H, then the pair (E, ®), where E = (E, dz), is 
a Higgs bundle, and H/S° can be identified with the set of isomorphism 
classes of Higgs bundles of rank n and degree d. If we define 


HS ={(r,0)€H : (E,®) is stable}, 


Then 
MM (n, d) on He /S°. 


To study the deformations of an element in H/S° we consider the maps 


(3.2) g , @ x (xX, End E) 2s €!(x, End E), 


where fy is defined for a fixed element (d;, ©) € C x €!°(X, EndE) by 


fo(g)=8-(z,®) where ge 9°; 


and 


fi@g,®)=d9-0 where (dg, 0) € Cx €'°(X, End E). 


wa 
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We have that H = f, ©). Now, let (@g, ®) € H. Let fy be the map in 
(3.2) defined by this element. Let Dy) = Dfy(1) and D, = Df\(g, ®) be 
the differentials of fy) and f; at J € §° and our fixed element (d;, ®), 
respectively. We have the complex 


(3.3) C*:0 —> €°(X, EndE) —°> €°!'(x, End E) @ €!(X, End E) 


, ell(x, End E) — 0, 


where 
(3.4) Dow) = GW, [®, v)) 
(3.5) D(a, ¢) = deg + [a, ®]. 


This complex is elliptic since it is the sum of two elliptic complexes. Let 
H'(C*) be the cohomology groups of the complex (3.3). We have the 
following ([17, 31]). 


Proposition 3.2: 


(1) The space of endomorphisms of (E, ®) is isomorphic to H°(C°). 

(2) The space of infinitesimal deformations of (£,®) is isomorphic 
H'(C°). 

(3) There is a long exact sequence 


(3.6) 0 — A°(C*) — A°(End E) — H°(End E ® K) — H'(C*) 

— H'(End £E) —> H'(End E @ K) —> H*(C*) — 0, 
where the maps H'(End E) —> H'(End E @ K) are induced by ad(®). 

From (3.6) we deduce that 
x(C*) — x (End E) + x(End E ®@ K) = 0, 
hence by the Riemann-Roch theorem, we have that 
h\(C*) = ho +h? + 2n?(g — 1). 

Now, if (E, ®) is a stable Higgs bundle, then it is simple, i.e. H°(C*) = C. On 
the other hand, from (3.6) we see that H’(C*) = H?-‘(C*)* for i = 0, 1, 2, 


and hence H*(C*) = C. By deformation theory one has that M°(n, d) is 
smooth [31] and has dimension 2 + 2n?(g — 1). 
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3.2. Hitchin Equations 


The stability of a Higgs bundle is linked, as we have already mentioned, 
to the existence of solutions to a certain equation. Let (EF, ®) be a Higgs 
bundle. Let h be a Hermitian metric on EF, with canonical connection D 
and curvature ©(D). A natural condition to ask is that the metric satisfy 
the Hitchin equation: 


(3.7) @(D) + [®, &*] = -ipnlgQ, 


where [®, ©*] = ©&* + O*® is the usual extension of the Lie bracket to 
Lie-algebra valued forms. Since Tr[®, ®*] = 0, as in (2.7), w = w(E). We 
have the following. 


Theorem 3.3: Let (E, ©) be a Higgs bundle such that there is a Hermitian 
metric on E satisfying (3.7). Then (£, ®) is polystable. Conversely, if (E, ®) 
is stable, then there exists a Hermitian metric on E satisfying (3.7). 


This theorem is proved by Hitchin [17] for n = 2 and by Simpson [34, 35] 
for arbitrary rank (he also gives a generalization for a higher dimensional 
Kahler manifold, which we will mention in Section 8). 

The proof of how polystability follows from (3.7) is very similar to the 
one given in Proposition 2.5. Suppose that 4 is a Hermitian metric satisfying 
(3.7). Let F C E be a holomorphic subbundle such that ®(F) C F@K, 
and let Q = E/F. In terms of the C™ splitting E = F @ Q defined by h, 
the Higgs field can be written as 


® 0 
(3.8) gis ( i a 


Using (2.6), from (3.7) we have 
O(Dr)— BA B* +[r, PP] +O AO = —ipleQ. 


Now, taking the trace of this equation, multiplying by i/27 and integrating 
over X we have 


=< | mown + [ pra | |0?Q = prank F, 
Qn xX xX xX 


and hence 
deg(F) + ||Bl|? + |!0|° = rank F. 


We thus have w(F) < w(£). The condition u(F) = (£) is equivalent to 
6 =0 and 6 = 0. This happens if and only if (E, ®) = (F, ®r) @(Q, ®o), 
where both terms are Higgs bundles. Then we can iterate this process until we 
obtain that (E, ®) = @(£;, ®;) where (£;, ®;) is stable and w(£;) = w(B). 
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To prove the existence result, it is convenient, as in the case of vector 
bundles, to look at Theorem 3.3 as a correspondence between moduli 
spaces. To do this, let E be a smooth complex vector bundle over X 
of rank n and degree d. Let h be a Hermitian metric on E. Let A be 
the set of all connections on E which are compatible with h, and let 
X = Ax €!°(X, EndE). The Hitchin equation on a Higgs bundle (3.7) can 
be rephrased by requiring the pair (D, ®) € X to satisfy 


©(D) + [®, ®*] =1 
(3.9) TO SO: 
where 0; = D” is the holomorphic structure defined by D, and A is given by 
(2.8). The second equation simply says that ® is holomorphic with respect 
to this holomorphic structure, and hence the pair (E, ®) is a Higgs bundle, 
where E = (E, 0;). Consider the set of all solutions to (3.9): 


Xp = {(D, ©) eX =A x E!9(X, End EE) satisfying (3.9)}. 


The set Xo is invariant under the action of G — the gauge group of (E, h), 
and the moduli space of solutions to Hitchin equations is defined as the 
quotient Xo/S. 

A pair (D, ®) € X is said to be reducible if (E,h) = (E;, \) ® (Ep, hz) 
and D = D, ® D>, where D, and D> are connections on the Hermitian 
vector bundles (E;,/,) and (E>, h2), respectively, and ® = ®; @ ®, where 
®, and ®, are Higgs fields on E; and Ey, respectively. We say that (D, ®) is 
irreducible if it is not reducible. We denote by X¢ the subset of Xo consisting 
of irreducible solutions. 

Using analytic methods one can show the following (see [17]). 


Theorem 3.4: The moduli space X}/S of irreducible solutions to (3.9) has 
the structure of a smooth real manifold of dimension 4+ 4n?(g— 1), where 
n is the rank of E 


Let H be the set defined in (3.1), and let 
HP? ={(Op,®) eH : (E,®) is polystable}. 
Theorem 3.3 can be restated as follows. 
Theorem 3.5: There is a homeomorphism 
Xo/G =H" /S®, 
which restricts to a homeomorphism 


X5/G <> HSS. 
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We have proved one direction of this correspondence. To prove the con- 
verse, one has to show that in the S‘-orbit of any element (Ox: ®o) € H, 
we can find an element (0¢, ©), unique up to gauge transformations in S, 
whose corresponding (irreducible) pair (D, ®) (under the correspondence 
between A and €) satisfies (3.9). As in the case of Theorem 2.7, we need to 
work with Sobolev spaces and consider W! connections and W! Higgs fields, 
as well as W? gauge transformations. To find a solution one considers a 
minimizing sequence (D,, ®,,) for the functional ||O(D)+[®, ®*] Ilr. defined 
on the S*‘-orbit of (Do, ®o). In particular one has ||O(D)+[®, &*] |, <C. 
From this, and from L? bounds that one can obtain for ®,, one obtains L? 
bounds for ©(D,,), from which it follows, by a theorem of Uhlenbeck [37], 
that there are gauge transformations g, € G for which g, -D, has a weakly 
convergent subsequence. It is not difficult to find W! bounds for ®,, to 
conclude that (D,, ®,) (after renaming) converges to a solution (D, ®). To 
complete the proof one shows that (D, ®) is in the same orbit as (Do, ®o) 
(see [17, 34] for details). 


4. Representations of the Fundamental Group 


4.1. Connections and Representations 


Let E be a C® complex vector bundle of rank n over X, and let D be 
a connection on E. A section & € €(X, E) is said to be parallel if Dé = 0. 
If y=y(t),0<t<T isa curve in X, a section & defined along y is said 
to be parallel along y if 


(4.1) DE(y'(t)) = 0 for O<t <T, 


where y’(t) is the tangent vector of y at y(t). If & is an element of the 
initial fibre E,), by solving the system of ordinary differential equations 
(4.1) with initial condition & we can extend & uniquelly to a parallel section 
— along y, called the parallel displacement of &) along y. If the initial and 
the end points of y coincide so that x» = y(0) = y(T) then the parallel 
displacement along y defines a linear transformation of the fibre E,,. We 
thus have a map 


(4.2) {closed paths based at x9} —> GL(E,,) 


whose image is a subgroup of GL(E,,) called the holonomy group of D 
at Xo. 

If D is flat the parallel displacement depends only on the homotopy class 
of the closed path and (4.2) defines a representation 


p:m(X,x) —> GL(E,). 
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Conversely, given a representation p : 2\(X,x9) ~ GL(n,C©), one can 
construct a vector bundle E of rank n with a flat connection by setting 


1=Xx,C", 


where X is the universal cover of X and X x, C” is the quotient of X x C” 
by the action of 2,(X, x) given by (y, v) (v(x), e(y)v) for y € m(X, x) 
(regarded as the covering transformation group acting on X). The trivial 
connection on X x C” descends to give a flat connection on E, whose 
holonomy is the image of p. 

As we know, the existence of flat connections on E implies that the first 
Chern class of E must vanish. If c;(E) 4 0, we can consider projectively 
flat connections. As we have seen in Section 2.2, these are connections 
on E which induce flat connections on the principal PGL(n, C)-bundle 
associated to E. The holonomy map of a projectively flat connection defines 
a homomorphism 


p : 1\(X, x9) —> PGL(E,,), 


1.€., a projective representation of 7\(X, x0). 

Since we are assuming that X is connected we can drop the reference 
point x9 € X from the notation. The fundamental group z,(X) is a finitely 
generated group generated by 2g generators, say A), Bi,..., Ag, B,, subject 
to the single relation 

& 
[Tt [A;, Bi] 


It has a universal central extension 


(4.3) 0— ZT 27 (XxX) 1 


generated by the same generators as 7(X), together with a central element 
J subject to the relation []/_,[A;, B;] = J. By the universal property of 
I (see [4]), we can lift every o : 2;(X) —> PGL(n, C) to a representation 
p:T —> GL, C) such that 


0 ——> —~-Z —— Tr —>_ 2a(xX) — 1 


| ‘| | 
1 ——> Ct —~> GLi(n, C) ——> PGL(n, C) —— 1. 


Since a projective connection is equivalent to a connection with constant 
central curvature, we conclude that there is a correspondence between con- 
stant central curvature connections and representations of T in GL(n, C). 
To be more precise, let Hom(l, GL(n, C)) be the set of all representations of 
lr in GL(m, C). Given an element p € Hom(I, GL(n, C)) we can associate 
to it a topological invariant given by the first Chern class of the vector 
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bundle E, with central curvature associated to p. Fixing this invariant, we 
define 


(4.4) Hom,(, GL(v, C)) = {fe ¢ Hom(l, GL(n, C)) : ¢\(£,) = d}. 
The group GL(n, C) acts on Hom(l, GL(n, C)) by conjugation, that is, 
(g-p)(y)=gply)g| for g¢GL@,C),p € Hom(l, GLin, ©), y €T, 
preserving Hom,(l, GL(n, C)). 

Now, let E be a C™ vector bundle of rank n and degree d. Let D be 


the set of all connections on E, and let Dy be the set of connections with 
constant central curvature, that is, 


(4.5) Do={DED : O(D)=3}, 
where A is given by (2.8). 
Proposition 4.1: There is a homeomorphism 

Do/39° = Hom, (1, GL(m, C))/ GL, C). 


Here, the gauge group S° acts on D as usual, by g-D = gDg™! for g € §° 
and De D. 


4.2. Theorem of Narasimhan—Seshadri Revisited 


Let E be a C™ vector bundle of rank n and degree d. Let h be a Hermitian 
metric on E. It is clear that the holonomy group of a connection compatible 
with / is a subgroup of the unitary group U(n). Let Hom,(T, U(n)) be 
defined in a similar way to (4.4). Hence, if A is the set of all connections 
on E which are compatible with h, and Ag is the set of constant central 
curvature connections in A defined in (2.9), then similarly to Proposition 
4.1, we have the following. 


Proposition 4.2: There is a homeomorphism 
Ao/G = Homa(T, U(n))/ Un), 
which restricts to a homeomorphism 
A/S <> Hom, (FT, U(n))/ UM), 


where Aj and Hom;(I, U()) are irreducible connections and representa- 
tions respectively. 
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We define the moduli space of representations of degree d of T in U(n) as 
R(n, d) = Hom, (T, U@))/ UM), 


and the moduli space of irreducible representations of degree d of T in 
U(@) as 
R*(n, d) = Hom (T, U(n))/ U(n). 


Combining Proposition 4.2 with Theorem 2.7 we obtain the original 
formulation of the theorem of Narasimhan and Seshadri [28]: 


Theorem 4.3: There is a homeomorphism 
R(n, d) = M(n, d), 
which restricts to a homeomorphism 


R*(n, d) = M°(n, d). 


5. Non-abelian Hodge Theory 
5.1. Harmonic Metrics 


Our next goal is to show that there is a similar correspondence to that given 
by Theorem 4.3 between Higgs bundles and representations of [ in GL(n, C). 
This requires, though, another existence theorem due to Donaldson [14] 
for n = 2 and to Corlette [8] for arbitrary n (and in fact in much more 
generality). 

The set Hom(I, GL(n, C)) can be embedded in GL(n, C)*8t! via the map 


(5.1) Hom(I, GL(n, C)) —> GL(n, C)’8*! 

(5.2) p > (p(A)),.-- (Bg), PCY). 

We can then give Hom(I’, GL(n, C)) the subspace topology and consider on 
Hom(r, GL(v, C))/ GLa, C) 


the quotient topology. In contrast to what happen in the unitary case, 
this topology is non-Hausdorff. This phenomenon is very similar to what 
we have already seen in the study of holomorphic structures. In order to 
obtain a Hausdorff space we have to restric our attention to reductive 
representations. 

A representation op € Hom(I, GL(n, C)) is said to be reductive if it is 
the direct sum of irreducible representations. Under the correspondence 
given by Proposition 4.1, a reductive representation is obtained from the 
holonomy representation of a reductive connection with constant central 


262 Moduli Spaces and Geometric Structures Appendix 


curvature, where a connection D is called reductive if every D-invariant 
subbundle admits a D-invariant complement. Due to the compactness of 
U(n), every unitary representation is reductive. 

Restricting to the sets of reductive and irreducible representations, denoted 
respectively by Hom; (, GL(n, C)) and Hom*(T, GL(n, C)), we obtain the 
moduli space of reductive representations of degree d of FT in GL(n, ©), 


(5.3) R(n, d) = Hom; (1, GL(n, C))/GL(@m, C), 


and the moduli space of irreducible representations of degree d of T in 
GL(n, C), 


(5.4) R*(n, d) = Homs(T, GLin, C))/ GLin, ©), 


respectively. In particular, Homo(P, GL(@m, C)) = Hom(m,(X), GL(m, C)) 
and hence 


(5.5) R(n, 0) = Hom* (77, (X), GL(n, C))/ GL(n, C) 


is the moduli space of reductive representations of the fundamental group 
of X in GL(n, C). 

Let E be a C™ vector bundle of rank n and degree d over X. We denote 
the sets of reductive and irreducible connections in Dy by Dj and Dz, 
respectively, and define the corresponding moduli spaces as Dj/S° and 
Dj /9°. It is clear that the correspondence given by Propostion 4.1 restricts 
to give the following. 


Proposition 5.1: There are homeomorphisms 
Rin, d) = Dy/S°, 


and 
R* (n, d) = Di /G°. 


In analogy to what happens with polystable bundles and Higgs bundles, 
a C® complex vector bundle E equipped with a reductive connection with 
constant central curvature admits a special type of Hermitian metric. To 
explain this, let h be a Hermitian metric on E. Using h we can decompose 
D uniquely as 


(5.6) D=V+Y¥, 


where V is a connection on E compatible with h and W is a 1-form with 
values in the bundle of self-adjoint endomorphisms of E. That is, under 
the decomposition 


End E = adEOQiadE, 
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where ad E = End(E, h) is the bundle of skew-Hermitian endomorphisms 
of (E,h), the connection V takes values in ad E, while W takes values in 
iadE. 
The metric h is said to be harmonic if 


(5.7) Viv =0, 


where we use the metric on X (in fact the conformal structure is enough 
here), and the metric on E to define V* (see Chap. V, Sec. 2). To explain 
why the word “harmonic” is used here, recall that a Hermitian metric h 
on E is simply a section of the GL(n, C)/ U()-bundle over X naturally 
associated to E. This can be viewed as a 7 \(X)-equivariant function 


h:X > GLa, C)/ UM), 


where X is the universal cover of X. It turns out that V*W = 0 is equivalent 
to the condition that the map / be harmonic, in the sense that it minimizes 
the energy &(h) = - % |dh|*. In fact the one-form W can be identified with 
the differential of h, and V with the pull-back of the Levi—Civita connection 
on GL(n, C)/ U(n) ({14, 8). 

The theorem proved by Donaldson [14] in rank 2 and by Corlette [8] in 
general is the following. 


Theorem 5.2: Let D be a connection on E with constant central curvature. 
Then (E, D) admits a harmonic metric if and only if D is reductive. 


Remark: Corlette’s version of this theorem includes the case in which the 
base manifold is a compact Riemannian manifold of arbitrary dimension 
and GL(n, C) — the structure group of the bundle — is replaced by any 
reductive non-compact Lie group. 


As in the previous existence theorems, we can formulate Theorem 5.2 as 
a correspondence between moduli spaces. To do that, we fix a Hermitian 
metric / on E. We have a bijection 


D—> Ax €&'(X,adE 
Des (V, W), 


wm 


defined by (5.6). Now, the condition for a connection D to have central 
curvature, i.c. ©(D) = A, where 4 is given by (2.8), and the harmonicity 
equation (5.7) are equivalent to the following set of equations for (V, W): 


O(V) + 5[¥, WV] =A 
(5.8) Vv =0 
View =0. 
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Let Y =A x €!(X, ad E) and let 


Yo = {((V, VW) © Y=Ax El(X, ad E) satisfying (5.8)}. 


The gauge group G acts on Yo, and Yo/S is the moduli space of solutions 
to (5.8). Theorem 5.2 can now be restated as follows. 


Theorem 5.3: There is a homeomorphism between the moduli spaces of 
solutions to (5.8) and the moduli space of reductive connections with 
constant central curvature on E, i.e., 


40/9 = Dy /S*. 


This restricts to a homeomorphism between the corresponding moduli spaces 
of irreducible objects. 


5.2. Representations and Higgs Bundles 


Consider now the correspondence 


€!°(X, End E) —> &!(X,ad E) 
orp VvV=04 90". 


We have the following. 


Proposition 5.4: The pair (V,W) satisfies (5.8) if and only if (V, ®) sat- 
isfies Hitchin equations (3.9), where ¥ = ® + &*. Moreover, there is a 
homeomorphism between the moduli spaces of solutions 


Yo/G = Xo/S, 


which restricts to a homeomorphism between the moduli spaces of 
irreducible solutions. 


Combining previous results in this section with results in Section 2, we 
obtain the following. 


Theorem 5.5: There is a homeomorphism 
R(n, d) = M(n, d) 


which restricts to 
R*(n, d) = M(n, d). 


This correspondence can be viewed as a Hodge theorem for non-abelian 
cohomology. To see this, consider first the abelian cohomology: H'!(X, C) 
can be regarded as the space of homomorphisms from 2;(X) into C, or 
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equivalently the space of closed one-forms modulo exact one-forms. Since 
X is Kahler, the Hodge theorem (Chap. V) gives a decomposition 


H'(X,C) = H'(X, Oxy) @ A(X, K). 


In other words, a cohomology class can be thought of as a pair (e, ®) 
with e € H'(X, Ox) and ® a holomorphic one-form. The correspondence 
between Higgs bundles and representations of 2,(X) in GL(n, C) is analo- 
gous. If ,(X) acts trivially on GL(n, C), then the non-abelian cohomology 
set H'!(s,(X),GL(n, C)) is the set of representations 7;(X) > GL(n, C) 
modulo conjugation. Equivalently, it is the set of isomorphism classes of 
C® vector bundles of rank n with flat connections. What we have described 
is a correspondence between the set of reductive representations and the 
set of polystable pairs (FE, ®) where E is a holomorphic vector bundle, i.e. 
an element in the non-abelian cohomology set H'(X,GL(n, Ox)), and ® 
is an endomorphism valued one-form. 


6. Representations in U(p, q) and Higgs Bundles 
6.1. Representations in U(p, q) and Harmonic Metrics 


Let X be a compact Riemann surface. We have seen how stable vector 
bundles correspond to irreducible representations of 7,(X) in U(m), and 
stable Higgs bundles correspond to irreducible representations of 7,(X) in 
GL(n, C). The group U(n) is the compact real form of GL(n, C). We can 
also consider a non-compact real form G of GL(n,C) and ask whether 
we can use complex geometry to study representations of 2;(X) in G. We 
illustrate in this section how to do this for the group U(p, q) (see [6, 7]). 

The group U(p, q), with p+q =n, is defined as the group of linear trans- 
formations of C” which preserve the Hermitian inner product of signature 
(p,q) defined by 


(Z, w) = WW t-s++ ZpWp — +++ — Zp41 Wp — Zpt+qW p+qs 


for z= (Z,°°* , Zn) € C" and w = (w),-:- , w,) € C". That is, 


U(p, 9g) = {A € GL, C) : (Az, Aw) = (z,w), for every z,w eC}. 


If 
I, 9 
m= ($a), 


U(p.q) ={A € GLO, ©) + Aly gA’ = Ipg}- 


we have that 


As is done for an ordinary Hermitian metric on a C® complex vector 
bundle E we can consider a Hermitian metric H of signature (p,q) and 
study connections which are compatible with H. This is equivalent to having 
a reduction of the structure group of the principal GL(n, C)-bundle P of 
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frames associated to E to a U(p,q)-bundle and considering connections 
on P. A vector bundle E equipped with a U(p, q)-structure H has a finer 
topological invariant than its degree d. To show this, we first observe that 
U(p) x U(g) C U(@, q) is the maximal compact subgroup of U(p, qg). Now, 
since the symmetric space U(p, g)/ U(p) x U(q) is simply connected, there 
is no obstruction to further reduce the structure group of P to the group 
U(p) x U(q). This is equivalent to saying that E= V@®W, where V and W 
are vector bundles with rank V = p and rank W = gq, naturally equipped 
with Hermitian metrics hy and hw, respectively. The topological invariant 
naturally associated to (E, H) is the pair of integers (a, b), where a = deg V 
and b = deg W, which does not depend on the reduction to U(p) x U(q). 
Notice that d=a+b. 

Let p € Hom(I, U(p, q)) be a representation of T in U(p,q). As in 
the case of U(n) and GL(n,C), to p we can associate a smooth vector 
bundle E, equipped with a U(p, g) structure and a U(p, g)-connection with 
constant central curvature. We can in this way attach a topological invariant 
c(e) = (a,b) to p, corresponding to the invariant of the U(p, q)-bundle 
E,. Consider 


Hom, ,(1, U(p, g)) = {eo € Hom(l, U(p, g)) : cle) = (a, by}, 


and define the moduli spaces of reductive and irreducible representations 
of T in U(p,q) with invariant (a,b) € Z x Z as 


R(p, q,a, b) = Hom7, (T, U(p, g))/ UD, 4g), 


and 
R* (p,q, a,b) = Hom? ,(T, U(p, g))/ Up, 9), 


respectively. 

The representations for which a+ b = 0 correspond to representations 
of the fundamental group of X. 

Let (E, H) be a C™ vector bundle on X equipped with a U(p, q)-structure 
and topological invariant (a,b) € Zx Z. Let B be the set of all connections 
on E compatible with H. Let 


(6.1) By ={DEB : @(D)=A}, 


where A is given by (2.8). Let Sq be the gauge group of (E, H). We denote 
the sets of reductive and irreducible connections in Bo by Bj and Be, 
respectively, and define the corresponding moduli spaces as Bj /Sy and 
Bo/Su. 


Proposition 6.1: There are homeomorphisms 


Hom, ,(1, U(p, g))/ Up, g) = Bo/Ga, 
R(p, q,a,b) = BY /Gu, 
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and 
R*(p, q,4, b) = Bo/Gu- 


Now Theorem 5.2 can be generalized to U(p, g) to show that if D « BF, 
then there is a harmonic reduction of the U(p, g) structure to U(p) x U(q). 
Any reduction defines a decomposition 


D=V+Y¥, 


where V is a U(p) x U(qg)-connection on the reduced U(p) x U(g)-bundle 
and W is a one-form with values in the associated bundle with fibre m, 
where 

u(p, gq) = u(p) @u(q) @m 


is the Cartan decomposition of the Lie algebra of U(p,q), and m is the 


set of matrices 
0 A 
=A Oy” 


with A a complex matrix with p columns and q rows. The harmonicity 
condition is, as for GL(n, C), 


vw =0, 


where we use now the reduction to U(p) x U(q) to define V*. Similar 
to the GL(n,C) case, a reduction to U(p) x U(g) can be viewed as a 
mv, (X)-equivariant function 


X > U(p.q)/U(p) x U@), 


where X is the universal cover of X, and V*W = 0 is equivalent to the 
condition that this map be harmonic. 
We thus have the following [8]. 


Theorem 6.2: Let D be a connection on a U(p,q) bundle (E,h) with 
constant central curvature. Then (E, D) admits a harmonic reduction to 
U(p) x U(q) if and only if D is reductive. 


6.2. U(p, q)-Higgs Bundles and Hitchin Equations 


There is a special class of GL(n, C)-Higgs bundles, related to represen- 
tations in U(p,q) given by the requirements that 


2! _(9 B 
(6.2) (e-vew.e=(/ ae 


where V and W are holomorphic vector bundles of rank p and q respectively 
and the non-zero components in the Higgs field are 6 ¢ H°(Hom(W, V) @ 
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K), and y € H°(Hom(V, W)@K). We say (E, ®) is a stable U(p, q)-Higgs 
bundle if the slope stability condition w(£’) < u(E), is satisfied for all 
®-invariant subbundles E’ = V’ @ W’, i.e. for all subbundles V’ C V and 
W’ C W such that 


B:W—>V'@K 
y:V'—->W'®@K. 


Semistability and polystability are defined as for GL(n, C)-Higgs bundles. 
Let (a,b) € Z x Z. We define the moduli space of stable U(p, g)-Higgs 
bundles M'(p, q, a,b) as the set of isomorphism classes of stable U(p, q)- 
Higgs bundles with deg(V) = a and deg W = b. Similarly, we define the 
moduli space of polystable U(p, g)-Higgs bundles M(p, qg, a, b). The basic 
relation with representations of T in U(p,q) is given by the following [6]. 


Theorem 6.3: There is a homeomorphism 
M(p, q,a, b) = R(p, g, 4, b), 


which restricts to 
M' (p,q, a,b) = R*(p, q, a,b). 


The scheme of the proof is very similar to that of Theorem 5.5 for 
GL(n,C). A key ingredient is an existence theorem for solutions to the 
U(p, q)-Hitchin equations that we explain now. 

Let (E, ®) be a U(p, g)-Higgs bundle as in (6.2). Hitchin equations are 
now equations for Hermitian metrics hy and hw on V and W, respectively. 
If ©(Dy) and ©(Dy) are the curvatures of the corresponding canonical 
connections, the equations are 


O(Dy)+BAB+y* Avy=A 


oe) O(Dy) + Ay*+ BAB =A, 


where A is given by (2.8). We have the following [6]. 


Theorem 6.4: Let (E, ®) be a U(p, g)-Higgs bundle as in (6.2), such that 
there are Hermitian metrics on V and W satisfying (6.3). Then (E, ®) is 
polystable. Conversely, if (EZ, ®) is stable, then there exist Hermitian metrics 
on V and W satisfying (3.7). 


Following a similar scheme to that of the GL(n, C) case, Theorem 6.4 
combined with Theorem 6.2 give the proof of Theorem 6.3. 

In contrast with the case of stable vector bundles and stable GL(n, C)- 
Higgs bundles, which exist for any value of the degree of the bundle, 
the topological invariant (a,b) of a polystable U(p, q)-Higgs bundle has 
to satisfy a certain constraint. This is expressed in terms of the Toledo 
invariant. 
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Given a representation of T in U(p, gq) with topological invariant c(p) = 
(a, b), the Toledo invariant of p is defined by 


_ 994 po 


T(p) = T(p, q, 4, b) 
pt+q 


This invariant satisfies the inequality 
It(p, 4,4, b)| < min{p, g}(2g — 2). 


proved by Domic and Toledo [9] (this is a generalization of the Milnor 
inequality for the Euler class of a PSL(2, R)-flat connection [24]). This 
inequality can also be proved for a reductive representation p € R(p, gq, a, b) 
using the polystability condition of the corresponding Higgs bundle (E, ®) € 
M(p, q,a, b) [6]. 

One of the main results in [6] is the following. 


Theorem 6.5: The moduli space M*(p, g, a, b) (and hence R*(p, g, a, b))isa 
connected smooth Kahler manifold of complex dimension 1+ (p+q)?(g—1), 
which is non-empty if and only if |t(p, q, a, b)| < min{p, g}(2g — 2). 


7. Moment Maps and Geometry of Moduli Spaces 
7.1. Symplectic and Kahler Quotients 


In this section we review some standard facts about the moment map 
for the symplectic action of a Lie group G on a symplectic manifold, and 
the special situation in which the manifold has a Kahler structure which is 
preserved by the action of the group. 

A symplectic manifold is by definition a differentiable manifold X together 
with a non-degenerate closed 2-form Q. A Kahler manifold with its Kahler 
form is an example of a symplectic manifold. A transformation f of X is 
called symplectic if it leaves invariant the 2-form, ie, f*Q = Q. 

Suppose now that a Lie group G acts symplectically on (X, Q). If v is a 
vector field generated by the action, then the Lie derivative L,Q vanishes. 
Now for @, as for any differential form, 


L,Q = i(v)dQ + d(i(v)Q); 


hence d(i(v)Q) = 0, and so, if H'(X,R) = 0, there exists a function 
[ly : X > R such that 
dp, =i(v)Q. 


The function 1, 1s said to be a Hamiltonian function for the vector field v. 
As v ranges over the set of vector fields generated by the elements of the 


270 Moduli Spaces and Geometric Structures Appendix 


Lie algebra g of G, these functions can be chosen to fit together to give a 
map to the dual of the Lie algebra, 


wi X —> g, 


defined by 
(U(x), a) = Max), 


where @ is the vector field generated by a € g, x € X and (-,-) is the natural 
pairing between g and its dual. There is a natural action of G on both 
sides and a constant ambiguity in the choice of ,. If this can be adjusted 
so that yz is G-equivariant, i.e. 


U(g(x)) = (Adg)*(u(x)) for geG xeEXx, 


then yz is called a moment map for the action of G on X. The remaining 
ambiguity in the choice of yw is the addition of a constant abelian character 
in g*. If w is a moment map then 


dug(x)(v) = Q(a(x), v) for aéeg, vETX,, x EX. 


An important feature of the moment map is that it gives a way of 
constructing new symplectic manifolds. More precisely, suppose that G acts 
freely and discontinuously on y~'(0) (recall that ~'(0) is G-invariant), 
then 


uw '(0)/G 


is a symplectic manifold of dimension dimM —2dimG. This is the Marsden— 
Weinstein symplectic quotient of a symplectic manifold acted on by a group 
[23]. There is a more general construction by taking 7! of a coadjoint 
orbit. In particular if A is a central element in g* we can consider the 
symplectic quotient 

G7 Gs 


Suppose now that X has a Kahler structure. It is convenient to describe 
a Kahler structure on the manifold X as a triple (g, J, Q) consisting of a 
Riemannian metric g, an integrable almost complex structure (a complex 
structure) J and a symplectic form Q on X which satisfies 


Q(u,v) = g(Ju,v), for xe X and u,ve T,X. 


Any two of these structures determines the third one. This is equivalent to 
the definition given in Chap. V. 

Let G now be a Lie group acting on (X, g, J, Q) preserving the Kahler 
structure. Then if yu : X —> g* is a moment map, and G acts freely and dis- 
continuously on yz~!(A), for a central element A € g*, the quotient w~!(A)/G 
is also a Kahler manifold. This process is called Kahler reduction [25]. 
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A very basic example is the following. Let X = C” be equipped with 
its natural Kahler structure and let U(1) act on X by multiplication. The 
action of U(1) preserves the symplectic structure and has a moment map 
pe: C" > R given by z+ > |z;|?. We can consider w~'(1) = S?"-!. We 
then have the symplectic quotient 


w*(1D)/U0) = 8” 1 /U@) & P,-1(©). 


Since the action of U(1) preserves also the complex structure, this construc- 
tion exhibits P,_;(C) as a Kahler quotient whose induced Kahler structure 
is in fact the standard one. Note that u~!(1)/ UC) is hence isomorphic to 
the “good” quotient C” — {0}/C*. This relation turns out to be true in a 
more general context as we will see below. 

When X is a projective algebraic manifold there is a very important 
relation between the symplectic quotient and the algebraic quotient defined 
by Mumford’s Geometric Invariant Theory (GIT) [25]. Suppose that i : 
X C P,-1(C) is a projective algebraic manifold acted on by a reductive 
algebraic group which we can assume to be the complexification G° of a 
compact subgroup G C U(n). Then, following [25], we say that x € X is 
semistable if there is a non-constant invariant polynomial f with f(x) 4 0. 
This is equivalent to saying that if x € C” is any representative of x, then 
the closure of the G‘-orbit of x does not contain the origin. Let X** Cc X 
the set of all semistable points. There is a subset X*° C X** of stable points 
which satisfy the stronger condition that the G‘-orbit of x is closed in C’. 
The algebraic quotient is by definition the orbit space X**/G*. That this 
is the right quotient in this setup is confirmed by the fact that if A(X) 
is the graded coordinate ring of X, then the invariant subring A(X) is 
finitely generated and has X**/G* as its corresponding projective variety. 
The quotient X*/G* gives a dense open set of X**/G*. 

To relate to symplectic quotients, consider the action of U(7) on P,,_;(C) 
induced by the standard action on C”. This action is symplectic and has a 
moment map pw: P,_;(C) > u(n)* given by 


1 xx* 


U(x) = 2m Ix|2” 


where we are using the Killing form of u(n) to identify u(m) with u(n)*. Let 
X and G be as above. Then popoi, where p: u(n)* > g* is the projection 
induced by the inclusion g C u(n), is a moment map for the action of G on 
X. We can then consider the symplectic quotient 4~'(0)/G. The relation 
between this quotient and the algebraic quotient is given by the following 
result due to Mumford, Kempf—Ness, Guillemin and Sternberg and others 
(see [25]). 


Theorem 7.1: There is an isomorphism 


w'(0)/G = X"/G*. 
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7.2. Moduli Spaces as Kahler Quotients 


The symplectic and Kahler quotient constructions explained above can 
also be extended to the context of infinite dimensional manifolds (see [23]). 
We show now how this can be used to endow our moduli spaces with 
symplectic and Kahler structures. 

Coming back to the setup of Section 2.2, let (E, 4) be a smooth complex 
Hermitian vector bundle over a compact Riemann surface X. The set A of 
connections on (E, A) is an affine space modelled on €!(X, ad E), which is 
equipped with a symplectic structure defined by 


Qa, n) = [ tram. for De A and wW,n € TpA = El(ad E). 
x 


This is obviously closed since it is independent of D € A. 

Now, the set © of holomorphic structures on E is an affine space modelled 
on €°'(X, End E), and it has a complex structure Je, induced by the complex 
structure of the Riemann surface, which is defined by 


Je(a) =ia, for dg €@ and we T;,C = €°'(X, EndE). 


The complex structure Je defines a complex structure J, on A via the 
identification A = € given by (2.10). The symplectic structure Q, and the 
complex structure J, define a Kahler structure on A, which is preserved 
by the action of the gauge group §. We have that LieS = €°(X,adE) 
and hence its dual (Lie S)* can be identified with €?(X, ad E). One has the 
following [4]. 


Proposition 7.2: There is a moment map for the action of § on A given by 
A —> €’(X,ad E) 
Dt O(D). 


To prove this, let a € LieG = €°(X, ad E), and let @ be the vector field 
generated by a. We have to show that the function wz :A— R given by 


pd) = [ Tar ew) 
Xx 
is Hamiltonian. But this follows simply from the following: 


dugz(D)(v) = i Tr(a A Dv) 
x 


= -{ Tr(Da A v) 
x 


= Qy(v, a), 


where we have used that 4 = Da. In order to have a non-empty symplectic 
reduction, we take the central element 4 € €?(X,adE) given by (2.8) and 
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consider y~!(A). This coincides with the set defined in (2.9) and hence the 
Kahler quotient ~'(A)/S is precisely the moduli space of constant central 
curvature connections on (E,/), which in this way is shown to have a 
K4hler structure. In view of this, the correspondence given by Theorem 2.7 
is formally an infinite dimensional version of the isomorphism between the 
symplectic and the algebraic quotients in finite dimensions given by Theorem 
7.1. Note that even though A is infinite dimensional, the quotient obtained 
has finite dimension, as shown in Section 2.2. It should be mentioned that 
in order to perform the quotient construction in the infinite dimensional 
set up, all the spaces and the gauge group have to be naturally completed 
to have Banach manifold structures (see e.g. [4, 20]). 

Similarly, the moduli spaces of Higgs bundles can be endowed with a 
Kahler structure. To explain this, let us denote € = €'°(X,EndE). The 
linear space € has a natural complex structure Je defined by multiplication 
by i, and a symplectic structure given by 


Qe, mai f Toran, for BEE and W,nE TSE =E. 
XxX 


We can now consider X = Ax € with the symplectic structure Qy = Q4+Q¢e 
and complex structure Jy = J4 + Je. The action of § on X preserves Qy 
and Jx and there is a moment map given by 


My i XK — €7(X, ad E) 


(7.1) (D,®) +> @(D)+[®, *]. 


This follows from Proposition 7.2 and the fact that ® b> [®, ®*] is a 
moment map for the action of G on €, as can be easily proved [17]. 
We now consider the subvariety 


(7.2) N={(D,®)eX : D'’S=0}, 


which corresponds to the space + defined in (3.1) under the identification 
between A and C. Avoiding difficulties with possible singularities, NV inherits 
a Kahler structure from X and, since it is S-invariant, the moment map 
is the restriction p = wx|y : N > €?(X, ad E). Now, the moduli space of 
solutions to Hitchin equations (3.9) is the Kahler quotient w~!(A)/S. 

To show this construction in the case of U(p, q)-Higgs bundles, we go 
back to the setup in Section 6, and consider the set 


Y=Ay xAwx Et, 


where Ay and Aw are the sets of connections on the Hermitian bundles 
(V, hy) and (W, hw) respectively, and €*+ = €'°(X, Hom(W, V)) and €- = 
E!°(X, Hom(V, W)). Let (E, hh) = (VOW, hy P@hw) and A, € and G be the 
corresponding set of connections, Higgs fields and gauge group. The space 
Y is a Kahler submanifold of X = A x € which is invariant by the subgroup 
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Sy x Gw C §, and hence the moment map is given by projecting onto 
(Lie Sy)* @ (Lie Sw)* in (7.2). The moment map for the action of Sy x Sw 
on Y is thus 


by: ¥ — €°(X, ad V) @ E°(X, ad W) 
(Dy, Dw, By) > (O(Dv) +B AB +y* Ay, O(Dw) +y Ay" + BA B). 


We can then restrict this to obtain a moment map wu on the (Sy x Gw)- 
invariant Kahler submanifold Ny = NOY, where N is given by (7.2). The 
quotient ~'(A)/Sy x Gw is the moduli space of solutions to the U(p, q)- 
Hitchin equations, which is isomorphic to the moduli space of U(p, g)-Higgs 
bundles M(p,q,a,b) where a and b are the Chern classes of V and W 
respectively. 


7.3. Hyperkahler Quotients and Moduli Spaces 


A hyperkahler manifold is a differentiable manifold X equipped with 
a Riemannian metric g and complex structures J;, i = 1,2,3 satisfying 
the quaternion relations J? = —/, J; = J, Jo, etc., such that if we define 
Q:¢,-) = g(Jj-,-), then (g, Jj, Q;) is a Kahler structure on X. As for Kahler 
manifolds, there is a natural quotient construction for hyperkahler manifolds 
[18]. 

Let G be a Lie group acting on X preserving the K&hler structure 
(g, Jj, Q;) and having moment maps py; : X > g* for i = 1,2,3. We can 
combine these moment maps in a map 


pw: X — g @R? 


defined by pw = (11, fz, 43). Let A; € g* for i = 1, 2,3 be central elements 
and consider the G-invariant submanifold wo'(A) where 4 = (Aq, Ao, A3). 
Then G acts on w'!(A) freely and discontinuously and the quotient 


w'(A)/G 


is a hyperkahler manifold. 

One way to understand the non-abelian Hodge theory correspondence 
in Section 5 is through the analysis of the hyperkahler structures of the 
moduli spaces involved. We explain how these can be obtained as hyperkahler 
quotients. For this, let us go back to the setup of Section 7.2, and let (E, h) 
be a smooth complex Hermitian vector bundle over a compact Riemann 
surface X. As we have seen in Section 7.2, the space X = A x € has a 
K&hler structure defined by Jy and Qy. Let us rename J; = Jx. Via the 
identification A = @, we have for a € €°!(X, EndE) and w € €!°(X, End E) 
the following three complex structures on X: 


i@,y) =  (ia,ip) 
Jn(a, W) (iy, —ia*) 
law) = (-w*,a*), 
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where a* and w* is defined using the Hermitian metric hf on E. Clearly, 
J;, i = 1,2,3 satisfy the quaternion relations, and define a hyperkahler 
structure on X, with symplectic structures Q;, i = 1, 2,3, where Q; = Qy. 
The action of the gauge group S on X preserves the hyperkahler structure 
and there are moment maps given by 


ui(D, ©) = O(D)+[®, ©*], .(D, &) = Re(Oe®),  43(D, ®) = Im). 


Taking A = (A, 0,0), where A is given by (2.8) we have that 4~'(A)/G is the 
moduli space of solutions to Hitchin equations (3.9). In particular, if we 
consider the irreducible solutions a;!(A) we have that 


B,'(A)/S 


is a hyperkahler manifold which, by Theorem 3.5, is isomorphic to the 
moduli space M'(n, d) of stable Higgs bundles of rank n and d. 

Let us now see how the moduli of harmonic flat connections on (E, h) 
can be realized as a hyperKahler quotient. As in Section 4.1, let D be the 
set of all complex connections on E. This is an affine space modelled on 
€'(X, End E) = €°(X, T*X @pEnd E). The space D has a complex structure 
I, = 1 @i, which comes from the complex structure of the bundle. Using 
the complex structure of X we have also the complex structure J, =i ®t, 
where t(w) = y* is the involution defined by the Hermitian metric h. We 
can finally consider the complex structure 1, = I, h. 

The Hermitian metric on E together with a Riemannian metric in the 
conformal class of X defines a flat Riemannian metric gn on D which is 
K&hler for the above three complex structures. Hence (D, gp, Ni, h, Js) is 
also a hyperkahler manifold. As in the previous case, the action of the gauge 
group § on D preserves the hyperkahler structure and there are moment 
maps 


Mi(D)=V"V,  2x(D) = Im(O(D)), _— 43(D) = Re(O(D)), 


where D = V+ W is the decomposition of D defined by (5.6). Hence 
the moduli space of solutions to the harmonicity equations (5.8) is the 
hyperkahler quotient defined by 


#'(0,4,0)/S, 


where ft = (1, [42, 43) and A given by (2.8). 

The homeomorphism between the moduli spaces of solutions to the 
Hitchin and the harmonicity equations is induced from the hypercomplex 
affine map 


AxE—D 
(D, ®) +> D+ 04 @*. 


One can see easily, for example, that this map sends A x € with complex 
structure J, to D with complex structure J; (see [17]). 
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Now, Theorems 3.5 and 5.2 can be regarded as existence theorems, estab- 
lishing the non-emptiness of the hyperkahler quotient, obtained by focusing 
on different complex structures. For Theorem 3.5 one gives a special status 
to the complex structure J;. Combining the symplectic forms determined 
by J) and Jz one has the J;-holomorphic symplectic form Q, = Q, + iQ3 
on A x €. The complex gauge group S° acts on A x € preserving Q.,. 
The symplectic quotient construction can also be extended to the holomor- 
phic situation (see e.g. [20]) to obtain the holomorphic symplectic quotient 
{(z,®) : ad. = 0}/S°. What Theorem 3.5 says is that for a class 
[(d¢, ®)] in this quotient to have a representative (unique up to unitary 
gauge) satisfying 4; = A it is necessary and sufficient that the pair (0¢, ®) 
be polystable. This identifies the hyperkahler quotient to the set of equiv- 
alence classes of polystable pairs on E. If one now takes J; on A x € or 
equivalently D with J; and argues in a similar way, one gets Theorem 5.2 
identifying the hyperkahler quotient to the set of equivalence classes of 
reductive central curvature connections on E. 

Note that for n = 1, the moduli space with complex structure defined by 
J, is T* Pic’(X) and with complex structure defined by J) is (C*)%. 


8. Higher Dimensional Generalizations 
8.1. Hermitian—Einstein Connections and Stable Bundles 


Mumford’s stability condition for a holomorphic vector bundle over a 
compact Riemann surface was generalized by Takemoto to higher dimen- 
sional Kahler manifolds (see [36, 20]). Let X be a compact Kahler manifold 
of dimension n, with Kahler form Q. Let E be a holomorphic vector bundle 
over X. Associated to E one has the sheaf of its holomorphic sections. This 
is a locally free sheaf, which is thus a coherent sheaf (see Chap. II, Sec. 1), 
that will also be denoted by E. 

The degree of a coherent sheaf F over X is defined as 


deg F = : / FyA Qn! 
eg “Gp 5 


where c,(F) = c,(det F), and det F is a line bundle associated to F, which 
coincides with the determinant line bundle when F is locally free (see [20], 
for instance). As in the Riemann surface case, the s/ope of F is defined as 


LCF) = deg F/rank F, 


where rank F is the rank of the vector bundle that the coherent sheaf F 
determines outside of a subset of X, called the singularity set of F, that 
has codimension at least one (see [20]). We say that E is stable with respect 
to Q if for every coherent subsheaf F Cc E with 0 < rank F < rank E, 


U(F) < WE). 
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Semistability and polystability are defined as in the one-dimensional case. 
Note that, in contrast to the Riemann surface case, in higher dimensions 
the stability condition depends on the Kahler metric of X. 

We will see now how stability on a Kahler manifold is also related to the 
existence of a special Hermitian metric on E. Let h be a Hermitian metric 
on E with canonical connection and curvature D and ©(D), respectively. 
The metric h is called Hermitian-Einstein if 


(8.1) O(D) AQ"! = -ipl,Q", 


where, after the normalization Vol X = 27, w = uw(E). When n = 1, (8.1) 
reduces to the constant central curvature condition given by (2.1). The 
following generalizes to higher dimensions the theorem of Narasimhan and 
Seshadri. 


Theorem 8.1: Let E be a holomorphic vector bundle over a compact 
Kahler manifold (X,Q). Then E has a Hermitian—Einstein metric if and 
only if it is polystable. 


The polystability of a vector bundle admiting a Hermitian—Einstein metric 
was proved by Liibke [22] (see also [20]). The existence of a Hermitian— 
Einstein metric on a stable vector bundle was first proved by Donaldson 
for algebraic surfaces [12] and then by Uhlenbeck and Yau [38] for arbi- 
trary Kahler manifolds. In [13] Donaldson gave another proof for algebraic 
manifolds of any dimension. 

Theorem 8.1, can also be viewed as a correspondence between moduli 
spaces. To see this, let (E, h) be a smooth Hermitian vector bundle over X. 
A connection D on (E,h) is called Hermitian—Einstein if it satisfies 


D” —(0 


2) O(D) AQ?! = -ip(E)[gQ". 


The first equation simply means that the (0, 1)-part of the connection D, 
defines a holomorphic structure on E. The moduli space of Hermitian— 
Eintein connections is defined as the set of all connections satisfying (8.2) 
modulo the action of the gauge group of (E, h). 

Theorem 8.1 is equivalent to the Hitchin—Kobayashi correspondence: 


Theorem 8.2: There is a bijection between the moduli space of Hermitian— 
Einstein connections on (E, 4) and the moduli space of polystable holomor- 
phic vector bundles whose underlying smooth vector bundle is isomorphic 
to 


In the case of Kahler surfaces, the Hermitian—Einstein equation is equiva- 
lent to the anti-self-dual instanton equation for a connection on a Hermitian 
vector bundle over a real 4-dimensional Riemannian manifold. Using the 
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moduli space of instantons, Donaldson defined topological invariants for 
four-manifolds. One of the main applications of the correspondence given 
by Theorem 8.2 has been in the computation of the Donaldson invariants 
for Kahler surfaces (see [11]). 


8.2. Higgs Bundles and Representations of Kahler Groups 


As above, let (X, &) be a compact Kahler manifold of dimension n, whose 
volume is normalized such that Vol X = 27. A Higgs bundle over X is a 
pair (E, ®) consisting of a holomorphic vector bundle E over X and a 
Higgs field ® ¢ H°(X, End E @ '), satisfying ® A 6 = 0, where Q! is the 
bundle of holomorphic one-forms on X. Note that on a Riemann surface 
Q! coincides with the canonical line bundle, and the condition @ A ® = 0 
is trivialy satisfied for dimensional reasons. 

A Higgs bundle (£,®) is said to be stable if and only if uw(E’) < 
u(E) for every coherent subsheaf £’ C E invariant under ®, ie. ®(E’) C 
E’ @ Q'. Semistability and polystability are defined as usual. As in the 
one-dimensional case, the notion of stability is related to the existence of 
a special Hermitian metric on FE. More precisely, one has the following 
theorem proved by Simpson [34, 35]. 


Theorem 8.3: Let (E,®) be a Higgs bundle over X. The existence of a 
Hermitian metric h on E satisfying 


(8.3) (O(V) +[®, ®*]) AQ"! = -ip(E)1p-2", 


is equivalent to the polystability of (£,®). Here V is the canonical 
connection determined by A and the holomorphic structure of E. 


To relate Higgs bundles to representations of the fundamental group of 
the Kahler manifold X (what is called a Kahler group) one has to impose 
topological conditions on E. Namely, one needs 


(8.4) / c(E)AQ""!=0, and fo (E)* — 2c)(E)) AQ"? = 0. 
»¢ Xx 


Under conditions (8.4), if (E, ®) is polystable, then the Hermitian metric 
h on E in Theorem 8.3 satisfies the stronger equation 


(8.5) @(V) + [®, &*] = 0. 


Note that the first condition in (8.4) is simply that deg E = 0 and hence 
u(E) = 0. We can then consider the pair (E, D), taking E to be the 
underlying C® bundle to E and D = V+ ®+ 4*. From 0;-® = 0, PAS =0 
and (8.5) one easily sees that ©(D) = 0, i.e. D is a flat connection on E. In 
fact setting VY = ©®+%*, we can see that V*W = 0,1... h is a harmonic metric 
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in the sense of Sec. 5. But Theorem 5.2 holds also in higher dimensions 
(see [8]) and hence we have the following. 


Theorem 8.4: Let D be a flat connection on E. Then E admits a harmonic 
metric if and only if D is reductive. 


The construction of a polystable Higgs bundle from a flat reductive con- 
nection follows along the same lines as the one dimensional case explained 
in Sec. 5 (see also [35]), establishing the following. 


Theorem 8.5: There is a one-to-one correspondence between the moduli 
space of polystable Higgs bundles (E, ®) with rank E =r and E satisfying 
(8.4), and the moduli space of reductive representations of 2,(X) in GL(r, C). 


Higgs bundles can also be regarded from the point of view of Tannakian 
categories. This is a point of view taken by Simpson in [35], which we 
follow (see also [15] and the references given there for details on Tannakian 
categories). A tensor category is a category © with a functorial binary 
operation @: Cx C > €. An associative and commutative tensor category 1s 
a tensor category provided with additional natural isomorphisms expressing 
associativity and commutativity of the tensor product that have to satisfy 
certain canonical axioms. A unit 1 is an object 1 provided with natural 
isomorphisms 1 ®@ V = V satisfying canonical axioms. A functor F between 
associative and commutative categories with unit is a functor provided 
with natural isomorphisms F(U @ V) = F(U) @ F(V). A neutral Tannakian 
category © is an associative and commutative tensor category with unit, 
which is abelian, rigid (duals exist), End(1) = C, and which is provided 
with an exact, faithful fibre functor F¥ : C > Vect, where Vect is the tensor 
category of complex, finite dimensional vector spaces. 

If G is an affine group scheme over C the category Rep(G) of complex 
representations of G is a neutral Tannakian category. The fibre functor Fg 
is given by sending a representation of G to the underlying vector space. The 
group G is recovered as the group G = Aut®(¥g) of tensor automorphisms 
of the fibre functor. The converse is given by the fundamental duality 
theorem of Tannaka—Grothendieck—Saavedra. 


Theorem 8.6: Let (C,F) be a neutral Tannakian category and let G = 
Aut®(F) be the group of tensor automorphisms of the fibre funtor. Then 
(C, F) = (Rep(G), Fe). 


To briefly describe the group Aut®(#) — referred sometimes as the 
Tannaka group of the Tannakian category (C, ¥) —, let End(F) be the algebra 
of endomorphisms of the the fibre functor. Its elements are collections { fy} 
with fy € End(F(V)) such that for any morphism w : V > W, one has 
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Fw) fv = fwF). Let Aut®(F) be the set of elements {fy} of End(F) 
satisfying 
fi=1 fvew = fv ® fw. 


The existence of duals in © implies that any element in Aut®(F) consists 
entirely of automorphisms, and hence there is no need to include a condition 
for invertibility. The algebra End(F) is a projective limit of finite dimensional 
algebras and it is endowed with a projective limit topology. The subset 
Aut®(F) has a structure of projective limit of algebraic varieties. 

We come now to the Tannakian nature of Higgs bundles. Let (£, ®) 
and (F, V) be two Higgs bundles. Its tensor product is given by the Higgs 
bundle (EF @ F, ® ® Ir + Ig ® VW). One has the following (see [35, 15]). 


Proposition 8.7: The tensor category of polystable Higgs bundles (E£, ®) 
over X, satisfying (8.4) with fibre functor defined by sending a Higgs bundle 
to the fibre of the bundle at a fixed point of X, is a neutral Tannakian 
category. 


The category of reductive complex representations of the fundamental 
group of X (with the obvious fibre functor) is also a neutral Tannakian 
category. It follows from the Tannaka duality theorem that the Tannaka 
group of this category is the pro-reductive completion of ,(X) (see [35]). 
This is a group G, that comes equipped with a homomorphism 7\(X) > G 
such that for every reductive group H and a homomorphism 7,(X) > H 
there exists a unique extension G — H such that the following diagram 


m(X) —> H 


a 


G 


commutes. 

Now, the correspondence given in Theorem 8.5 gives actually an 
equivalence of Tannakian categories between the category of complex rep- 
resentations of 2,(X) and the category of polystable Higgs bundles over 
(X, Q) satisfying (8.4), and hence the Tannaka group of the latter category 
is isomorphic to the G — the pro-reductive completion of 7,(X). 

An central ingredient in non-abelian Hodge theory is the action of the 
group C* on the category of polystable Higgs bundles given by 


(E,®)+> (E,A®) for every A € C*. 


This action induces an action of C* on the category of reductive represen- 
tations of the fundamental group. It should be pointed out that, while this 
action is very clear and explicit from the point of view of Higgs bundles, 
its explicit effect on a representation of the fundamental group is not easy 
to describe. 
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One can formalise the action of C* on a Tannakian category (C, F) in 
terms of certain tensor functors satisfying canonical axioms. If the action 
preserves the fibre functor F one has an action of C* on End(F) by sending 
the element {fy} of End(F) to {f/} with f> = fav for every 4 € C*, and 
hence one has an action on the Tannaka group Aut®(#). The action of C* on 
the category of polystable Higgs bundles preserves clearly the fibre functor 
since the bundle is unchanged, and one can then transfer this action to G 
— the pro-reductive completion of the fundamental group. More precisely 
one has the following theorem proved by Simpson in [35]. 


Theorem 8.8: There exists a unique action of C* on G, each A € C* acting 
by a homomorphism of pro-reductive groups, such that if p : G > GL(v, C) 
is the representation corresponding to (E£, ®), then pod is the representation 
corresponding to (F,A®). 


In some sense the action of C* on G is the essence of non-abelian Hodge 
theory, replacing the C*-action on cohomology explained in Chap. V for 
the abelian theory. 
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polarization, 85 
positive differential form, 109, 219, 223, 225, 
233 
positive line bundle, 223, 225, 226, 229, 231, 
240 
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presheaf, 2, 36, 37, 42 
abelian groups, 43 
R-modules, 39 
primitive cohomology (group), 205-208, 210 
primitive cohomology class, 201, 202, 204, 
205 
primitive decomposition, 202, 206 
theorem, 195, 206 
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primitive differential form, /S8/, 182, 183, 
187, 191 
primitive form, 191 
primitive harmonic forms, 195 
primitive homology, 207 
primitive vector, 175, 176, 178-181 
principal bundle, 66 
projective algebraic embedding, 26, 234, 240 
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projective algebraic manifold, 1, //, 214, 218, 
234 

projective algebraic variety, 9 

projective hyperplane, 9 

projective space, 5, 8, 9, 82, 189, 205, 218, 
221 

properly discontinuous group, /99, 200, 219 

pseudoconvex spaces, 234, 240 

pseudodifferential operators, 108, 115, 7/9, 
122, 124, 126, 129, 13/, 132-136 
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pullback (vector bundle), 24, 25, 92, 101, 
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quadratic transform, 217, 229, 230 
quotient sheaf, 45, 47, 235 
quotient topology, 5, 8, 14, 189, 199 
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real-analytic embedding, 9-10 
real-analytic fibering (family), 215 
real-analytic functions, 2, 3 
real-analytic isomorphism (bianalytic), 4 
real-analytic manifold, 1, 3, 5, 10 
real-analytic mapping, 4 
real-analytic structure, 3, 4 
real-analytic submanifold, 10 
real-analytic vector bundle, 13, 18 
real-dimension, 3 
real tangent bundle, 27, 95 
regularity of homogeneous solutions, 139 
Rellich lemma, 108, 111-112 
representation, 
Lie algebra, 171 
infinite-dimensional, /7/ 
st (2, C), 173-177, 179, 180, 183, 197 
su (2), 173 
SL (2, C), 173, 179-181, 183, 185, 188 
SU (2), 173 
space, 182 
representation theory, 154, 170, 181, 191, 196 
representative of germ, 42 
resolutions of sheaves, 36, 42, 47, 58, 60, 62 
Riemann matrix, 22], 222, 234 
Riemann surfaces, 153, 200, 201, 207, 209, 
213, 219 
Riemannian manifold, 163, 164, 166, 167 
Riemannian metric, 65, 104, 137, 141, 149, 
164, 165, 169 
Riemann-Roch theorem, 153 
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$-bundle (see also vector bundle), 13, 17, 18, 
19-20, 21, 25, 39, 40 
homorphism, 20, 21, 25, 26 
isomorphism, /8 
morphism, 24, 25-26 
$-coordinate system, 3 
S-embedding, 9 
8-functions, 3, 4 
$-isomorphism, 3, 4, 9, 13, 17, 19 
S-manifold (see also complex, differen- 
tiable manifold), 3, 4, 5, 13, 16, 19, 
38, 40 
S-morphism (see also differentiable, holomor- 
phic mapping), 3, 4, 13, 18, 21-22, 
24, 25 
S-section, 2/, 22, 32 
8-subbundle, 20 
$-submanifold, 4, 9, 20 
S-structure, 2, 4-5, 13 
Schubert varieties, 101 
Schwarz inequality, 112 
Schwarz-Christoffel symbols, 71 
second bilinear condition, 2/4 
sections, 37 
étalé space, 42 
vector bundles, 108, 132, 135 
self-adjoint elliptic operator, 140, 141 
self-adjoint operators, 108, 140 
sequence of sheaves (see also short exact 
sequence of sheaves), 47 
Serre duality, 154, 770, 229 
sheaf: 
abelian groups, 45, 47, 51, 52 
cohomology, 51, 56, 58, 149 
differentiable functions, 38 
discontinuous sections, 54 
divisors, 107 
holomorphic functions, 38, 39, 45, 53 
holomorphic p-forms, 63 
isomorphism, 43, 60, 69 
mappings, 37, 40, 45 
modules, 47, 61 
morphism, 45, 52, 56 
R-modules, 39, 40 
real-analytic functions, 38 
rings, 39, 41 
S-sections, 39 
sheaves, 36, 37, 38 
short exact sequence, 20, 27, 59 
short exact sequence of sheaves, 45, 46, 51, 
54-58, 62 
Siegel upper-half-space, 210, 215 
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signature, 204, 208 

singular cochains, 47, 61 

singular cohomology, 48, 100, 149 

singular points, 9 

smoothing operator, /2/, 125, 130-131, 136, 
137, 140 

infinite order (operator of order _..), 125, 

130, 142 

Sobolev lemma, 108, 111, 121, 140 

Sobolev norm, 109, 131 

Sobolev spaces, 108, 121, 137, 145 

soft resolutions, 36, 58 

soft sheaf, 57, 52, 53-56, 58, 61 

spectral sequence, 197, 198 

stalk, 42 

standard complex structure, 28 

star-operator (x-operator, see also Hodge 
*-operator), 158, 161, 163, 164, 169, 
170 

Stein manifold, 77, 64 

Stokes’ theorem, 50 

strictly positive smooth measure, 108, 118, 
137, 145 

structure sheaf, 38, 39, 101, 238 

submanifold, 9 

subpresheaf, 37 

subsheaf, 37, 39, 46 

symbol mappings, 115, 117, 125, 132 

symbol of differential operator, 1/5 

symbol sequence, 117, 144 

symmetric algebra bundles, 23 
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tangent bundle, 1, 74, 15, 16, 17, 22, 30, 31, 
81, 95, 152 

tangent mapping (map), /5, 16 

tangent space, 14, 16 

tensor product of sheaves, 62, 68 

Todd class, 152 

topological dimension, 2, 10, 97 

topological invarient, 142, 750, 198, 201, 206, 
208 

topological manifold (see also topological 
n-manifold), 3-5, 28 

topological n-manifold, 2 

torsion tensor, 19/ 

total Chern class, 90 

total Chern form, 90 

total space, 12, 18, 25 

transformation rule (law, formula), 67, 68, 
70, 74, 79, 132 
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transition functions, 73, 16-20, 22, 29, 41, 
66, 102, 104, 169, 211, 218, 220, 224, 
225, 230, 231, 232, 239 

trivial bundle (line bundle, vector bundle), 
14, 21, 70, 95, 116, 125, 135, 218 

trivial subbundles, 84, 97 

trivialization of sections, 22 

trivializing cover, 104, 109 

trivializing neighborhood, 32, 118 
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unitary group, 84, 215 

unitary frame, 76, 91 

unitary matrix, 174 

unitary trick, 174 

universal bundle, /7, 18, 26, 81-84, 96, 
98-101, 190, 218, 224, 225 


Vv 


vanishing theorems, 223, 225, 226 

variation of Hodge structure, 2/0 

vector bundles, 1, 12, 17-18, 20-21, 26-27, 
40, 41, 65-73, 84, 90, 95-98, 101, 
111, 119, 124, 126, 132, 134, 136, 
144, 152, 165, 239 

vector bundle isomorphism: 

$-bundle homomorphism, /8, 21, 72 

vector bundle isomorphism, 93, 213 

vector-bundle-valued differentiable (p, q)- 
forms (holomorphic p-forms), 63, 69, 
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vector-valued functions, 21, 28, 32, 71, 110, 
135 

volume element (volume form), 107-109, 155, 
158, 159, 164 
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wedge product, 71, 91, 155 

weight, 175, 176, 178, 180-182, 187 
Weyl element, 180 

Weyl group reflections, 173 
Whitney’s theorem, /0 


Y 
Young’s inequality, 123, 124 
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zero section, 2/, 24, 115 
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